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Imaginary-time or Matsubara formalism

Quantum field theory (QFT) describes interactions of elementary particles, like electrons and
photons, and it is mostly focused on scattering processes of particles which occur in vacuum.
An objective of statistical quantum field theory is to describe a many-body system, like that
of many electrons and photons, in terms of quantum field theory of its constituents. However,
elementary interaction processes, which are responsible for a behavior of many-body system,
occur not in vacuum but in an environment of many particles. We will use the term ‘vacuum
QFT’ as a counterpart of ‘statistical QFT".

There are two formulations of statistical QFT: the imaginary-time or Matsubara formalism
and the real-time or Keldysh-Schwinger formalism. We start the introduction to statistical
quantum field theory with the former one which is also called as thermal field theory. The
method was discovered by Takeo Matsubara (1921-2014) in 1955.

Basic concepts

e As we remember, the partition function, which carries a complete information on a many-
body system in equilibrium, is defined as

7 = Tr[e_ﬁﬁ] = Z<a|6_ﬁﬁ|a>, (1)

(%

where § = T! is the inverse temperature, H is the system’s Hamiltonian and the sum is
performed over a complete set of states of the system under consideration. The hats are
used to denote operators acting in the space of states.

e The basic idea of the Matsubara formalism is that the density matrix p = e ##, which
enters the partition function (1), can be formally treated as a quantum evolution operator
et in imaginary time from ¢ = 0 to ¢ = —i3. Tt is important to note here that the full
Hamiltonian H is assumed to be time independent.

e The main object of the Matsubara formalism is the temperature Green’s function which is
defined for the complex scalar field ¢ in the following way

A(r,x) = (To(~ir,x) 6'(0,0)), (2)
where the operation (...) is understood as
1 A
(..)= ETr[e_ﬂH...], (3)

and the symbol T represents ordering in the imaginary time that is

TQAS(—iTl, Xl) QET(—Z.TQ, X2) = 9(7’1 - TQ) QB(—Z.Tl, Xl) QZBT(—Z'TQ, Xg)
+ @(TQ —7'1) éT(_iTQ,XQ) é(—iTl,Xl). (4)
The definition (2) assumes that the system under consideration is translationally invariant.

e We have assumed that 0 < 7 < /3, but actually the function A(7,x) is periodic in 7 with
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the period . Indeed, one finds

Alr,x) = %Tr[e‘ﬁﬁ To(—ir,x) 1(0,0)] = %Tr[e‘ﬁg (—ir,x) 61(0,0)]

Tr[¢' (0, 0) e_ﬁﬁgzg(—zﬁ', x)] = %Tr[e_ﬁﬁeﬂﬁgzy(o, 0) e‘ﬁﬁqg(—iT, x)]

N[= N| =

Tofe #1161 (i8,0) G(—im,)] =  Tle I TG (~ir, ) (~i5,0)
=A(r - 3,x). (5)

Free temperature Green’s function

We derive here an explicit form of the Green’s function of noninteracting fields, applying the
method which was used in Lecture II to get the partition function of free fields (see Eq. (7) of
Lecture IT).

Green’s function in coordinate space

e Let us introduce the auxiliary functions A~ (7,x) and A<(7,x) defined as

A (1,x) = (b(—iT,x)'(0,0)), (6)
A%(r,x) = (§1(0,0)0(—iT,x)). (7)

o We will first compute A>(r,x) and A<(r,x) and using the identity
A(r,x) = O(1) A™ (7, X) + O(—7) A(7, %), (8)

we will find the function A(7,x).

e As we remember, the free field can decomposed in plane waves as

50 = [ i (a9 alae), )

where k* = (wy, k) and wy, = vk? + m?2. The discrete version of the plane-wave decompo-
sition is

) = VALY o (e alee), (10)

with Ay being the volume of a momentum-space cell and a; = Aga(k;) and &j‘ =

VArat (k).

