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Kinetic theory 11

After the introduction to kinetic theory presented in the previous lecture, I move to the key
issues the theory deals with. The Boltzmann equation will be derived and the famous H theorem
will be proven.

Boltzmann equation

Collisions of gas particles are of crucial importance for some gas properties. In particular, the
collisions are responsible for a system’s evolution towards thermodynamical equilibrium. At the
beginning we are going to modify the collisionless transport equation, derived at the previous
lecture, to take into account the inter-particle collisions.

e Deriving the collisionless transport equation, which is

<%+V.V—|—F(r)~vp>f(t,r,p):O, (1)

we observed what happens at the moment of time t + dt with particles which are located
at r and have momentum p at time t.

e A presence of the collisions modifies the reasoning. Our purpose is the derive the so-called
collision term C'(t,r, p) defined as

of(t,r,p)

C(t,r,p) = Y

(2)

collisions

e The probability per unit time that at a moment of time ¢ and in location r a particle with
momentum p collides with a particle with momentum p; and that as a result of the collision
the particles’” momenta are p’ i p) is written as

d*p d’p,
f(tarap)w f(tarapl)(2ﬂ_)3 W(paplyplap/l)7 (3)
where W (p, p1|p’, p}) is the transition matrix element given as
do
W(p,pilp’,py) = 2m)°lv — vi| (4)
' &y dp)

where v. = 2, v; = BL are particles’ velocities and v — v; their relative velocity; 2%
m’ m 9 d"p ddpl

is the collision cross section. The factor (27)° results from the convention where d*p is
divided by (27)®. The formulas (3, 4) become evident if one remembers that the collision
probability equals the cross section multiplied by the flux of incoming particles.

e Since the energy and momentum are conserved in a collision there are the equalities

p> p? p° p’
! /
—_— T — — p— . 5
om  2m 2m+2m’ PHPL=P TP (5)

Consequently, out of six momentum components of p’ and p} only two of them are not

determined by Egs. (5). The cross section d?»p(?# can be thus expressed in the center-of-
1

mass frame as g—g. To get the relation let us compute the quantity

L) 59(p + py — P — ph) D).
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First of all we observe that the quantity is the same in any inertial reference frame because
the Jacobian of Galilean transformation equals unity and because any two four-momenta
which are equal in one frame remain equal in any other one, in particular in the center-of-
mass frame. Consequently, we get

12

2 2 12
b &_p__p1> 3) Y AN TV I
5(2m T om T om 2m 0% (p+p1—P — 1) dPdp (6)
2 12 ;2
P, _DP. Pa1 ) 56) I\ 3,0 33,
—o(B - B ) dpld
m  2m  2m (. +ps1) dPdPl, (7)

where the center-of-mass variables are labeled with x and p, = —p4;. Taking into account
that §(z) dx = 1, if dz includes the point z = 0, Eq. (7) reads

12 72

2 2 2 ’2
p P1 p P 3) / I\ 33,133, | S o 3, 1
5(— —————>5< _p —p) dpd :6<———>d .

2m + 2m  2m  2m (p+p1—p —py) dpdp m m P (8)

Using the spherical coordinates and keeping in mind that

6(0lx)) = ‘S(ZZT_TT) (9)

dx
where xg is the unique solution of the equation ¢(z) = 0, one obtains

2 2 12 12
p Pi P o} 3 by Bz L
5< _____)5<> —p —p)) By, = ~mp.dQ, 10
o T o T o T o (p+p1—p —p)) dPdp) 5P (10)

where df2 is the solid angle. Finally, we get the desired relation

dU - 2 5<p2 + p% p,2 p/12> 5(3)( + / ,)dO' (11)
Bp'dpy  mp. \2m  2m  2m  2m PEPLTP T PU G

We note that using Eq. (10), the relation (11) provides the expected identity

do 3,1 33,/ do
= — df). 12
d3p’d3p’1dpdp1 i’ (12)
e The expression
dBp d3p/ d3p/
/ (27T)13 (27'(-)3 (27T>13 f(t7 r, p) f(ta r, pl) W(p, p1|p/’ p/1)7 (13)

tells us how fast the particles with momentum p disappear from the system due to collisions
schematically denoted as (p, p1) — (p’, p}). However, the particles with momentum p
also appear in the system due to the inverse process (p’, pj) — (p, p1). Consequently, the
collision term (2) is

o dy o o
Clrrp) = [ G2 ks s ) S W pipp) (19

— f(t.x,p) F(tx,p1) W (D, Pl 1)
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e Assuming that the collision processes are invariant under the time inversion, we have

