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Abstract The thermal and coalescence models both describe
well yields of light nuclei produced in relativistic heavy-ion
collisions at LHC. We propose to measure the yield of 4Li
and compare it to that of 4He to falsify one of the models.
Since the masses of 4He and 4Li are almost equal, the yield
of 4Li is about 5 times bigger than that of 4He in the thermal
model because of different numbers of spin states of the two
nuclides. Their internal structures are, however, very differ-
ent: the alpha particle is well bound and compact while 4Li is
weakly bound and loose. Consequently, the ratio of yields of
4Li to 4He is significantly smaller in the coalescence model
and it strongly depends on the collision centrality. Since the
nuclide 4Li is unstable and it decays into 3He and p, the
yield of 4Li can be experimentally obtained through a mea-
surement of the p−3He correlation function. The function
carries information not only about the yield of 4Li but also
about the source of 3He and allows one to determine through
a source-size measurement whether of 3He is directly emit-
ted from the fireball or it is formed afterwards. We compute
the correlation function taking into account the s-wave scat-
tering and Coulomb repulsion together with the resonance
interaction responsible for the 4Li nuclide. We discuss how
to infer information about an origin of 3He from the correla-
tion function, and finally a method to obtain the yield of 4Li
is proposed.

1 Introduction

Production of light nuclei in nucleus-nucleus collisions has
been studied for decades but experimental data from Rela-
tivistic Heavy Ion Collider (RHIC) [1,2] and Large Hadron
Collider (LHC) [3–5] have revived an interest in the prob-

a e-mail: sylwia.bazak@gmail.com
b e-mail: stanislaw.mrowczynski@ncbj.gov.pl (corresponding author)

lem and attracted a lot of attention. In heavy-ion collisions
at low energies, light nuclei occur as remnants of incom-
ing nuclei. At high collision energies we also deal with a
genuine production process – the energy released in a col-
lision is converted into masses of baryons and antibaryons
which form nuclei and antinuclei. This is the only produc-
tion mechanism in proton-proton collisions and the dominant
mechanism in heavy-ion collisions when light nuclei are pro-
duced at midrapidity where fragments of the projectile and
target do not show up. The numbers of the nuclei and antin-
uclei at midrapidity are approximately equal to each other at
RHIC and are exactly equal at LHC. This clearly shows that
the matter created in the collisions is (almost) baryonless -
there is no net baryon charge. Together with deuterons and
antideuterons, tritons and antitritons, 3He and 3He, 4He and
4He there are also produced hypertritons and antihypertritons
at RHIC and LHC [6,7].

According to the coalescence model [8,9] proposed over
half a century ago production of light nuclei is a two step
process: production of nucleons and formation of nuclei. A
distinction of the two steps is well-founded if the energy scale
of the first step is much higher than that of the second one.
This is the case of nuclei produced at midrapidity in collider
experiments. A characteristic energy scale of nucleon pro-
duction is the double nucleon mass while the energy scale
of formation of a nucleus is its binding energy. The very
different energy scales of two steps correspond to the very
different temporal scales. Therefore, one can indeed say that
nucleons are produced at first and nuclei are formed later
on due to final state interactions among nucleons which are
close neighbors in the phase-space.

We note that the coalescence model is much better justified
at RHIC or LHC than at low energies where light nuclei occur
as fragments of incoming nuclei. In the latter case there is
hardly any separation of the energy scales of the two steps.
Nevertheless the model is known to work well in a broad
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range of collision energies and thus it is not surprising that it
properly describes production of light nuclei and antinuclei
at LHC [10–14].

The thermodynamical model of particle production, see
the review [15], is also more reliable and simpler at the high-
est available collision energies than at lower ones. At LHC
thousands of hadrons are produced and thus it is easier to
justify the statistical assumption of equipartition of energy.
The model is also simpler because the matter created in
the collisions is, as mentioned above, baryonless. Therefore,
the baryon chemical potential vanishes and particle’s yields
are determined by their masses and spin degeneracy factors
together with solely two thermodynamical parameters: the
temperature and system’s volume at the chemical freeze-out.
The model describes very well not only the yields of hadron
species measured at LHC but it describes at the same time
the yields of light nuclei and hypernuclei [16–18]. The sim-
plicity of the model makes its success very impressive but
very puzzling as well.

It is hard to assume that nuclei exist in a hot and dense
fireball. The temperature, which at the chemical freeze-out
is 156 MeV [18], is much bigger than the nuclear binding
energy per nucleon which is a few MeV. The inter-particle
spacing (typically 1–2 fm) is smaller than the radii of light
nuclei of interest (2–3 fm).

Since the interaction cross sections of light nuclei exceeds
typical hadron-hadron cross sections, the light nuclei can be
still disintegrated after the chemical freeze-out. So, one asks
why the yields of light nuclei are given by the temperature at
chemical freeze-out not by that of thermal freeze-out which
is 100–120 MeV. It has been argued [19–21] that the num-
bers of light nuclei remain approximately constant when the
hadron fireball evolves from the chemical to thermal freeze-
out because light nuclei are repeatedly formed and dissoci-
ated during this time interval. However, except the problem
that the characteristic size of light nuclei is not much smaller
than inter-hadron spacing in the fireball, one faces another
difficulty here. The characteristic time of, say, deuteron for-
mation, which is of the order of its inverse binding energy, is
roughly 100 fm/c. So, it is hard to assume that a deuteron is
repeatedly formed and dissociated in the time interval much
shorter than the formation rate. Proponents of the thermal
model resolve the difficulties related to the spacial and tem-
poral scales of interest assuming that the final state nuclei
originate from compact colorless states of quarks and gluons
present in the fireball [18].

