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S matrix and cross section

We have arrived to the point of the course that we are going to discuss how to compute experimentally
observable collision cross sections within the apparatus of quantum field theory.

S matrix
We consider a collision of two particles. We assume that the initial state particles interact with each other only

shortly before the collision and the final state particles interact with each other only shortly after the collision.
Except the short interval of time the particle are be treated as non-interacting.

Definition and general properties

o The transition probability P(i — f) from the initial state |¢) to the final one |f) is

) oy |2
P(i— f) = [(fISI)]- (1)

where S is the evolution operator from —oo to oo that is
§ = lim U(t, 1), (2)

where ﬁ(t £,t;) is the evolution operator discussed at the previous lecture.

e As we know from the previous lecture, in the interaction picture we have

R ) %] R — 2 [e%e] [e%e] R R
St = 11—2/ dt Hl (t) + ( 2,) / dtl/ dto THE (t) HE (t2) + ... (3)

e We are interested not in the operator S but in its matrix elements
Sti = (f1510) (4)
which can be computed in any picture, as a unitary transformation does not change matrix elements.

o Ifl is a unitary operator (Z;{Zjﬁ =utt = 1) which transforms the states and the operator S

i)y = Uli), If')y =Ulf), S — USUT,
(i) = Gu’, (f'l = (flut,
we have . o .
(f'IS"Ni"y = (FlIUTUST Uiy = (f|S]3). (5)

e The matrix S is unitary as the transition probability summed over all final states equals unity. Consequently,
D ISnl* =D ShiSpi = > (DS = 1, (6)
f f f

where we sum over the complete set of final states, and STS = 1. Strictly speaking the condition of unitarity
is somewhat stronger Zf(ST)ifoj =515 = 5.
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Reaction operator T and optical theorem

o The reaction operator 7" is defined as . .
S=1+1T. (7)

o If there is no interaction 7' = 0 and S = 1. The unit operator contributes to S;; but Sy; = i1y, if f # <.
The states are assumed to be mutually orthogonal.

« Since 578 =1, we have TTT = —i(T — 1) which sandwiched between (i| and |i) gives
GITTE) = —i(GIT8) — (IT7]3)). (8)
Introducing the complete set of states |f) which satisfies the completeness condition

oI =1 (9)
f

and observing that

(| T)i) — (@ TT)i) = 2ilm(i|T]3), (10)
one finds the relation . . .
D GITTA)(fIT)i) = 2Tm (i| i), (11)
f
which can be rewritten as
> O |Tyil? = 2ImT;;. (12)
f

It is known as the optical theorem. The quantity T;; is the amplitude of zero-degree scattering where the
initial and final states coincide. The sum f |T;|* is proportional to the total cross section.

Cross section

o The transition amplitude T'y; vanishes if the initial four-momentum P; differs for the final four-momentum
Ps. So, we can write

Ty = (2m)*6W (P, — Pr) My, (13)
where the new amplitude My; is introduced.
o Since we are ultimately interested in the transition probability |Tr;|* we have
2
Tyi)* = [(277)45(4)(Pf — Py)]" | My (14)

We encounter here a mathematical difficulty. The Dirac delta gives a meaningful expression if integrated
over its argument. However,

[ lems e, - P = 6 0 (15)

is of unclear meaning.

« The Dirac delta 6 (p) can be expressed as

(2m)26@W (p) = / diz e, (16)

If p = 0 we have
(2m)450) (p = 0) = / o (17)

where V' is the volume of the system under study and 7 is the time interval in which the reaction i — f is
considered.
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o Instead of (14) we write
|Tsi|? = (2m)*0W (P — P) VT | M2 (18)

e Another method to resolve the difficulty is to discretize the momentum space.

o We consider a collision of two particles with four-momenta p; = (F1,p1) i p2 = (E2,p2). In the final state
there are n > 2 particles with four-momenta p] = (E{,p}), vy = (ES, pb), ...p, = (E],p)). The cross

section is 2 U By VB Py
1Ty,
do = LIV Vdpy | Vd'p, (19)
J T (27)3 (2m)3 (2m)3
where J is the flux of colliding particles
[vi— Vo
J=—" 20
2, (20)

3,/
with vi||ve (in general J = %\/(vl —v9)2 — (v1 X v3)2) and ‘(/Qi)%’ is the phase-space element of the i—th

final state particle.

o Substituting the expressions (18, 20) into the definition (19) we obatin
v Vdp, Vdpy,  Vdp,
|vi — val (2m)3 (2m)3 T (2m)3

where P; = p1 +po and Py = p} + ph + - -- + p,. As we will see, the normalization volume V disappears in
final cross-section formulas.

do

(2m)* 0 (Pr — Py) [Mpil® (21)

Lorentz invariant cross-section formula

e Since a cross section is interpreted as an area perpendicular to the collision axis, it is expected to be
invariant under Lorentz boosts along collision axis. We are going to rewrite the formula (21) in the Lorentz
invariant form.

o We note that if vq||va, we have

E1Es|vy — va| = \/(pl - pa)? — mim3, (22)
where (p; - p2) is the scalar product of the four-momenta p; and p2. So, E1 Es|vi — va| is the Lorentz scalar.
Exercise: Prove the equality (22).
o We introduce the Lorentz invariant phase-space element
d®p
N 2d'p ©(po) 5(p* — m?). (23)
The right hand side of Eq. (23) shows that it is indeed Lorentz invariant.