W(p',pi|p,p1) = W(p,p1|p’, P) (15)

and the collision term (14) simplifies to

dS 1 d3 / d3 /1 , ,
Clrp) = [ G ok i [ rp) ) (16)

- f(t7r7 p) f<t7r7 pl):| W(p7 pl‘p,a pll)a

which is used further on.

e Taking into account the relations (4) and (11), the collision term (16) can be written as

Cltorp) = [ o v =il 55 [ w) fler.p) = frp) f(erp)] (07

e The kinetic equation

(% +v-V+F()- vp>f(t,r,p) = C(t,r,p), (18)

with the collision term (17) is known as the Boltzmann equation.

Entropy
e In kinetic theory the entropy is defined as
d3r d?
S(0) =~k [ G £ x. ) Wl 1.r. )L (19)

where the Planck constant is introduced to make the argument of the logarithm dimension-
less. As seen, the entropy is, in general, time dependent.

e Using the equilibrium distribution function

2w \3/2N __»>
€q — . 2mkpT 2
/7 (p) <kaT> ve ot (20)
the entropy (19) equals
V imkgT\31 3
§=Nishn |5 (o) | + 58k (1)

which agrees with the ideal gas entropy obtained within the Gibbs statistical mechanics.
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H-theorem

The H-theorem is historically the first attempt to understand the second principle of thermo-
dynamics and it still remains of fundamental importance®.

e The H-theorem states that the entropy (19) is a non-decreasing function of time, if the
distribution function obeys the Boltzmann equation (18).

e To prove the theorem we compute at first the time derivative of the entropy (19)

ds(t) _kB/d3rd3p df(t,r,p)

= o g (A2 f(t,r,p)] +1]. (22)

e Since the distribution function obeys the Boltzmann equation (18) we have

of (t,r,p)

ot :_(V'V"‘F'Vp)f(tyrap)+C(t,r,p). (23)

e Substituting the formula (23) into Eq. (22), we get the following term with the gradient

/d37’ Vf(tr,p) [ln[h?’f(t, r,p)|+ 1} , (24)

which is computed performing the partial integration as

/d37’ Vit r,p)[n[Ff(t,r,p)+1] = - /dgfr Vitr,p)=0. (25)

The surface term does not show up because the distribution function is assumed to vanish
at |r| — oo to give a finite number of gas particles. For the same reason the whole integral
(25) vanishes. Analogously one shows that the term with the momentum gradient present
in (23) also vanishes. Consequently, the time derivative (22) equals

ds(t) i /d3rd3p
dt I ANCE

e Substituting the collision term (16) into Eq. (26), one finds

dS(t) s dP’p Pp Ep Py
—~ =kg | d’r
it (2r) (@) (2n)? (20)°

C(t,r,p) [In[A*f(t,r,p)] +1]. (26)

with the following notation
fzf(taral))a flEf(tarapl)a flEf(t,I',p/), f{Ef<t,I‘,p/1) (28)

e Now we change the variables under the integral (27) in such a way that p — p; and p; — p
that is p +> p;. Keeping in mind that W (p, p:|p’, p1) = W(p1, p|P’, P}), we get

dS d3 d3 d3 ! d3 /
dit) B kB/ d3r(2£s (2:)13 (2759)3 (2:)13 [ffr = £ A [n[RA] + 1]W (p, pafp’, P)). (29)