e The discrete operators a; and &I are dimensionless and satisfy the following commutation
relations -
(i, at] = 6", la, a;] = 0, al,al] =o0. (11)

e The discrete normally ordered Hamiltonian is

where n; = dj&i.
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e As discussed in Lecture I, the Fock space is built of the mutually orthogonal energy eigen-
states |ni, no,ns,...), and the action of the annihilation and creation operators is defined

in the following way
ainy,me, ... ngy ..y = /ming,ng, .o ng — 1,000,
dﬂnl,ng,...,ni,...) = Vn; +1|ng,ng, ... ,n;+1,...).
e Keeping in mind that the Green’s function A~ (7,x) equals

A~ (1,x) = Zl/ Qi];:dfkw 220

ny no N3
x(ni,na, ... | exp (—BH) (d(k)e_”“c + dT(k)eikm)

X (d(p) - dT(p)> Iny,na, ...,

the discrete version is written as

_ —pwiny ,—pwanz ,—pPw3n !
A*(rx) = Z1&222..«36“65“6633"';;2\/07%

ny mn2 n3

—ik;x A oA

X[e ¢ <n1,...,ni,...’aiaj’nl,...,nj,...>
ik .

+e ’<n1,...,ni,...|aiaj|n1,...,nj,...>
ik;x AT A

+e™ <n1,...,ni,...‘aiaj‘nl,...,nj,...>

ik ~t A
+e' Z”:(nl, U P

where 2t = (—iT,x), k' = (w;, k;) and p' = (w;, pi)-

e Computing

<n1,...,ni,...‘did]~‘n1, >:
<n1,...,ni,...’€zj&}|n1, >:O,
<n1,...,ni,...‘didﬂn1, >: (n; +1)(n; +1) 69,
<n1,...,ni,...’&j&j|n1, >: n; 6,

one finds

A (1,x) = Z'Ax Z Z Z ... e Pwrm g=Buwana o =funs

ny mng n3

e Using the formulas

a1 w4
2T 2= g

(13)
(14)

(15)

(22)
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one obtains

1 e Pwi
M) =MD 5 {1 e

i

<€7ik‘ix i eik¢x> i eikix:|’ (23)

where the partition function Z (given by Eq. (17) of Lecture II) cancels out.

e In the final step we change a discrete momentum space into a continuous one and we get

A7 (1,x) = / %ﬁ [(f(wk) + 1)6_““T6ik'x + f(wk)ew”e_ik'x] , (24)

where the boson distribution function equals

1
e Repeating the same steps as in case of A~, we find A< as
dgk 1 —wiT tk-x wkT ,—ik-x
AS(1,x) = /Wm[f(wk)e KT (fwi) + 1) e e ] (26)
Exercise: Derive the formula (26).
e Due to the identity (8) we have

d3k f(CL)k) —wiT ik-x wi T, —ik-x

AT, x) = / 27 2un [e e ™ + e e ] (27)

+ [ s [eme ek o(mewe ]

27)3 2wy

Green’s function in momentum space

e Since the function A(7,x) is periodic in 7 with the period equal to /3, the Fourier transfor-
mation of A(7,x) is

B ,
A(wn, p) E/ dT/d?’x ez(””T_p'x)A(T, X) (29)
0

and its inverse equals

= d3p —i(WnT—Pp-X
Arx) =T 30 [ e e e aG, p). (30)
where
wy, = 20T n. (31)

The frequencies w,, are known as the Matsubara frequencies.




Lecture III Statistical Quantum Field Theory 5

e Using the formulas

f ar _ e’ —1 3 . tigx _ 3¢(3)
dr e"" = : d’x e = (27)°0%(q), (32)
0

a

one performs the Fourier transformation (29) of the function (27) and obtains

A 1 e(iwn—wp)lg . 1 e(iwn—i_wp)ﬁ _ 1 33
(wn, P) = %op [(f(wp) + )W + f(wp)m] (33)
e Keeping in mind that e™n# = 2™ = 1 the formula (33) becomes
1 e Per — 1 |
A(wn,p) = —[ Hne———- —] 34
(n2) = = [ () 1) S + ) e (34)
e Since f(wp) = (e”* —1)71, one finally finds
Alwn.p) = (35)
Wn, P) = ———.
P w2 +w?