Exercise: Prove the equality (23).

 Using the quantities (22, 23), the cross section (21) becomes

(2m)*6W(Py — P) d*p)  dp) d*pl,

do = M| , 24
Vo pt— G 1 @ e e 2y
where the amplitude My; is
My =\/V"2E BB\ E) ... El, My, (25)
and it is related to T%; as
T = (2m)* W (P — Py My (26)

) V" 2E\E,E EYy .. El

The cross section (24) is Lorentz invariant if the amplitude My; is invariant.
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Interaction with infinitely heavy target

e When a target is much heavier than a projectile the latter is often treated as an infinitely heavy object at
rest. Then, the momentum is not conserved in such collision even so the energy is conserved. In such a case
instead of the matrix My; given by the formula (13) one uses the matrix Vy; related to Ty, as

Ty =2m6(E; — Ef) Vi, (27)

and
|Tyi|? =21 6(E; — Ef) T |Vyil. (28)

o The cross-section formula (21) changes into

% 2 Vdipy Vdipy  Vdip,
do = — 27’(’5(E1 — Ef) Isz| (277_)3 (27‘_)3 cee (271_)3 )

vl

(29)

where v is the projectile velocity.

Cross section averaged over spin

o We often deal with particles with spin which, however, is not measured. The particles are usually not
polarized that is all spin states are equally probable. Then, one uses the cross section which is summed over
spin states of initial particles and averaged over spin states of final state particles which is

_ 1
= s e D 2 2 W (30)

51,52 87 ,85,...

where S7 and Ss are spins of initial state particles, s; and ss label the spin states of initial particles and
s}, s5, ... label spin states of final state particles.

Binary processes

e A process is called binary if there two particles in the initial state and two particles in the final state.

o The particles’ four-momenta and masses are denoted as pi,ps and my, mg for the initial state and pf, ph
and m), m} for the final state. Due to the energy-momentum conservation we have p; + pa = p} + ph.

e The Lorentz invariant cross section of the binary process is
(2m) 150 (P; — P,)
V(D1 - p2)? = (mamo)

Bpy dPph
(2r)3E] (2n)3EL"

_ 12
do = Myl (31)

o The process p1,p2 — pj,ph is can be characterized by two out of three Lorentz invariant Mandelstam

variables
s = (p+p2)? =) +1)% (32)
t = (p—p))° = (0h—p2)°, (33)
u = (pr—1h)* = (Ph — p2)*, (34)
which obey the constraint
s+t+u=m?+m3+m'l+ms. (35)

The constraint follows form the energy-momentum conservation.

Exercise: Prove the relation (35).
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o We are going to express the cross section (31) through the invariants s, ¢, u. Taking the integral over p}, we
eliminate the delta function of momentum conservation. Using

72

d’p = dQd|p'|p;°, (36)

where df) is the element of the scattering solid angle of particle with p’. The integral over |p’;| removes
the delta function of energy conservation. It can be easily taken in the center-of-mass frame where

/

P =Dp1 = —Pa, p' =pl = —ps. (37)

o Since the cross section (31) is Lorentz invariant it can be computed in any reference frame.

¢ In the center of mass one finds

/d|p/| (5(E _ \/p/2 _|_m/§ _ \/p/2 _'_m/?) _ 1 _ EiEé (38)
BT T + )
and the cross section (31) equals
o M P

(39)

A2 " Jp1 -pa)? — mmg 2m)2 (B} + EBp)

The solid angle dQ is dQ) = sin #df d¢ where 0 is the scattering angle that is the angle between p’ and p,
and ¢ is the azimuthal angle.

e The scattering angle is related to the invariant t as
2
t=(B1 - B = (p—p)? =mi+m'| - 2E1 ] + 2|pl[p’| cos 6. (40)

o Since Fy, F), |p|, |p’| are all independent of the scattering angle one finds
dt = 2|p||p| d(cos 0) = —2|p||p’| sin 6d?), (41)

which gives
do _ 1 |./\/lfi|2
dtdp 82 (py-p2)? —mim3’

where we have taken into account that

IPICE] + E3) = [pl(E) + ) = \/(p1 - p2)? — mm3. (43)
e Since 1
(p1 - p2)? = mim3 = 4 (s* = 2s(mi + m3) + (m] — m3)*), (44)

the cross section (42) can be rewritten using the invariant s, but the formula is not simpler.

o The dependence of the cross section (42) on the azimuthal angle ¢ is absent if we deal with spinless or
unpolarized particles. Then, the cross section reads

do _ 1 |Mf7;|2
2

- = . 45
dt 4m (p1 - p2)? — mim3 (45)