1The term ‘H-theorem’ comes from the quantity equal to the minus entropy (19) which was denoted by H. Boltzmann actually
used the symbol E in his treatise Weitere Studien tiber das Wdarmeglechgewicht unter Gasmolekilen (Further studies on thermal
equilibrium of gas molecules) from 1872. The notation H was presumably introduced by Henry W. Watson in the second edition of
Kinetic Theory of Gases from 1893.
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e Summing up the left and right sides of the equations (27, 29) and dividing the result by 2,
one finds

dS(t) _ ks / s dp &Ppr &Ip Pp
dt 2 (2m)3 (27)3 (2m)3 (27)3

[ffo = f'A] [I[A°f fi] + 2] W (p, pafp’, PY)- (30)

e In the next step one changes the variables as p <> p’ and p; <> p)|. Using the property
W(pa pl‘plv pll) = W(p/7 plllpa p1)7 the formula (30) becomes

ds(t) _ ks / pp Ep dp &Py &y
(

At 2 " 2m)3 (2m)3 (2m)3 (2m)3 [f fi = FA [W[R® ' fi] 4+ 2]W (p, pa [P, ) (31)

e Now we sum up the left and right sides of the equations (30, 31), divide the result by 2 and
we get the desired expression

asit) _ ks [ &dp &Ppy Ep Pyl

@t 4 ) YT e e ) 203 (32)

X [ffu—= A [ [ f f] = [R° f F1]] W (p, palp’, PY)-

e Let us define z = ff; and y = f'f]. Since a logarithm is a monotonously growing function,
the following relations hold

x>y = Inx>lny oraz <y = Inzx<lny, (33)
which lead to the conclusion that
(x—y)(Inz —Iny) > 0. (34)

So, we see that the integrand (32) is non-negative as the transition matrix element is non-
negative.

e In this way we arrive to the fundamental result

dS(t)
—=>0. 35
T (35)
The entropy (19) is a non-decreasing function of time, if the distribution function obeys the
Boltzmann equation (18).

e In Lecture VII the equilibrium distribution function was introduced referring to the Gibbs
statistical mechanics. One can show that the entropy is maximal for the function. However,
the equilibrium distribution function can defined within the kinetic theory with no reference
the Gibbs statistical mechanics. Namely, the distribution function is derived from the
condition of maximal entropy. To discuss the problem a technical problem must be resolved.
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Collisional invariants

e A collisional invariant is such a characteristics ® of a single particle that the sum of char-
acteristics of initial state particles equals the sum of characteristic of collision final state
particles. In other words, the quantity is conserved. In case of binary collisions, which are
taken into account the collision term of the Boltzmann equation (18), the collision invariant
obeys

O+ 0 — — @ =0, (36)

where the notation (28) is used. ® can be the particle’s energy, momentum, or any conserved
charge.

e We are going to prove the following equality

_ [ &p _
I= / 5o C(tr.p) =0 (37)

e Using the explicit form of the collision term (16), Eq. (37) becomes

[:/ d3p d3p1 d3p/ d3p/1
(

273 (2m)3 (273 (2)3 Q[f'fi — fHRIW (P, p1lP, PY). (38)

e The proof that the integral I (37) vanishes is very similar to that one of the H—theorem.
At the beginning we change the integration variables in Eq. (38) as p <> p; and keeping in
mind that W(p, p1|p’, p}) = W(p1, p|p’, ), we get

I:/ dBp d3p1 d?’p/ d3p/1
(2m)? (2m)? (2m)3 (27)?

Oy [f' fi = fAHIW (P, p1lP’, PL)- (39)

e Summing up the left and right sides of Eqs. (38, 39) and diving the result by 2, one finds

_1/ d3p d3p1 d3p/ d3p/l
2/ (2n)3 (27)3 (27)3 (2m)3

(@ + &) [ f1 — fAIW (P, p1]P’, PY)- (40)

e In the next step we change variables as p <> p’ and p; <> p}, and using the property
W(p7 pl‘plv pll) = W<p/7p/1|p7 p1)7 we obtain

Izl/ d3p d3pl d3p/ d3p/1
2 | (27)3 (2m)3 (27)3 (27)3

e Finally we sum up Egs. (40, 41) and divide the result by 2. Thus we get the desired
expression

1/ dgp d3p1 d3p/ d3p’1
(

1'=7 ] @y np @y @y

[©"+ 4] [f fr — [ AW (P, prlP’, PY). (41)

[©+ @y — & = DY [f'f1 = fAIW (P, pi|P', p1) =0, (42)

which vanishes because of the relation (36).
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Equilibrium distribution function

The entropy becomes maximal when the system reaches the state of thermodynamical equi-
librium. Therefore, the equilibrium distribution function is defined as a solution of the functional
equation

ds(t)
—_— . 4
T (43)
e Eq. (32) clearly shows that the equation (43) is solved if
fho= 11, (44)
or equivalently
Inf+Infi—Inf —Inf] =0, (45)

which means that In f is a collisional invariant.

