
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics A 1001 (2020) 121914
www.elsevier.com/locate/nuclphysa

Heavy quarks embedded in glasma

Margaret E. Carrington a,b,∗, Alina Czajka c, Stanisław Mrówczyński d,c
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Abstract

Heavy quarks, which are produced at the earliest stage of relativistic heavy-ion collisions, probe the 
entire history of the quark-gluon plasma that is created in the collision. Initially the plasma is populated 
with chromodynamic fields which can be treated as classical. We study the transport of heavy quarks across 
such a system, which is called glasma, using a Fokker-Planck equation where the quarks interact with long 
wavelength chromodynamic fields. We compute field correlators which are used to calculate the collision 
terms of the transport equation. Finally, the energy loss and momentum broadening of heavy quarks in the 
glasma are studied. Both of these quantities are sizable and strongly directionally dependent.
© 2020 Elsevier B.V. All rights reserved.
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Heavy quarks act as test probes of quark-gluon matter created in relativistic heavy-ion colli-
sions, see e.g. the review [1]. Because of their large masses, heavy quarks are produced at the 
earliest stage of the collision through hard interactions of partons from incoming nuclei. They 
subsequently propagate through the surrounding medium and lose a significant fraction of their 
initial energy. Heavy quarks with sufficiently high transverse momenta test the entire history of 
the system.
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The medium produced in relativistic heavy-ion collisions evolves rapidly towards a locally 
equilibrated quark-gluon plasma which expands hydrodynamically and ultimately experiences 
a transition to a hadron gas. Final momentum spectra of heavy quarks are mostly shaped in the 
long-lasting equilibrium phase which is relatively well understood. Effects of the pre-equilibrium 
phase are usually entirely ignored, but calculations recently performed in a framework of kinetic 
theory [2,3] suggest that these effects are sizable. We are interested in the even earlier phase 
when the medium is not described in terms of quasi-particles, as in a kinetic theory, but rather as 
a system dominated by strong classical fields. It has been argued in a recent paper by one of us 
[4] that this transient phase significantly influences heavy-quark spectra. The plasma populated 
with chromodynamic fields appears to be opaque not only because of its high energy density. 
The energy loss and momentum broadening in such a medium are significantly bigger than in an 
equilibrium plasma of the same energy density [4].

Within the framework of the Color Glass Condensate (CGC) approach, see e.g. the review [5], 
color charges of partons confined in the colliding nuclei act as sources of long wavelength chro-
modynamic fields which can be treated classically because of their large occupation numbers. 
The non-equilibrium system from the early stage of the collision is called glasma [5]. The trans-
port properties of this system have been studied in a series of recent publications [6–8] where 
various configurations of glasma have been simulated numerically, and Wong equations of mo-
tions of heavy quarks interacting with chromodynamic fields have been solved numerically. Our 
objective is to develop an analytically tractable approach to the problem.

After light quarks and gluons have reached equilibrium, heavy quarks need extra time to adjust 
to the state of the plasma because of their large masses and correspondingly large relaxation 
times. Such a situation is naturally described in terms of a Fokker-Planck transport equation. This 
approach has been repeatedly applied to heavy quarks [9–12], and the Fokker-Planck equation of 
heavy quarks which interact with soft classical fields instead of plasma constituents was derived 
in Ref. [4]. Our aim is to obtain the collision terms of this Fokker-Planck equation within the 
CGC framework. These terms provide in turn the energy loss and momentum broadening of 
heavy quarks in a glasma. We apply the method developed in [13] in which the fields between 
the receding nuclei are expanded in powers of the proper time τ . We take into account the first 
two terms of the expansion. Magnitudes of both the energy loss and momentum broadening are 
shown to be sizable, and strongly directionally dependent due to the glasma’s anisotropy.