Perturbative expansion

An objective of the perturabive expansion, which plays a crucially important role in quantum
field theory, is to express quantities characterizing a system of interacting fields through those
of noninteracting ones. The procedure assumes a weakness of the interaction.

e The key observation, which allows one to obtain the perturbative expansion in QFT, is that
an operator Oy(t) in the Heisenberg picture can be written through the operator Oy (t) in
the interaction picture as

@H<t> = Uint(07 t) @int (t) ﬁint (t, 0)7 (36)
where Umt(t, 0) is the evolution operator in the interaction picture which is

Uint(t,()) — Te~ilodt Hi(®) (37)
- 1 /dt HL (1) /dtl/dthHit ) HE (t5) + ...
0

T denotes “left later” ordering and H I is the interaction Hamiltonian in the interaction
picture.

Exercise: Discus and prove the equality (36).

e Introducing the imaginary time 7 = it such that 0 < 7 < 3, one writes

Tr[e 7 Oy (—ir)] = Tr[e Uiy (0, —iT) Ospy (i) Uy (—iT, 0)]. (38)
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e Using the equation (36), one finds the relation
675[:[ = 1nt( Zﬁ) 7ﬁﬁim Uint(_iﬁa O)

= Tle — [ dr' HEL (i )] o~ BHint Umt(_w’O) — e BHN [ e (=18, 0), (39)
which substituted into the formula (38) gives

A

Tr[e_ﬁﬁ@H(—iT)} = Tr[e_ﬁﬁio“‘ Uint(_iﬂuo)ﬁi +(0, _”')@ (_iT)Uint<_iTvO>]
= Tr[e M U (—iB, —i) Oue(—ir) Uine(—i7, 0)]

= Tr[e P T[Oi(—iB, ) O (—i7)]]

e We temporarily define the expectation value of an operator as
- . T [e BT e Jo dr' Hi( ) Oy (—i7
(On(—iry = DT (in)] "

Tr [e*BH?nt}

As we will show later on, the free Hamiltonian from the denominator in Eq. (41) should be
replaced by the full Hamiltonian. In this way contributions corresponding to the so-called
disconnected Feynman diagrams are eliminated.

e Generalizing the formula (41), the temperature Green’s function (2) is written as
iA(rx) = (T[e B4 Bl gy (=i, x) 61,(0,0)] ). (42)
e Expanding the exponential function in the formula (42) as in Eq. (37), we get the pertur-

bative expansion of temperature Green’s function.

e One may worry that the operators in Eq. (42) are in the interaction picture while the states
are in the Heisenberg picture. However, when the exponential function is expanded and
the Wick theorem, which is discussed further on, is applied, the Green’s function (42) is
expressed as a sum of products of free Green’s functions. And when we deal with free fields
the Heisenberg and interaction pictures coincide with each other.

e The problem to be solved is how to calculate the expressions which originate from the
perturbative expansion of the formula (42) which are of the form

(TR (=im) Bl(=ims) - B (=im) (im0 B (—imyy)] ), (43)
where n numerates the terms in the expansion (37).

e Further on, we suppress the subscript ‘int’.

e The Lagrangian density of interacting fields includes, except the terms quadratic in fields,
the term or terms of higher power. As an example, we consider the interacting scalar
complex field of the Lagrangian density

L) = 95()0,61(x) — m*(@)d (@) - 5 ()9 ()" (44)

where the last quartic term represents the interaction and A is the coupling constant which
is assumed to be a small number.
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e There is a conserved charge in the theory described by the Lagrangian (44) and there are
positively and negatively charged particles.

e The interaction Hamiltonian equals

11(0) = 5y [ 2 (G006 ))", (45)

where x = (t,x).

e The perturbative expansion is constructed out of non-interacting fields which obey Klein-
Gordon equations. Therefore, the fields are expressed as superpositions of plane waves

gg(x) = /(2752—1{32\/71{ [e_imd(k)—keim ET(k)], (46)
of(z) = / (%)‘i—km [e7* b(k) + e**al (k). (47)

where k* = (wy, k) with wy, = vVm? + k2, and a'(k), Z;T(k) are creation operators of posi-
tively and negatively charged particles, respectively, and a(k), b(k) are annihilation opera-
tors.

e We see that the expression (43) is the expectation value of a product of field operators
ordered in imaginary time. The fields are expressed through the creation and annihilation
operators due to Egs. (46, 47). So, the expression to be computed is

(G1ds ... ), (48)

where «; is either the annihilation or creation operator.