The thermal and coalescence models, which are physically
quite different, were observed long ago to give rather similar
yields of light nuclei [22]. Recently the observation has been
confirmed [12,23] with a refined version of the coalescence
model [24–28] which properly takes into account a quantum-
mechanical character of the formation process of light nuclei.

The question arises whether the final state formation of
light nuclei can be quantitatively distinguished from the
creation in a fireball. One thus asks whether the thermal
approach to the production of light nuclei or the coalescence
model can be falsified.

It has been recently suggested [23] and worked out in [29]
to compare the yield of 4He already measured at RHIC [2]
and LHC [3] to the yield of exotic nuclide 4Li which was
discovered in Brekeley in 1965 [30]. Since the mass of 4He
is smaller than that of 4Li by only 20 MeV, the yield of 4Li,
which has spin 2, is according to the thermal model about
five times bigger than that of 4He because of five spin states
of 4Li and only one of 4He. Taking into account the mass
difference of 4Li and 4He, the factor is reduced from 5 to 4.3
at the temperature of chemical freeze-out of 156 MeV.

The alpha particle is well bound and compact while the
nuclide 4Li is weakly bound and loose. Consequently, the
coalescence model predicts the ratio of the yields of 4Li to
4He which is significantly smaller than 5 but more impor-
tantly the ratio of the yields strongly depends, in contrast to
the thermal model, on the fireball size that is on the collision
centrality, see Sect. 2. This is the distinctive feature of the
coalescence model. We note that a search of 4Li production
at RHIC has been recently advocated in [35].

The nuclide 4Li is unstable and it decays into p+3He with
the width of 6 MeV [31], see also [32]. Since the lifetime of
4Li is about 30 fm/c its yield can be experimentally obtained
through the p−3He correlation function which was measured
in 40Ar-induced reaction on 197Au at laboratory energy 60
MeV per nucleon [33]. The correlation function was also
measured at relativistic collision energies at AGS and the
yield of 4Li was estimated [34].

The aim of this study is to compute the p− 3He corre-
lation function which is needed to obtain the yield of 4Li.
However, it is not straightforward to infer the yield from a
measured correlation function because the resonance, which
corresponds to 4Li, is not the only interaction channel of 3He
and p at low relative momenta. There is also the s-wave scat-
tering and Coulomb repulsion. Therefore, the resonance peak
of 4Li is strongly deformed. We propose a special procedure
to obtain the yield of 4Li.

When p−D or p− 3He correlation functions are com-
puted the problem is how to choose a source function of light
nuclei. It has been observed in our recent paper [36] that the
proton-deuteron correlation function gets a different form in
dependence whether deuterons are directly emitted from the
fireball as all other hadrons or deuterons are formed later on
due to final state interactions. Specifically, there are different
source functions of deuterons, which enter the formulas of
the p−D correlation function, in the two cases. Consequently,
the source radii inferred from the correlation functions differ
by the factor

√
4/3. There is an analogous situation when the

p− 3He correlation function is considered but the compu-
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tation presented in Sect. 3 is more complicated because we
deal with a four-body problem. If one assumes that 3He is
emitted directly from the fireball the source radius inferred
from the correlation function is smaller by the factor

√
3/2

than that corresponding to the scenario where nucleons emit-
ted from the fireball form the nuclide 3He due to final state
interactions. When the p−D or p−3He correlation function is
computed, one should adopt one of the two scenarios of light
nuclei production and choose an appropriate source function.
However, there is also a much more interesting consequence
of our finding: knowing the nucleon source radius from the
proton-proton correlation function, which can be precisely
measured, see [37,38], we can quantitatively distinguish the
emission of a nucleus from the fireball from the formation of
the nucleus afterwards.

The p−3He correlation function has been recently com-
puted [35]. However, the resonance interaction has not been
taken into account in the correlation function but the p−3He
pairs coming from the two-body decays of 4Li have been
generated by means of a Monte Carlo method and added to
the correlation function which includes the s-wave scattering
and Coulomb repulsion. Therefore, there is no interference of
the incoming and outgoing waves modified by the resonance
interaction and the resonance contribution to the correlation
function does not depend on the source radius. The compu-
tation [35] is not only oversimplified but the resonance peak
seems to be far too narrow. Consequently the shape of the cor-
relation function is very different from that of the measured
function [33]. The p−3He correlation functions presented in
[35] are further compared with ours at the end of Sect. 4.

Although the main objective of this paper is the p−3He
correlation function we repeat to some extend our consid-
erations from [29] where the formation of 4He and 4Li was
studied. The repetition is not only for the completeness of the
present paper. We have refined some arguments and added a
figure. It is also notable that some formulas introduced in the
context of formation of 4He and 4Li are used in our subse-
quent considerations.

The paper is organized as follows. The formation of light
nuclei, in particular 4He and 4Li, is discussed in Sect. 2. In
Sect. 3 we derive a general formula of the p−3He correlation
function which is considered first as a two and then as a four
body problem. In the first case one assumes that the nuclides
3He are emitted directly from the fireball and in the second
one that the nuclides are formed afterwards. In Sect. 4 the
p−3He correlation function is computed taking into account
the resonance interaction, s-wave scattering and Coulomb
repulsion. We discuss how to infer the information about
an origin of 3He from the correlation function, and finally
in Sect. 5 we propose a method to obtain the yield of 4Li.
The paper is closed with the summary of our results and
conclusions.