The Fokker-Planck equation of heavy quarks embedded in a plasma system populated with 
strong chromodynamic fields is [4](

D − ∇ i
pXij (v)∇j

p − ∇ i
pY i(v)

)
n(t,x,p) = 0, (1)

where

Xij (v) ≡ 1

2Nc

t∫
0

dt ′
〈
F i

a(t,x)F
j
a

(
t ′,x − v(t − t ′)

)〉
, (2)

Y i(v) = Xij (v)
vj

T
. (3)

D ≡ ∂
∂t

+ v · ∇ is the substantial derivative, the indices i, j = 1, 2, 3 label the Cartesian 
coordinates x, y, z and ∇p is the momentum gradient. The color Lorentz force Fa(t, x) ≡
g
(
Ea(t, x) + v × Ba(t, x)

)
is expressed in terms of the chromoelectric Ea(t, x) and chromo-

magnetic Ba(t, x) fields, where g is the QCD coupling constant. The quantities that carry color 
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indices are written in the adjoint representation of the SU(Nc) gauge group with the indices 
a, b = 1, 2, . . .N2

c − 1. The notation 〈· · · 〉 denotes an ensemble average which assumes averag-
ing over events in relativistic heavy-ion collisions. We use v for the heavy quark velocity, Ep is 
the energy of a heavy quark, and n(t, x, p) is the distribution function of heavy quarks, which in 
equilibrium has the form neq(p) ∼ exp(−Ep/T ), where T is the temperature of the equilibrated 
plasma of light quarks and gluons in which the heavy quarks are embedded. This equilibrium 
distribution should be a solution of the transport equation (1), which gives rise to the relation in 
Eq. (3). We use natural units with c = h̄ = kB = 1.

The collisional energy loss dE/dx and transverse momentum broadening q̂ of a heavy quark 
in the quark-gluon plasma can be obtained [4] from the relations

dE

dx
= − v

T

vivj

v2 Xij (v), q̂ = 2

v

(
δij − vivj

v2

)
Xij (v). (4)

We next derive the correlators of the chromodynamic fields E and B that determine the tensor 
Xij (v). We follow closely the presentation of [13]. The fields are generated by the color charges 
of the partons which are confined in the colliding nuclei during a relativistic heavy ion collision. 
The fields produced between the receding nuclei can be expanded in powers of the proper time 
τ as

E = E(0) + τ E(1) + τ 2E(2) + . . . ,

B = B(0) + τ B(1) + τ 2E(2) + . . . .
(5)

The initial fields are parallel to the beam direction and are written E(0) = (0, 0, E0) and B(0) =
(0, 0, B0) with

E0
a(x⊥) = −gf abcAi

1b(x⊥)Ai
2c(x⊥),

B0
a (x⊥) = −gf abcεijzAi

1b(x⊥)A
j
2c(x⊥),

(6)

where f abc are the structure constants of the SU(Nc) group, εijk is the totally asymmetric tensor, 
x⊥ = (x, y) is the transverse coordinate, and Ai

1a(x⊥) and Ai
2a(x⊥) are the pure gauge potentials 

generated by the incoming nuclei 1 and 2. The nucleus 1 moves with the speed of light in the 
positive direction of the collision axis z and the nucleus 2 moves in the negative z-direction. 
The nuclei are homogeneous and infinitely extended in the transverse x-y plane, and collide at 
z = 0 and t = 0. The potentials are purely transverse A = (Ax, Ay, 0) and they vanish beyond 
the forward light cone and therefore depend on the longitudinal coordinates t and z only through 
the step function �(t2 − z2), which is not explicitly written. The first order fields are purely 
transverse and are

τEi
(1)a(t,x⊥, z)

= − 1
2

(
z
(
∂iE0

a + gf abc(Ai
1b + Ai

2b)E
0
c

) + t εijz
(
∂jB0

a + gf abc(A
j
1b + A

j
2b)B

0
c

))
,

τBi
(1)a(t,x⊥, z)

= 1
2

(
t εijz

(
∂jE0

a + gf abc(A
j
1b + A

j
2b)E

0
c

) − z
(
∂iB0

a + gf abc(Ai
1b + Ai

2b)B
0
c

))
.