Wick’s theorem

e The Wick’s theorem shows that the expectation value (4145 . .. &;,) can be expressed as a
sum of products of (&;&;).

e We are going to compute (G1ds ... Q). Since the trace is taken over the eigenstates of
particle number operator, the numbers of creation and annihilation operators of a given
particle species must be the same in (&145...4&,). So, the number m must be even.
Otherwise the expectation value vanishes.

e We manipulate the expression (&1ds ... &) moving the operator &; from left to right. In
the first step we get

<OAélOAéQ .o dm> == <[éél, (3[2]6[3 e OAém> + <(3[20AélOAég .o dm>, (49)

where [&1, ds] is the commutator of &; and @&y which is assumed to be a c—number. There-
fore, it can be pull-out of the expectation value. So, we have

e Moving a; further to the right we commute it with as, ay4, etc. Thus, we obtain
(g ... Q) = [a1,&){As ... &) + [6q,a3](Ga ... Q) + -+ 4 [G1, A ]{Ga - . . Q1)

H{Gindis . . . Amty). (51)
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e Now, we write down the last term explicitly and use the cyclic property of trace

A~

Tr[ﬁ (3[20(3 . ééméél] . Tr[ézl,é &ng e éém]
Tr[p] Tr[p]

A~

<062073 ce dméé1> =

(52)

e In the next step, we make an important assumption about the density matrix p. Specifically,
we assume that

Qip = pa;n; (53)
where 7' is a c—number. The assumption (53) limits a class of states which allow for the
Wick’s decomposition. As we will see, it is satisfied by the equilibrium density matrix

p= e=BH®,
e Using the equality (53), Eq. (52) provides

e Substituting the result (54) into Eq. (51), we get

A ~ [dla@Q] ~ A [@1?&3] ~ N [@17&771] A ~
a) = . G, Il iy ). (55
(16 . .. Qo) — (Qg...0m)+ — Qg ... Qp)+-- -+ - (G ...AQm_1). (D)

e In the Lh.s. of Eq. (55) there is the expectation value of the product of m operators while
in the r.h.s. of the equation there is a sum of the expectation values of the products of
(m—2) operators. Applying repeatedly the same procedure to every expectation value from
Eq. (55), we finally obtain

AA ~ [dladQ] [&37024} [dmfb&m]
A1 ... Q) =
(@18 > 2 L—m 1—m; L = Ny

, (56)

permutations

where the sum is over all permutations of pairs (contractions) of the operators &; and ¢&;.

e Since (6s. 6]
A A Q;, Q5
Q) = ———=, 57
(dia) = T2 (57)
we see that the equality (56) can be rewritten as
(Grdg. . Gp) = Y (Gndo)(Asds)(Gm16m), (58)

permutations

which shows that the expectation value of the product of m operators (m > 2) can be
expressed as a sum of products of expectation values of products of two operators. This is
the statement of Wick’s theorem.

e We note that a big part of terms in Eq. (58), which are obtained by permutation of the
operators &, Go,...«Q,, vanish. A non-zero contribution is provided only by the terms where
all two-operator expectation values include one creation and one annihilation operator of
the same particle species.
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Simple examples

e To see how the Wick’s theorem works, let us first consider the expectation value (dj-&j),
where a! and a; are the creation and annihilation operators of the discretized model of
real scalar field which is discussed in detail in Lecture I. The field is in thermodynamic
equilibrium and the density matrix is p = e’ So, we are going to consider the following
expression )

Trle 74},

= (59)

Tr[e—#H?]

e Since the trace is computed with the eigenstates of the particle number operator n; = dj&i,
one immediately realizes that the expression (59) is nonzero only for ¢ = j. Then, one finds

i Te[e ")