2 Formation rate of light nuclei

According to the coalescence model [8,9], the momentum
distribution of a final state nucleus of A nucleons is expressed
through the nucleon momentum distribution as

dPA

d3 pA
= AA

(
dPN
d3 p

)A

, (1)

where pA = Ap and p is assumed to be much bigger than the
characteristic internal momentum of a nucleon in the nucleus
of interest, the quantity AA, which we call the coalescence
or formation rate, is related to the probability that A nucle-
ons fuse into the nucleus. It is of the dimension p3(A−1)

with p being a momentum. As first derived in [24] and later
on repeatedly discussed [25–28], the formation rate can be
expressed as

AA = gSgI (2π)3(A−1) V
∫

d3r1 d
3r2 . . . d3rA

×D(r1) D(r2) . . . D(rA) |�(r1, r2, . . . rA)|2, (2)

where gS and gI are the spin and isospin factors to be dis-
cussed later on; the multiplier (2π)3(A−1) results from our
choice of natural units where h̄ = 1; V is the normaliza-
tion volume which disappears from the final formula; the
source function D(r) is the normalized to unity position dis-
tribution of a single nucleon at the kinetic freeze-out and
�(r1, r2, . . . rA) is the wave function of the nucleus of inter-
est.

The formula (1) does not assume, as one might think,
that the nucleons are emitted simultaneously. The vectors
ri with i = 1, 2, . . . A denote the nucleon positions at the
moment when the last nucleon is emitted from the fireball.
For this reason, the function D(ri ) actually gives the space-
time distribution and it is usually assumed to be Gaussian.
We choose the isotropic form

D(ri ) = (2πR2
s )

−3/2 e
− r2

i
2R2

s , (3)

where
√

3Rs is the root mean square (RMS) radius of the
nucleon source. If the time duration τ of the emission is
explicitly taken into account it enlarges the effective radius
of the source from Rs to

√
R2
s + v2τ 2 where v is the velocity

of the particle pair relative to the source.
The Gaussian parameterization of the source function (3)

is obviously much simpler than the more realistic blast-wave
parameterization used in e.g. [13]. However, our aim is to
perform analytic calculations of both the formation rates of
4He and 4Li and of the p−3He correlation function. With the
blast-wave parameterization such calculations would be very
difficult if possible at all. Nevertheless, it should be stressed
that the Gaussian parametrization is not only convenient for
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analytical calculations but there is an empirical argument
in favor of this choice. The imaging technique [40] allows
one to infer the source function from a two-particle correla-
tion function provided the inter-particle interaction is known.
The technique applied to experimental data from relativistic
heavy-ion collisions showed that the source functions are
mostly Gaussian and non-Gaussian contributions are rather
small, see [41]. Let us also note that the isotropic Gaussian
source function (3) is frequently used, in particular when one
studies correlations of particles like � or �̄ which are not so
copiously produced as pions or kaons, see e.g. [42]. Then, the
correlation functions are not measured precisely enough to
disentangle temporal and different spatial sizes of the source
which are encoded in a source function more realistic than
(3).

The source function depends in general on particle’s mass
and its momentum. Actually, the source radius scales with

the particle’s transverse massm⊥ ≡
√
m2 + p2⊥. For the case

of one-dimensional analysis relevant for our study, the effect
is well seen in Fig. 8 of [38] where experimental data on
Pb-Pb collisions at LHC are shown. The dependence of the
source radius on m⊥ is evident when we deal with pions and
m⊥ � 0.9 GeV but it is much weaker for protons whenm⊥ �
1.0 GeV. If one considers a correlation function of particles
from a sufficiently small transverse momentum interval, one
can use the source function (3) which implicitly depends on
m⊥ trough the source radius Rs .

The spin and isospin factors gS and gI , which enter the
formation rate (2), give a probability that spin and isospin
quantum numbers of A nucleons match the quantum numbers
of the nucleus of A nucleons under consideration. To compute
the factors we assume that the nucleons are unpolarized with
respect to spin and isospin. However, the spin and isospin are
treated somewhat differently. If the spin of the nucleus is S,
the factor gS equals 2S + 1 divided by the number of states
of A nucleons with the total spin S. In case of isospin, one
must remember that a total isospin I and its third component
I3 are assigned to a given nucleus. Therefore, the factor gI
equals the inverse number of states of A nucleons with I and
I3 of the nucleus of interest.

To formulate a relativistically covariant coalescence model
one usually uses the Lorentz invariant nucleon momentum
distributions in the relation analogous to (1) and modifies
the coalescence rate formula (2), see e.g. [24,26]. Since we
are interested mostly in the ratio of the coalescence rates of
4Li and 4He, our final result is insensitive to these heuristic
modifications which are anyway not well established, as the
relativistic theory of strongly interacting bound states is not
fully developed.

In the center-of-mass frame of A-nucleons the formula (2)
can be treated as nonrelativistic even so momenta of nucleons
are relativistic in both the rest frame of the source and in the

laboratory frame. The point is that the formation rate is non-
negligible only for small relative momenta of the nucleons.
Therefore, the relative motion can be treated as nonrelativis-
tic and the corresponding wave function is a solution of the
Schrödinger equation. The source function, which is usually
defined in the source rest frame, needs to be transformed to
the center-of-mass frame of the pair as discussed in great
detail in [39].