e Assuming that there are no external forces, we construct the equilibrium distribution func-
tion out of three collisional invariants of energy, momentum and particle number that is

2

|y
In fed _ _ . 4
n f°(p) ay; +b-p+e, (46)
which gives
2
e (n) — LS 4
4 p) = exp [an +b-p+ c], (47)

where a, b, ¢ are parameters.

e A physical meaning of the parameters is found computing the particle density and flux as

d? mb? m \3/2
P / (27:;3 Jp) = exp [_ 2a + C} < - 27m) ’ (48)
. a3 eq b mb? m \3/2
b= /<z§§s%f v = G- +d(=g) (49)

where a is assumed to be negative to guarantee an existence of the integrals (48, 49).

e Demanding that

i=pu, (50)
where u is the velocity of the whole system, one finds
1 u 2 \3/2
_ - bo U c_ ( ) . 51
“ 6 k’BT k‘BT c P mk‘BT ( )
e The equilibrium distribution function gets the form
2w \3/2 p? mu?

eq _ 8= —u- 52
1*(p) P <mk‘BT> P [ ﬁ(?m upt 2 ﬂ (52)

( 27 >3/2 [ m(v — u)2]

= exp | — —————

P mk:BT P 2]{ZBT ’

ke

where v = 2,
m
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e The distribution function (52) can be obtained from the function (20) by means of the
Galilean transformation to the reference frame where the heat bath moves with the velocity

u.
e If there is an external force such that F(r) = —Vo(r), the equilibrium distribution function
is modified to
2 \3/2 p? u?
eq — _ = _ . N
f*4(r, p) Po(kaT> eXp[ B(Qm L S +v(r)>} (53)
2 \3/2 m(v —u)?
= (yz) oo [-a(T o))
We note that pg is not particle density which is
Pp e
p(r) = 2n)? fe4r, p) = poexp[—pu(r)] (54)

e Because of the external force the equilibrium distribution function (53) becomes position
dependent.

e Finally, one easily shows that the equilibrium distribution function (53) satisfies the trans-
port equation
(v-V+F(r)-V,)[(r.p) = 0. (55)

Mbolecular chaos

e The H—theorem caused a very hot controversy. It was unclear how a time reversible
mechanics can lead to the irreversible growth of entropy. It was soon realized that the
irreversibility occurs due to the assumption of molecular chaos.

e Deriving the collision term of transport equation it was assumed that the probability to
find at ¢t and r two particles with momenta p and p; is proportional

f(t7r7p) f(t7r7p1)7 (56)

which means that the two particles are independent from each other. This is the assumption
of molecular chaos which is only approximately true as inter-particle interactions create
correlations in the system. For example, due to the energy and momentum conservation
final state particles of a collision process are not independent from each other.

e The H—theorem should be formulated as follows: the entropy (19) is a non-decreasing
function of time, if the distribution function obeys the Boltzmann equation (18) and the
assumption of molecular chaos holds.
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Dogs and fleas

In 1907 Tatiana and Paul Ehrenfest formulated a simple model to show how independence of
random events leads to irreversible temporal evolution.
e There are two dogs which sleep together. N;(t) and Ny(t) are numbers of fleas of the dogs.

e The fleas jump all the time and with a probability per unit time « a flea jumps from one
dog to another.

e The increase of number of fleas of one dog is proportional to the number of fleas of another
one. Therefore,

P _ aalt) — ami(0) (57)
d]\st(t — ANy (t) — aNy(t). (58)
e Summing up the equations and subtracting them from each other one gets
LR+ No(0) =0 (59
%Lft) = —20A(t), (60)
where A(t) = Ny(t) — No(t).

e Eq. (59) expresses the conservation of fleas that is the total number of fleas, which is denoted
as N, is constant. Eq. (60) is elementary and it gives A(t) = A(0)e ?*. Thus we obtain

Ni(t) = %(N + A(t)) %N + (N1(0) — %N) e 2, (61)
Ny(t) = %(N —A(t)) = %N + (N2(0) — %N) e 2, (62)

One sees that independently of initial values N;(0) and N5(0), the system reaches the state
of equilibrium with Ny (t) = No(t) = N after the time ¢ > o™ .