(7)

The correlators of the fields are determined by the correlators of the potentials generated by 
the same nucleus 〈Ai A

j 〉 and 〈Ai A
j 〉, since it is assumed that the potentials generated by 
1a 1b 2a 2b
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the different nuclei are uncorrelated: 〈Ai
1aA

j

2b〉 = 0. The correlator of potentials generated by the 
same nucleus can be written

〈Ai
a(x⊥)A

j
b(x

′⊥)〉 = δab
(
δ
ij
⊥C1(r) − r̂ i r̂jC2(r)

)
, (8)

where δij
⊥ ≡ δij − δizδjz, r ≡ x⊥ − x′⊥, r ≡ |r|, r̂ i ≡ ri/r . We note that because the potentials 

are purely transverse and rz = 0, the indices i, j effectively run only through x and y in Eqs. (6)
- (8). The functions C1(r), C2(r) are

C1(r) ≡ m2K0(mr)

g2Ncf (r)

[
e

g4Ncμf (r)

4πm2(N2
c −1) − 1

]
, C2(r) ≡ m3r K1(mr)

g2Ncf (r)

[
e

g4Ncμf (r)

4πm2(N2
c −1) − 1

]
, (9)

where f (r) ≡ (
mrK1(mr) − 1

)
, K0(x) and K1(x) are the Macdonald functions and m is an 

infrared regulator. Due to confinement color charges in a nucleus are neutralized at the length of 
a nucleon size which coincides with the inverse QCD scale parameter �QCD, and we therefore 
take m ≈ �QCD ≈ 200 MeV. The parameter μ is the charge density per unit transverse area of 
an incoming infinitely contracted nucleus and is expressed through the saturation momentum 
parameter Qs as μ = g−4 (N2

c − 1)Q2
s [13]. The function C1(r) logarithmically diverges as 

r → 0. Since one expects that the correlation function (8) is constant for r ≤ Q−1
s within the 

CGC approach, see e.g. [14,15], the function C1(r) is assumed to be equal to C1(Q
−1
s ) for 

r ≤ Q−1
s .

The zeroth order correlators are easily found to be

〈Ez
a(x⊥)Ez

b(x
′⊥)〉 = g2Ncδ

abME(r),

〈Bz
a(x⊥)Bz

b(x
′⊥)〉 = g2Ncδ

abMB(r),

〈Ez
a(x⊥)Bz

b(x
′⊥)〉 = 0,

(10)

where

ME(r) ≡ 2C2
1(r) − 2C1(r)C2(r) + C2

2(r),

MB(r) ≡ 2C2
1(r) − 2C1(r)C2(r).

(11)

Using τ ≡ √
t2 − z2 and τ ′ ≡ √

t ′2 − z′2 the first order correlators are computed as

τ ′〈E0
a(x⊥)Ei

(1)b(t
′,x′⊥, z′)〉 = −g2

2
Ncδ

ab r̂iz′ M ′
E(r),

τ 〈Ei
(1)a(t,x⊥, z)E0

b(x′⊥)〉 = g2

2
Ncδ

ab r̂izM ′
E(r),

τ ′〈E0
a(x⊥)Bi

(1)b(t
′,x′⊥, z′)〉 = g2

2
Ncδ

ab εij r̂j t ′ M ′
E(r),

τ 〈Bi
(1)b(t,x⊥, z)E0

a(x′⊥)〉 = −g2

2
Ncδ

ab εij r̂j t M ′
E(r),

τ ′〈B0
a (x⊥)Ei

(1)b(t
′,x′⊥, z′)〉 = −g2

Ncδ
ab εij r̂j t ′ M ′

B(r),

2
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τ 〈Ei
(1)b(t,x⊥, z)B0

a (x′⊥)〉 = g2

2
Ncδ

ab εij r̂j t M ′
B(r),

τ ′〈B0
a (x⊥)Bi

(1)b(t
′,x′⊥, z′)〉 = −g2

2
Ncδ

ab r̂i z′ M ′
B(r),

τ 〈Bi
(1)b(t,x⊥, z)B0

a (x′⊥)〉 = g2

2
Ncδ

ab r̂i zM ′
B(r).