Let us move to the computation of the formation rate of
4He. The modulus squared of the wave function of 4He is
chosen as

|�He(r1, r2, r3, r4)|2 = Cαe
−α(r2

12+r2
13+r2

14+r2
23+r2

24+r2
34),

(4)

where Cα is the normalization constant, ri j ≡ ri − r j and
α is the parameter to be related to the RMS radius of 4He
which is denoted as Rα . We further use the Jacobi variables
defined as

⎧⎪⎪⎨
⎪⎪⎩

R ≡ 1
4 (r1 + r2 + r3 + r4),

x ≡ r2 − r1,

y ≡ r3 − 1
2 (r1 + r2),

z ≡ r4 − 1
3 (r1 + r2 + r3),

⎧⎪⎪⎨
⎪⎪⎩

r1 = R − 1
2 x − 1

3 y − 1
4 z,

r2 = R + 1
2 x − 1

3 y − 1
4 z,

r3 = R + 2
3 y − 1

4 z,
r4 = R + 3

4 z,

(5)

which have the nice property that the sum of squares of par-
ticles’ positions and the sum of squares of differences of the
positions are expressed with no mixed terms of the Jacobi
variables that is

r2
1 + r2

2 + r2
3 + r2

4 = 4R2 + 1

2
x2 + 2

3
y2 + 3

4
z2, (6)

r2
12 + r2

13 + r2
14 + r2

23 + r2
24 + r2

34 = 2x2 + 8

3
y2 + 3z2. (7)

Using the relation (7), one easily finds that

Cα = 26

V

(α

π

)9/2
, α = 32

25R2
α

. (8)

Substituting the formulas (3) and (4) into Eq. (2), one finds
the coalescence rate of 4He as

AHe
4 = π9/2

29/2

1(
R2
s + 4

9 R
2
α

)9/2 , (9)

where the spin and isospin factors have been included. Since
4He is the state of zero spin and zero isospin, the factors are

gS = gI = 1

23 , (10)
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because there are 24 spin and 24 isospin states of four nucle-
ons and there are two zero spin and two zero isospin states.
The coalescence rate of 4He was computed long ago in [24].

The stable isotope 6Li is a mixture of two cluster config-
urations 4He−2H and 3He−3H [43]. Since 4Li decays into
3He + p, we assume that it has the cluster structure 3He− p
and following [43] we parametrize the modulus squared of
the wave function of 4Li as

|�Li(r1, r2, r3, r4)|2
= CLi e

−β(r2
12+r2

13+r2
23)z4e−γ z2 |Ylm(	z)|2, (11)

where the nucleons number 1, 2 and 3 form the 3He cluster
while the nucleon number 4 is the proton; z is the Jacobi
variable (5); Ylm(	z) is the spherical harmonics related to
the rotation of the vector z with quantum numbers l,m. The
summation over m is included in the spin factor gS . The
nuclide 4Li is treated here as a stable one and consequently
the normalization constant CLi is a time-independent real
number.

Using the Jacobi variables, one analytically computes the
constant CLi and expresses the parameter β, which enters the
formula (11), through the RMS radius Rc of the cluster 3He
as

CLi = 2431/2β3γ 7/2

5π7/2V
, β = 1

3R2
c
. (12)

The parameter γ is expressed through the RMS radius RLi

of 4Li and the cluster radius Rc in the following way

γ = 21

23(4R2
Li − 3R2

c )
. (13)

Let us now discuss the spin and isopsin factors which
enter the coalescence rate of 4Li. The nuclide has the isospin
I = 1, Iz = 1 and thus the isospin factor is

gI = 3

24 , (14)

because there are three isospin states I = 1, Iz = 1 of four
nucleons.

The spin of the ground state of 4Li is 2 which can be
arranged with the orbital angular momentum l = 1 and l = 2.
We assume here that the cluster 3He has spin 1/2 as the free
nuclide 3He. (If the spin 3/2 of 3He were allowed, the orbital
number l = 0 would be also possible.) When the spins of 3He
and p are parallel or antiparallel, the orbital number is l = 1
or l = 2, respectively. However, the ground state of 4Li is of
negative parity which suggests that l = 1. Indeed, the parity
of a two-particle system is P = η1η2(−1)l where η1, η2 are
internal parities of the two particles. Since the parities of 1H
and 3He are both positive, the orbital momentum l must be
odd. Therefore, we assume further on that l = 1.

When l = 1, the total spin of 3He and p has to be one
and there are 32 such spin states of four nucleons. Conse-
quently, there are 32 angular momentum states with 5 states
corresponding to spin 2 of 4Li and thus

gS = 32

24

5

32 = 5

24 . (15)

Substituting the formulas (3) and (11) into Eq. (2), one
finds the coalescence rate of 4Li as

ALi
4 = 15π9/2

213/2

R4
s(

R2
s + 1

2 R
2
c

)3(
R2
s + 4

7 R
2
Li − 3

7 R
2
c

)7/2 . (16)

Since the source function (3) is spherically symmetric, the
coalescence rate (16) depends on the orbital numbers l only
through the spin factor gS .

We note that even when Rα = RLi and the spin-isospin
factors are ignored, the coalescence rates of 4He and 4Li
still differ from each other because the internal structure of
4He differs from that of 4Li. The rates become equal when
Rs � Rα and Rs � RLi as then the structure of nuclei does
not matter any more. One checks that our formulas indeed
confirm the expectation.

