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Gauge symmetries
The quantum field theories which all together form the Standard Model of particles physics are the theories

with a gauge symmetry. Therefore, the aim of the first lecture is to introduce the concept of gauge symmetry.

Gauge symmetry of electrodynamics
• The Lagrangian density of electrodynamics is

L(x) = 1
4F

µν(x)Fνµ(x) + ψ(x)
(
i∂µγµ −m

)
ψ(x)− eψ(x)γµψ(x)Aµ(x), (1)

where the strength tensor Fµν(x) is expressed through the four-potential Aµ(x) as

Fµν(x) ≡ ∂µAν(x)− ∂νAµ(x), (2)

and ψ(x) is the spinor field and ψ(x) ≡ ψ†(x)γ0. The first and the second term of Eq. (1) are the the
Lagrangians of free electromagnetic and spinor fields. The third term represents the interaction of the
spinor and electromagnetic fields.

• Since the action
∫
d4xL(x) not the Lagrangian density really matters, one can perform the partial integra-

tion and the Lagrangian density of the free spinor field can be written as

L(x) = ψ(x)
(
− i

←
∂µ γµ −m

)
ψ(x). (3)

• If one chooses as independent variables the fields ψ and Aµ, the Euler-Lagrange equations

∂µ
∂L

∂(∂µψ) −
∂L
∂ψ

= 0, (4)

∂µ
∂L

∂(∂µAν) −
∂L
∂Aν

= 0, (5)

provide the equations of motion [
iγµ
(
∂µ + ieAµ(x)

)
−m

]
ψ(x) = 0, (6)

∂µF
µν(x) = eψ(x)γνψ(x). (7)

• The Lagrangian (1) is invariant under the gauge transformation

Aµ(x)→ Aµ(x) + ∂µΛ(x), ψ(x)→ e−ieΛ(x)ψ(x). (8)

• It is easier to prove the invariance when the Lagrangian is written as

L(x) = 1
4F

µν(x)Fνµ(x) + ψ(x)
(
i
(
∂µ + ieAµ(x)

)
γµ −m

)
ψ(x). (9)

Exercise: Prove that the Lagrangian (9) is invariant under the gauge transformation (8).

• One observes that the Lagrangian of free spinor field is not invariant under the gauge transformation. The
interaction term makes the Lagrangian invariant. Therefore, the gauge invariance dictates a structure of
the interaction term.

• If the Lagrangian density includes the photon mass term (m2
γA

µAµ) one gets the so-called Proca theory
which is not gauge invariant. The mass term violates the gauge symmetry.

• Since the group of unitary matrices of the dimension N × N is called U(N), the symmetry group of
electrodynamics is called U(1).
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Noether theorem
• The Noether theorem states that there is a conserved charge if the action is invariant under a continuous

transformation.

• Let us consider the action
S[ψ,Aµ] =

∫
d4xL(ψ,Aµ), (10)

where the Lagrangian density is given by Eq. (1).

• Now, we perform the infinitesimal gauge transformation

ψ → ψ + δψ, Aµ → Aµ + δAµ, (11)

where
δψ = −ieΛψ, δAµ = ∂µΛ (12)

and the function Λ is assumed to be small.

• The action changes as

S[ψ+δψ,Aµ+δAµ] = S[ψ,Aµ]+δS[ψ,Aµ]
δψ

δψ+δS[ψ,Aµ]
δAµ

δAµ = S[ψ,Aµ]+
∫
d4x

[∂L
∂ψ

δψ+ ∂L
∂Aµ

δAµ
]
. (13)

• Assuming that the action is invariant under the gauge symmetry that is S[ψ + δψ,Aµ + δAµ] = S[ψ,Aµ],
we find that ∫

d4x
[∂L
∂ψ

δψ + ∂L
∂Aµ

δAµ
]

= 0. (14)

• Using the Lagrangian density (3), one obtains

∂L
∂ψ

= −ψ(x)
[
iγµ
( ←
∂µ −ieAµ(x)

)
+m

]
= 0, (15)

that is it vanishes because the fields are assumed to satisfy equation of motion (6).

• Since
∂L
∂Aµ

= −eψγµψ, (16)

Eq. (14) gives ∫
d4xψγµψ ∂

µΛ = 0, (17)

where the result (12) is used.

• Performing the partial integration, one finally obtains∫
d4x

(
∂µ(ψγµψ)

)
Λ = 0, (18)

which means that the four-vector ψγµψ obeys the continuity equation

∂µ(ψγµψ) = 0, (19)

and that the associated charge defined as

Q =
∫
d3xψγ0ψ (20)

is conserved.

• The current is traditionally multiplied by e.
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SU(N) group
• The group of unitary N ×N matrices of unit determinant is called SU(N).

• The matrix U , which belongs to the SU(N) group, can be parametrized as

U = eiω
a τa

, (21)

where ωa with a = 1, 2, . . . N2 − 1 are real numbers and τa are the generators of the fundamental repre-
sentation of SU(N). We do not distinguish lower and upper indices a, b.