(afa;) =6 e - §n,. (60)
e On the other hand Eq. (57) tell us that
At oA
ATA- — [ai7a.j] 61
(ala) = T2 (o)

e We are going to show that the r.h.s of Eq. (59) equals the the r.h.s of Eq. (61).

e Since the annihilation and creation operators satisfy the commutation relation
(6, a1) = 6%, (62)
see Lecture I, Eq. (61) becomes
5%
ala;) = : 63
(i) =~ (63)

e So, we have to find 7; which is defined through Eq. (53). For a; = d;f and p = e PH"
Eq. (53) is ) )
afe P = =Ml (64)
where H® = > wjd;dj.
e Expanding the exponential function, one commutes dj» with p and finds after a rather tedious
analysis that

&Ie’ﬁgo = eiﬁHOdI + e P (65“1' - 1)&1T = e’ﬁﬁodzT P, (65)
Therefore,
i+ 1
SO Ly (66)
e
where {
= — 67
n @B"Ji —1 ( )

Exercise: Prove the equality (64) with n; = €.

e Substituting the result (66) into Eq. (63), we reproduce Eq. (60).
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a) )
x z y A y

Figure 1: The first order contributions to the Green’s function

o Let us now consider (&,-d;). Analogously to Eq. (60), one finds

 Tele (59 + 59n,)]

(aal) = e 5 =6(n; +1). (68)
e The analog of Eq. (63) is B
(i) = (ijm, (69)
and 7; in this case equals
= e P = n”—H (70)

Exercise: Derive Eq. (70) from Eq. (53) for oy = a; and p = e P1°.

Feynman rules

A calculation of successive terms of perturbative expansion of the temperature Green’s func-
tion can be changed into an algorithmic procedure with a set of mnemonic rules analogous to
the Feynman rules of the vacuum QFT. The key element of the procedure are the Feynman
diagrams. We are not going to elaborate the Feynman rule which depend on the field theory
under consideration. Since the Feynman rules of the Matsubara formalism are rather similar to
those of the vacuum QFT, we discuss here only the differences.

e In the vacuum QFT this is the Feynman, or time-ordered, propagator which is perturab-
tively expanded. In the Matsubara formalism the temperature Green’s function ordered
in imaginary time is expanded. Instead of the real time integration from —oo to oo, we
integrate over the imaginary time from 0 to f3.

e The next difference is a role the tadpoles i.e. the loops formed by single lines as that one
shown in Fig. 1. A tadpole corresponds to the Green’s function of vanishing space-time
argument A(0). The tadpoles do not appear in the vacuum QFT as long the field vacuum
expectation values vanish. In the operator formalism they are effectively eliminated by the
operator normal ordering of the interaction Hamiltonian H’. Then, (0|: ¢(z) ¢'(z):|0) = 0.
In the path-integral formulation the tadpoles, which are actually infinite, show up but are
canceled by properly chosen counterterms.

e In statistical QFT the tadpoles play an important physical role. They appear due finite
system’s density. Since the function A(0) is ill defined (the ordering does not work), the
tadpole is represented by A~ (0).
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e The perturbative expansion in momentum space in thermal QFT is analogous to that
in vacuum QFT. However, the frequencies are discrete and coincide with the Matsubara
frequencies (31). Consequently, instead of integrations over energies there are sums of
Matsubara frequencies.

The differences will be illustrated with a few examples discussed in the following lectures.

First-order contributions to A

e Let us now discuss the first-order correction to the Green’s function in a theory of self-
interacting complex scalar field described by the Lagrangian (44). The expression to be
computed is

A

8 L g
AV —y) = g | PHT[(6(2)9'(2) 0(@)o' w)]). (1)

/Oﬁd%:/fm/d% (72)

and the expectation value is temporarily defined as

Tr [e*ﬁHOT[G* Jy dr' (=it ]
Tr[eBH°] 7

where we use the notation

(..)= (73)

that is the free partition function is in the denominator. The four-positions like z are
x = (7;,x) and the integration over zy = 7, is performed from 0 to . When z is the

argument of the field operator ¢(z) it should be understood as ¢(—ity, x).