The ratio of yields of 4Li and 4He is given by the ratio
of the formation rates ALi

4 and AHe
4 . The latter ratio depends

on four parameters: Rs , Rα , RLi and Rc. The fireball radius
at the kinetic freeze-out Rs is usually determined by the
femtoscopic correlations of pions which are abundantly
produced. Specifically, the experimentally measured radii
Rout, Rside, Rlong can be used to get the kinetic freeze-out
radius as Rs = (RoutRsideRlong)

1/3. Then, the source radius
Rs varies from low-multiplicity proton-proton to central Pb-
Pb collisions at LHC between, say, 1 and 7 fm [44,45]. For
our purpose it is more appropriate to use the source radii Rs

obtained from the proton-proton correlation functions which
have been also precisely measured at LHC [37,38].

The RMS radius of 4He is Rα = 1.68 fm [46] and the
RMS radius of the cluster 3He is identified with the radius of
a free nucleus 3He and thus Rc = 1.97 fm [46]. The radius
RLi is unknown but obviously it must be bigger than Rc.
Taking into account a finite size of a proton it is fair to expect
that RLi is about 2.5–3.5 fm. The ratio of the formation rates
ALi

4 and AHe
4 is shown in Fig. 1 as a function of RLi for four

values of Rs = 1.5, 3.0, 5.0 and 7.0 fm and in Fig. 2 as a
function of Rs for four values of RLi = 2.0, 2.5, 3.0 and
3.5 fm.

As already mentioned, the ratio of yields of 4Li and 4He
equals 5 according to the thermal model if one ignores the
mass difference of the nuclides. The magnitude of the ratio is
reduced to 4.3 when the mass difference is taken into account
and the temperature of chemical freeze-out equals 156 MeV.
Figs. 1 and 2 show that the ratio is significantly smaller in the
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Fig. 1 The ratio of formation rates of 4Li to 4He as a function of RLi
for four values of Rs = 1.5, 3.0, 5.0 and 7.0 fm

Fig. 2 The ratio of formation rates of 4Li to 4He as a function of Rs
for four values of RLi = 2.0, 2.5, 3.0 and 3.5 fm

coalescence model. For RLi = 3 fm and the most central col-
lisions of the heaviest nuclei, which corresponds to Rs ≈ 7
fm, the ratio ALi

4 /AHe
4 equals about 3 but it drops below 2 for

the centrality of 40–60% where Rs ≈ 4 fm. The ratio is even
smaller for truly peripheral nucleus-nucleus or p–p colli-
sions. The strong dependence of the ratio of the yields of 4Li
to 4He on the collision centrality is a characteristic feature of
the coalescence mechanism. Therefore, it should be possible
to quantitatively distinguish the coalescence mechanism of
light nuclei production from the creation in a fireball.

The yield of 4Li can be experimentally obtained through
a measurement of the p−3He correlation function which is
discussed in the remaining part of the paper.

3 General formula of p−3He correlation function

A general form of the p−3He correlation function depends
on whether 3He nuclei are emitted from a source as all other

hadrons or the nuclei are formed due to final state interactions
among emitted nucleons. In the first case the nuclide 3He can
be treated as an elementary particle and in the second one as
a bound state of three nucleons. The two cases are discussed
in the two subsequent sections

3.1 3He treated as an elementary particle

When the nucleus 3He is treated as an elementary particle
emitted from a source, the p− 3He correlation function is
defined as

dPp3He

d3 ppd3 p3He
= R(pp, p3He)

dPp

d3 pp

d P3He

d3 p3He
, (17)

where dPp

d3 pp
,

dP3He
d3 p3He

and
dPp3He

d3 ppd3 p3He
are probability densities

to observe p, 3He and p−3He pair with momenta pp , p3He and
(pp, p3He). If the correlation is due to final state interactions,
the correlation function is known to be [47,48]

R(pp, p3He)

=
∫

d3rp d3r3He D(rp) D(r3He) |ψp 3He(rp, r3He)|2,
(18)

where ψp 3He(rp, r3He) is the wave function of the p−3He
pair and D(ri ), i = p, 3He is the normalized source function
which is assumed further on to be of the Gaussian form (3).

The correlation function (18), as the formation rate (2), is
written as for the instantaneous emission of the two particles
but the time duration of the emission process can be easily
incorporated [47]. In case of an isotropic Gaussian source
function, the time duration τ , as already mentioned, enlarges
the effective radius of the source from Rs to

√
R2
s + v2τ 2

where v is the velocity of the particle pair relative to the
source.

Similarly to the formation process and for the same rea-
sons we consider the p−3He correlations in the center-of-
mass frame of the pair and we treat the formula (18) as non-
relativistic even so the nuclide and proton momenta can be
relativistic in both the rest frame of the source and in the
laboratory frame.

We introduce the center-of-mass variables

{
R = rp+3r3He

4 ,

r = rp − r3He,

{
rp = R + 3r

4 ,

r3He = R − r
4 ,

(19)

and write down the wave function as

ψp 3He(rp, r3He) = eiPR φq(r), (20)

where φq(r) is the wave function of relative motion of p and
3He and q ≡ 1

4 (3pp − p3He) is the proton momentum in the
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center-of-mass frame of the pair. The correlation function
then equals

R(q) =
∫

d3r d3R D
(

R + 3r
4

)
D

(
R − r

4

)
|φq(r)|2. (21)

Defining the ‘relative’ source

Dr (r) ≡
∫

d3R D
(

R + 3r
4

)
D

(
R − r

4

)
, (22)

which for the Gaussian parametrization (3) equals

Dr (r) = 1(
4πR2

s

)3/2 e
− r2

4R2
s , (23)

the correlation function acquires the well-known form

R(q) =
∫

d3r Dr (r)|φq(r)|2. (24)

We note that once the single particle source (3) is indepen-
dent of particle’s mass, the source function (23) is also mass
independent even so the transformation to the center-of-mass
variables (19) depends on particle masses.