Substituting the zeroth and first order correlators into Eq. (2) and using the notation where 
x′ = x − v(t − t ′), z′ = z − v‖(t − t ′), r = v⊥(t − t ′) and n = (0, 0, 1), we obtain

Xij (v) = g2

2Nc

t∫
0

dt ′
[〈

Ei
a(t,x)E

j
a (t ′,x′)

〉 + εjklvk
〈
Ei

a(t,x)Bl
a(t

′,x′)
〉

+ εiklvk
〈
Bl

a(t,x)Ei
a(t,x′)

〉 + εiklεjmnvkvm
〈
Bl

a(t,x)Bn
a (t ′,x′)

〉]

= g4(N2
c − 1)

4

t∫
0

dt ′
{

2ninjME(r) −
(
ni r̂j z′ − nj r̂iz

)
M ′

E(r)

+ εjklvk
(
ninnεlmnr̂mt ′ + nlnnεimnr̂mt

)
M ′

E(r)

+ εiklvk
[
εjmnvm

(
2nlnnMB(r) − (

nl r̂nz′ − nnr̂lz
)
M ′

B(r)
)

−
(
nlnnεjmnr̂mt ′ + njnnεlmnr̂mt

)
M ′

B(r)
]}

. (12)

The tensor (12) substituted into Eqs. (4) provides

dE

dx
= − v2‖

vT

[
f 0

E(v⊥) + v⊥f 1
E(v⊥)

]
, (13)

q̂ = 2v2⊥
v

[f 0
E(v⊥)

v2 + f 0
B(v⊥) + v⊥

v2 f 1
E(v⊥) + (1 − v2‖)

v⊥
f 1

B(v⊥)
]
, (14)

where

f 0
E,B(v⊥) ≡ g4(N2

c − 1)

2

t∫
0

dt ′ME,B(r), (15)

f 1
E,B(v⊥) ≡ g4(N2

c − 1)

4

t∫
0

dt ′(t − t ′)M ′
E,B(r). (16)

Our numerical results are obtained for g = 1, Nc = 3, Qs = 2 GeV and m = 200 MeV. In 
Fig. 1 we show how the pairs of functions (f 0

E(v⊥), −f 1
E(v⊥)) and (f 0

B(v⊥), −f 1
B(v⊥)) depend 

on time for v⊥ = 0.6 and v⊥ = 1. From the figure we see that for both velocities saturation is 
reached before t = 1.0 fm/c. After saturation the corrections −f 1(v⊥) and −f 1(v⊥) are smaller 
E B
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Fig. 1. The pairs of functions (f 0
E

(v),−f 1
E

(v)) and (f 0
B

(v),−f 1
B

(v)) as functions of time t for v⊥ = 0.6 and v⊥ = 1.

Fig. 2. The quantities v⊥f 0
E

(v⊥) and −v2⊥f 1
E

(v⊥) as functions of time t for six values of v⊥.

than the zeroth order functions for v⊥ = 1.0, but not for v⊥ = 0.6. We have determined that the 
zeroth order contribution is larger for v⊥ � 0.73. Thus we have that for large transverse veloci-
ties, saturation values are reached at times compatible with the small τ expansion introduced in 
equation (5).

Since the integrands in the definitions (15) diverge at r = 0, we have regularized them as

M reg(r) ≡ �(rs − r)M(rs) + �(r − rs)M(r), (17)

with rs ≡ Q−1
s . Although the integrands in Eq. (16) are regular at r = 0, we have also regularized 

them according to the prescription (17) because the dependence on r for r ≤ Q−1
s is not physical 

in the CGC approach [14,15]. We have checked that our results are not strongly dependent on 
the regularization introduced in equation (17). We observe that the values of all four functions 
saturate at sufficiently long times because the field correlators vanish for distances r longer than 
a correlation length rc ∼ m−1, which produces a saturation time ∼ rc/v⊥.