e The plane-wave decompositions (46, 47) show that the expectation values like (Td(z)p(x))
and (T ¢(2)'¢'(y)) vanish. So, one realizes that there are two contributions

B s R A
AP(z—y) = —A /0 d*2(T1o(2)0' WINT1o(2)e (INT O (2)o(@)]),  (T4)

NN B A A
Mo -y) = ~HTE@I W [ EATBESENTEESE). (1)

0

In case of the contribution a, there are two operators ¢(z) to be paired with ¢f(y) and
two operators ¢'(z) to be paired with ¢(z), the combinatorial factor of 4 is included in the
formula (74). In case of the contribution b, the combinatorial factor equals 2.

e The results (74, 75) can be written as

B
AW (z —y) = —)\/0 d*z Az — 2) A(0) Az —y), (76)

B
AV@—y) = —%A(m —y)/o d*z (A(0))*. (77)

The two contributions are represented graphically by two diagrams shown in Fig. 1.
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b)
a) c)
7
x oz Z ¥ x y'
X oz y

d) Z5 e) )
8
OO OO -

= x y X A%

Figure 2: The second order contributions to the Green’s function

Second-order contributions to A

e The expression to be Computed is
AC )(35 Y) 2! 2, 2120221 / d421/ d422<7- (z1) ¢T (%1 ) (¢(2’2)¢2T(22>)2¢2(@¢2T(9)} > (78)
e There are seven second-order contributions
B B
- #)\2/ d4zl/ d*z0 A(z — 21) A(0) A(z1 — 22) A(0) Az — ), (79)
0 0
B B
AP (@ —y) = #Ag/ d421/ d* 2 A(x — 21) Az — 22) A2z — 21) A(0) Az — ), (80)
0 0
B B
APz —y) = #NA(x - y)/ d421/ d*z2A(0) Az — 29) Azo — 21) A(0),(81)
0 0
B B
AP (z —y) = #X? / d* 2z Az — 21) A0) A(z — y) / d*z A(0) A(0),(82)
0 0
B B
AP =) = X8 —y) [ ' 20)20) [ 5500 A0),6)
0 0

(2) 2 g 4 ’ 4
A (1 —y) = #A /o d z1/0 d 2o A(x — 21) A(z1 — 22) A(z1 — 22) Az — 21) A2z — y),(84)

B B
Af) (r—y) = #AQA(x ) / d421/ d' 2z A(z1 — z2) Az1 — 22) Az2 — 21) Az2 — 21),(85)
0 0

where # denotes a numerical coefficient. The contributions are represented by the diagrams
shown in Fig. 2.

Exercise: Derive the numerical factors in Egs. (79 - 85).
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b)
. (X
oo 83 oo &
Figure 3: The first and second order contributions to the quantity (86)

Connected and disconnected diagrams

e The diagram b) in Fig. 1 and the diagrams c), d) and e) in Fig. 2 can be split each into
two diagrams not cutting any line. These are the disconnected diagrams.

e One observes that the perturbative expansion of the quantity

Tr [G*ﬁﬁiontT[e ﬁdTHlInt( )]]

Tr[e*fBHiOnt] (86)

gives unity in the zeroth order, the diagram a) from Fig. 3 in the first order and the diagrams
b), ¢) and d) from Fig. 3 in the second order.

e It is also not difficult to observe that the perturbative expansion of the temperature Green’s
function can be expressed in a way which is shown graphically in Fig. 4.

e Combing the observation, one finds that the disconnected diagrams are eliminated from the
perturbative expansion of Green’s function is defined as

Ar—y) = Te [e BB T e~ 1 4r Bl (=i7) o () 6L, ()] .
vI= Tr[ BHmtT[ dTHllm( m’)]] ’

that is the partition function in the denominator is not free but the interacting one, as in
the original definition (2).

e Further on, we will use the definition (87).

O L QO +8+ WU 1+Qo+gg+§+ o

Figure 4: The perturbative expansion of the Green’s function