3.2 3He treated as a bound state

Taking into account that the nucleus 3He is a bound state of
(p, p, n) formed due to final state interactions at the same
time when the correlation among 3He and p is generated, the
correlation function is defined as

dPp 3He

d3 ppd3 p3He
= R(pp, p3He)

×A3
dPp

d3 pp

d PN
d3(p3He/3)

dPN
d3(p3He/3)

dPN
d3(p3He/3)

, (25)

where A3 is the formation rate of a nucleus 3He defined
through the relation (1) and given by the formula (2) both
for A = 3. The product of the formation rate and correlation
function is

R(pp, p3He)A3 = gSgI (2π)6
∫

d3rpd
3r1d

3r2d
3r3

×D(rp)D(r1)D(r2)D(r3)|ψp 3He(rp, r1, r2, r3)|2, (26)

where again D(ri ) with i = p, 1, 2, 3 is the source function
while ψp 3He(rp, r1, r2, r3) is the wave function of p and 3He.

3.2.1 Formation rate

Let us first compute the formation rate of 3He. Using the
Jacobi variables for a system of three particles with equal
masses which are

⎧⎨
⎩

R ≡ 1
3 (r1 + r2 + r3),

x ≡ r2 − r1,

y ≡ r3 − 1
2 (r1 + r2),

⎧⎨
⎩

r1 = R − 1
2 x − 1

3 y,

r2 = R + 1
2 x − 1

3 y,

r3 = R + 2
3 y,

(27)

and writing down the wave function as

ψ3He(r1, r2, r3) = eiPR φ3He(x, y), (28)

with φ3He(x, y) being the wave function of relative motion,
the formation rate (2) for A = 3 equals

A3 = gSgI (2π)6
∫

d3x d3y Dr (x, y) |φ3He(x, y)|2, (29)

where

Dr (x, y) ≡
∫

d3R D
(

R − 1

2
x − 1

3
y
)

×D
(

R + 1

2
x − 1

3
y
)
D

(
R + 2

3
y
)

= 1(
2
√

3πR2
s

)3 e
− x2

4R2
s
− y2

3R2
s . (30)

The latter equality holds for the Gaussian parametrization
(3). We note that the relative source (30) is normalized that
is

∫
d3x d3y Dr (x, y) = 1. (31)

Let us derive an explicit formula of the formation rate of
3He that will be needed later on. Using the source function
(30) and choosing the wave function of 3He in the Gaussian
form such that

|φ3He(x, y)|2 =
(β

π

)3
e−β

(
(r1−r2)

2+(r2−r3)
2+(r1−r3)

2
)

= 33/2
(β

π

)3
e−β( 3

2 x2+2y2), (32)

where the root-mean-square radius of 3He equals R3 =
1/

√
3β, the formation rate (29) is

A3 = π3

33/2

1

(R2
s + 1

2 R
2
3)3

. (33)

The spin and isospin factors, which are gS = 1/2 and gI =
1/4, are included here.

3.2.2 Correlation function

To compute the p−3He correlation function we use the Jacobi
variables for a system of four particles defined by Eqs. (5)
and we write down the wave function as
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ψp 3He(rp, r1, r2, r3) = eiPR ϕq(z) φ3He(x, y), (34)

where ϕq(z) is the wave function of relative motion in the
center of mass of p−3He system. The integral expression
(26) then equals

R(q)A3 = gSgI (2π)6

×
∫

d3R d3x d3y d3z D
(

R − 1

2
x − 1

3
y − 1

4
z
)

×D
(

R + 1

2
x − 1

3
y − 1

4
z
)
D

(
R + 2

3
y − 1

4
z
)

×D
(

R + 3

4
z
)

|ϕq(z)|2 |φ3He(x, y)|2. (35)

Further on calculations are performed using the Gaussian
parametrization (3). Since the Jacobi variables have the prop-
erty (6), the elementary integral over R factors out and the
formula (35) equals

R(q)A3 = gSgI (2π)6

×
∫

d3x d3y d3z Dr (x, y) D4r (z) |ϕq(z)|2 |φ3He(x, y)|2,
(36)

where Dr (x, y) is, as previously, given by Eq. (30) and

D4r (z) =
( 3

8πR2
s

)3/2
e
− 3z2

8R2
s , (37)

which is also normalized to unity. Since one recognizes the
formation rate (29) in the right-hand-side of Eq. (36), the rate
A3 factors out and the correlation function simplifies to the
form

R(q) =
∫

d3r D4r (r) |ϕq(r)|2, (38)

where we have changed the integral variable z into r.
The formulas (38) and (24) are almost the same but the

source functions differ. The source radius of nuclei 3He
treated as bound states is bigger by the factor

√
3/2 ≈ 1.22

than that of the ‘elementary’ nuclides 3He. When the source
radius inferred from the p−p correlation function is the same
as the radius obtained from the p−3He correlation function,
it means that the nuclides 3He are directly emitted from the
fireball. If the radius is bigger by

√
3/2, the nuclides are

formed due to final state interactions. The question is, how-
ever, whether the p− 3He correlation function is sensitive
enough to the change of source radius from Rs to

√
3/2 Rs .

The question is discussed in the next section.