• The generators obey the commutation relations

[τa, τ b] = ifabcτ c, (22)

where fabc are totally antisymmetric SU(N) structure constants.

• The generators are hermitian traceless matrices normalized in the canonical way as

Tr[τaτ b] = 1
2δ

ab. (23)

• The matrix (29) is automatically unitary because

U† = e−iω
a τa

. (24)

• The matrix (29) is automatically of unit determinant because

detU = exp
(
iωaTr[τa]

)
= 1, (25)

where the formula det eA = eTr[A] is used.

Exercise: Prove that N2 − 1 real numbers uniquely define the matrix belonging to SU(N).

• The group SU(N) is nonAbelian i.e.
U1U2 6= U2U1. (26)

• In case of SU(2) group the generators are τa = 1
2σ

a with σa known as the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (27)

and the structure constants are the fully antisymmetric Levi-Civita symbols εabc.

Theory with SU(N) gauge symmetry
• Let ψi(x) be a set of N spinor field that is i = 1, 2, . . . N . We denote as ψ(x) the column of N elements

which are called color components.

• It is assumed that ψ(x) transforms as
ψ(x)→ U(x)ψ(x), (28)

where U(x) is a local SU(N) transformation that is

U(x) = eiω
a(x) τa

, (29)

with the x-dependent parameters ωa(x).
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• The terms of the Lagrangian density, which include that of the free spinor field and of the interaction with
the gauge potential Aµ(x), is expected to be

L = ψ
(
i
(
∂µ − igAµ

)
γµ −m

)
ψ. (30)

It looks as the analogous term of electrodynamics but one should remember that the gauge potential Aµ(x)
is N ×N matrix.

• Assuming that the Lagrangian density (30) is invariant under the gauge transformation, we are going to
find the gauge transformation of the potential Aµ(x). Knowing the transformation (28) and using Aµ → Aµ′

the transformed Lagrangian (30) becomes

L′ = ψ U†
(
i
(
∂µ − igAµ′

)
γµ −m

)
Uψ = ψ

(
i
(
∂µ − ig U†Aµ′U + U†(∂µU)

)
γµ −m

)
ψ, (31)

where we have taken into account that U†U = 1 and ∂µUψ = (∂µU)ψ + U∂µψ.

• L′ = L if
U†Aµ′U + i

g
U†(∂µU) = Aµ, (32)

which multiplied by U from the left and by U† from the right gives the desired transformation law

Aµ → Aµ′ = UAµU† − i

g
(∂µU)U†. (33)

• Let us note that (∂µU)U† = −U∂µU† because U†U = 1.

• The strength tensor, which antisymmetric in the Lorentz indices, is defined as

Fµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ], (34)

where [Aµ, Aν ] = AµAν −AνAµ is the commutator of Aµ and Aν .

Exercise: Prove that the strength tensor (34) transforms as

Fµν → UFµνU†. (35)

• The term of Lagrangian which analogous to that of free electromagnetic field is

1
2Tr[FµνFνµ] ≡ 1

2F
µν
ij Fji νµ. (36)

• Keeping in mind that Tr[AB] = Tr[BA], one immediately finds that the term Tr[FµνFνµ] is invariant under
gauge transformations.

• The complete Lagrangian of the theory is

L = 1
2Tr[FµνFνµ] + ψ

(
iDµγµ −m

)
ψ. (37)

where Dµ ≡ ∂µ1− igAµ is the covariant derivative.

• Using the covariant derivative, the strength tensor can be written as

Fµν = DµAν −DνAµ = i

g
[Dµ, Dν ]. (38)

• The quantities like Aµ, which are N ×N matrices, can be expanded in the basis of generators as

Aµij(x) = Aµa(x) τaij , i, j = 1, 2, . . . N, a = 1, 2, . . . N2 − 1. (39)

A set of N2 − 1 functions Aµa(x) is called the potential in the adjoint representation of the SU(N) group.
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• Due to the commutation relation (22) a commutator [Aµ, Aν ] can be written as

[Aµ, Aν ] = ifabcAµaA
ν
b τ
c. (40)

• The strength tensor in the adjoint representation is

Fµνa = ∂µAνa − ∂νAµa + gfabcAµbA
ν
c . (41)

• The Lagrangian density can be rewritten as

L = 1
4F

µν
a Fa νµ + ψ

(
iDµγµ −m

)
ψ (42)

• The equations of motion called Yang-Mills equations, which obtained from the Lagrange-Euler equations,
are [

iγµD
µ −m

]
ψ(x) = 0, (43)

[Dµ, F
µν(x)] = jµ(x), (44)

where jµ = jµa τa with jµa ≡ gψγντaψ

Exercise: Derive the equations (43, 44) from the Lagrangian (42).

• Introducing the covariant derivative is the adjoint representation as

Dabµ = ∂µδab − gfabcAcµ, (45)

Eq. (44) can be rewritten as
Dabµ F

µν
b (x) = jµa (x), (46)

• From the equation (44), one finds that
[Dµ, j

µ] = 0, (47)

that is the current is not conserved but covariantly conserved.