We also notice that the zeroth order functions f 0
E(v⊥) and f 0

B(v⊥) and the first order functions 
f 1

E(v⊥) and f 1
B(v⊥) reveal interesting scalings. Changing the integration variable from t ′ to 

u = v⊥(t − t ′) in the integrals (15) and (16), one shows that if the integration extends over a big 
enough domain that the integrals saturate, the functions f 0

E(v⊥) and f 0
B(v⊥) depend on v⊥ as 

v−1
⊥ and f 1

E(v⊥) and f 1
B(v⊥) as v−2

⊥ . In Fig. 2 we show v⊥f 0
E(v⊥) and −v2⊥f 1

E(v⊥), which tend 
to universal values at large times. The behavior of the functions v⊥f 0

B(v⊥) and −v2⊥f 1
B(v⊥) is 

similar.
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Fig. 3. The energy loss dE/dx for v‖ = v⊥ = √
2/2 and the momentum broadening q̂ for v‖ = 0 and v⊥ = 0.9 as 

functions of time t . The 0th and 1st order contributions and their sums are shown.

Fig. 4. The energy loss dE/dx and the momentum broadening q̂ as a function of cos θ for v = 0.9. We show the 0th and 
1st order contributions to dE/dx and q̂ and their sums.

In Fig. 3 we present the energy loss for v‖ = v⊥ = √
2/2 and the momentum broadening for 

v‖ = 0 and v⊥ = 0.9. Both quantities as functions of time first grow, reach a maximum, and then 
slowly decrease, which reflects the temporal evolution of the fields.

In the left panel of Fig. 4 we present the energy loss as a function of cosθ where θ is the angle 
between the heavy-quark velocity and the collision axis z. The temperature T is identified with 
the saturation scale Qs and the heavy-quark velocity is v = 0.9. The time in the upper limit of 
the integrals in (15) and (16) is chosen large enough that dE/dx reaches its saturation value for 
every cos θ . Because the chromoelectric field is mostly along the z-axis, the energy loss vanishes 
when a quark moves perpendicularly to this axis. The energy loss grows when the angle θ tends 
to 0 or π and it becomes infinite for θ = 0 or θ = π . The saturation time also becomes infinite 
when v⊥ → 0 and consequently, as mentioned above, our results are not reliable in this limit.

The momentum broadening (14) is shown in the right panel of Fig. 4 as a function of cos θ . We 
see that q̂ is maximal when a heavy quark moves perpendicularly to the collision axis and goes 
to zero when the angle θ tends to 0 or π . When cos θ approaches ±1 the magnitude of the first 
order contribution becomes bigger than the zeroth order contribution. As explained previously, 
this signals that the small τ expansion (5) is applicable only for the transverse velocities close to 
the speed of light.

The numerical saturation value of q̂ at v = 0.9 and cos θ = 0 equals 42 GeV2/fm when only 
0th order contribution is taken into account. This value is similar to the result 70 GeV2/fm found 
in [4] using completely different reasoning, and is much bigger than the value of q̂ inferred from 
a jet quenching in relativistic heavy-ion collisions which varies from 1.5 to 7.0 GeV2/fm [1]. 
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When both the 0th and 1st order contributions to q̂ are included, the value of q̂ is reduced to 
8.5 GeV2/fm which is much smaller than the zeroth order value, but still sizable. Our results 
suggest that in spite of its short lifetime the glasma can provide a significant contribution to jet 
quenching. Higher order contributions need to be taken into account to draw a firm conclusion 
with regard to phenomenological consequences.

In conclusion, we have derived the collision terms of the Fokker-Planck equation for heavy 
quarks embedded in a glasma, working up to first order in an expansion of the fields using the 
proper time τ as a small parameter. From the collision term, we have computed the energy loss 
and momentum broadening of heavy quarks in a glasma. The two quantities are strongly direc-
tionally dependent. The energy loss is maximal when a heavy quark moves along the collision 
axis and the momentum broadening has its maximum for a quark moving perpendicularly to 
the axis. The values of dE/dx and q̂ are sizable, suggesting that the glasma phase substantially 
contributes to the jet quenching observed in relativistic heavy-ion collisions. The zeroth and first 
order contributions to the collision term are of similar magnitude, which indicates that higher 
order terms could play an important role. The calculation of these higher order contributions, 
and a careful study of the effect of the regularization in Eq. (17), is currently in progress.
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