4 p−3He correlation function

To compute the correlation function (24) or (38) we have to
specify the wave function ϕq(r). Following Lednický and
Luboshitz [48], we choose the function in the asymptotic
scattering form that is

ϕq(r) = eiqr + f (q, θ)
eiqr

r
, (39)

where the amplitude f (q, θ) depends in general on the
momentum q and scattering angle θ . The correlation function
(38), which assumes that the nuclides 3He are formed after
the nucleons are emitted from the source, is then expressed
as

R(q) = 1 +
( 3

8πR2
s

)3/2
∫

d3r e
− 3r2

8R2
s

( | f (q, θ)|2
r2

+2�
(
f (q, θ)

ei(qr−qr)

r

))
, (40)

where the source function (37) is used. The expression anal-
ogous to Eq. (40) corresponding to the correlation function
(24), which assumes that the nuclides 3He are directly emit-
ted from the source, can be obtained from the formula (40)
by means of the replacement Rs → √

3/2 Rs .

4.1 Scattering in s-wave

The correlation function significantly differs from unity only
in the domain of small momenta q, and thus the ampli-
tude f (q, θ) can be approximated by its s-wave contribution
f0(q) which is isotropic and thus the amplitude is indepen-
dent of θ . The angular integral in Eq. (40) becomes elemen-
tary and the correlation function thus equals

R0(q) = 1 + 3

4R2
s
| f0(q)|2 − 3

4R2
s q

(
1 − e− 8q2R2

s
3

)
	 f0(q)

+ 33/2

25/2π1/2R3
s q

� f0(q)

×
∫ ∞

0
dr e

− 3r2

8R2
s sin(2qr). (41)

The remaining integral in Eq. (41) needs to be taken numer-
ically.

Since both proton and 3He have spin 1/2, there is a singlet
(spin zero) and a triplet (spin one) channel of the p− 3He
scattering. The corresponding scattering lengths are sizable
[49], see also [50], and are equal to

as = 11.1 fm, at = 9.05 fm. (42)

According to the analysis [51], the effective ranges in both
channels do not exceed 2 fm and are significantly smaller than
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Fig. 3 The spin-average p−3He correlation function which takes into
account only the s-wave scattering

the corresponding scattering lengths. Therefore, the effective
ranges can be ignored and the s-wave amplitude is written as

f s,t0 (q) = −as,t
1 + iq as,t

. (43)

The correlation function (41) of the singlet and triplet channel
thus equals

Rs,t
0 (q) = 1 + 3

4R2
s

a2
s,t

1 + q2a2
s,t

e− 8q2R2
s

3

−
(

33

25π

)1/2 a

qR3
s (1 + q2a2

s,t )

×
∫ ∞

0
dr e

− 3r2

8R2
s sin(2qr). (44)

Protons and 3He nuclei, which are emitted from a fireball,
are assumed to be unpolarized, and consequently the spin-
average correlation function is

R(q) = 1

4
Rs

0(q) + 3

4
Rt

0(q), (45)

where the weight factors 1/4 and 3/4 reflect the numbers of
singlet and triplet states. In Fig. 3 we show the spin-average
p−3He correlation function which takes into account only
the s-wave scattering. There is a strong positive correlation
due to the attractive interaction of 3He and p.

4.2 Coulomb effects

When one deals with charged particles, the formula (39)
needs to be modified as the long-range electrostatic interac-
tion influences both the incoming and outgoing waves, see the
formula (135.8) of the textbook [53]. However, the Coulomb

Fig. 4 The spin-average p−3He correlation function which takes into
account the s-wave scattering and Coulomb repulsion

effect can be approximately taken into account [52] by mul-
tiplying the correlation function by the Gamow factor which
for repelling particles equals

G(q) = 2π

aBq

1

exp
( 2π
aBq

) − 1
, (46)

where aB = 1/(2μα) is the Bohr radius of the 3He− p sys-
tem with μ = 703.3 MeV and α = 1/137 being the reduced
mass and the fine structure constant. The factor of 2 takes
into account the double charge of 3He.

In Fig. 4 we show the spin-average p− 3He correlation
function which takes into account the s-wave scattering and
Coulomb repulsion. As seen, the electrostatic interaction
strongly modifies the correlation.

4.3 Resonance interaction

The nuclide 4Li, which presumably has a cluster structure of
p−3He, manifests itself as a resonances in the p−3He scatter-
ing. The resonance mass equals �E = 4.07 MeV above the
sum of masses of proton and 3He and its width is � = 6.03
MeV [32].

The amplitude, which takes into account the resonance
scattering, is (see the formula (134.12) of the textbook [53])

f (q, θ) = f0(q) + f rl (q) Pl(cos θ), (47)

where f0(q) is the s-wave scattering amplitude, and f rl (q) is
the resonance contribution with l being the orbital momen-
tum of the resonance state, Pl(cos θ) is the Legendre poly-
nomial which for l = 1 equals P1(cos θ) = cos θ .

The resonance amplitude is of the Breit-Wigner form

f rl (q) ≡ −λR
2l + 1

q0

1
2�

E − E0 + 1
2 i�

, (48)
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Fig. 5 The p−3He correlation function which takes into account only
the resonance of 4Li

where E0 and � are the resonance energy and its width and
the parameter λR , which is assumed to be real, controls a
strength of the resonance. In our numerical calculations we
put λR = 1 but, as we discuss further on, the parameter λR

can be and should be inferred from experimental data.
When compared to the original formula (134.12) from the

textbook [53], we have introduced the parameter λR and we
have replaced the factor (2l + 1)/q by (2l + 1)/q0, where
q0 corresponds to the energy E0, to avoid the divergence of
the amplitude at q = 0. The modification is legitimate as,
strictly speaking, the amplitude is valid only in the vicin-
ity of the resonance. However, it would be more appropri-
ate to include a momentum dependence of the resonance
width. Actually, our prescription to regulate the divergence is
close to the assumption that the momentum-dependent width
equals �(q) = q�0/q0 where �0 is the width in the vicin-
ity of the peak. The width of a resonance of orbital angular
momentum l = 1 behaves as �(q) ∼ q3 when q → 0, see
the formula (10.58) from the textbook [54], and the diver-
gence at q = 0 is again removed. However, it is unclear
how to parameterize the width of 4Li in a broader domain
of q because experimental information on the 4Li resonance
is rather scarce. Nevertheless, it is important to realize that
the p−3He correlation function is heavily dominated by the
Coulomb repulsion in the domain of q � 20 MeV, see Fig. 7.
Therefore, it does not much matter how the resonance con-
tribution is parameterized in this domain.

In case of the 4Li resonance, the energy difference, which
enters the amplitude, is

E − E0 = q2

2μ
− �E , (49)

and the momentum q0, which corresponds to the resonance
peak, is q0 = 75.7 MeV.

Fig. 6 The spin-average p−3He correlation function which takes into
account the s-wave scattering and the resonance of 4Li in the triplet
channel

The correlation function, which takes into account the res-
onance interaction, is found as

R(q) = R0(q) +
( 3

8πR2
s

)3/2| f rl (q)|2 Jl

+2
( 3

8πR2
s

)3/2(� f rl (q)�Kl(q)

−	 f rl (q)	Kl(q)
)
, (50)

where R0(q) is given by Eq. (41). For l = 1 the coefficient
Jl and the function Kl(q) are

J1 = 25/2π3/2

33/2 Rs, (51)

�K1(q) = −2π

q

∫ ∞

0
dr e

− 3r2

8R2
s sin(2qr)

+4π

q2

∫ ∞

0
dr e

− 3r2

8R2
s

sin2(qr)

r
, (52)

	K1(q) = 23/2π3/2Rs

31/2q

(
1 + e− 8q2R2

s
3

)

−2π

q2

∫ ∞

0
dr e

− 3r2

8R2
s

sin(2qr)

r
. (53)

A computation of 	K1(q) requires some care as both terms
in Eq. (53) diverge when q → 0. However, the divergences
cancel out and 	K1(q) vanishes for q = 0.

In Fig. 5 we show the p−3He correlation function which
takes into account only the resonance interaction. The peak
at q = q0 = 75.7 MeV is well seen. Fig. 6 presents the spin-
average correlation function which includes the s-wave scat-
tering and the resonance 4Li. The resonance contributes only
to the triplet correlation function and the spin-average corre-
lation function is obtained summing up the singlet and triplet
functions with the weights 1/4 and 3/4, respectively. The
resonance correlation function which additionally takes into
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Fig. 7 The p−3He correlation function which takes into account the
resonance 4Li and the Coulomb repulsion

Fig. 8 The spin-average p−3He correlation function which takes into
account the s-wave scattering, the resonance 4Li in the triplet channel
and the Coulomb repulsion

account the Coulomb repulsion is shown in Fig. 7. Finally, we
show in Fig. 8 the spin-average correlation function which
takes into account the s-wave scattering, the resonance in
the triplet channel and the Coulomb repulsion. One observes
that the s-wave scattering and Coulomb repulsion strongly
deform the resonance peak.

As already mentioned, the p− 3He correlation function
was measured in 40Ar-induced reactions on 197Au at the col-
lision energy per nucleon of 60 MeV [33]. The shape of the
p−3He correlation function with the peak of 4Li well seen,
which is shown in Fig. 6 of Ref. [33], is very similar to that
presented in our Fig. 8 for Rs = 3.0 fm. However, a quanti-
tative comparison is not possible because the measurement
is not very precise and its details are not given.

As noted in the Introduction, the calculation of the p−3He
correlation function has been recently presented in [35]. The
correlation function, which includes the s-wave scattering
and Coulomb repulsion, has been obtained, as we have done,
using the method by Lednický and Luboshitz [48]. The reso-
nance interaction, however, has not been taken into account

in the correlation function but the p−3He pairs coming from
the two-body decays of 4Li have been generated by means of
a Monte Carlo method and added to the correlation function.
Therefore, there is no interference of the incoming and out-
going waves modified by the resonance interaction and the
resonance contribution to the correlation function does not
depend on the source radius.

Since the authors of Ref. [35] used the “spherically sym-
metric Gaussian distribution source with a radius of 5.5 fm”,
which we identify with the RMS radius, their results pre-
sented in Figs. 2 and 3 are directly comparable to the p−3He
correlation function shown in our Fig. 8 for Rs = 3 fm, which
corresponds to the RMS equal

√
3Rs = 5.2 fm. The correla-

tion functions evidently differ, the general shape is different.
The width of the resonance peak of Ref. [35] is less than 10
MeV while ours is a few tens of MeV. As already mentioned,
our correlation function is very similar to the measured one
[33].

A measurement of the p−3He correlation function in rel-
ativistic heavy-ion collisions at LHC is difficult but feasible
[55]. The main problem is to collect a sufficient statistics.
The number of correlated p−3He pairs is of the same order
as that of 4He nuclides which are registered at midrapidity
roughly one per million central Pb-Pb collisions at LHC.
Therefore, millions of central events are needed to construct
the correlation function.

5 Yield of 4Li

As discussed in the previous section, the resonance peak of
the correlation function is distorted by the Coulomb repulsion
and s-wave scattering. So, it is not evident how to infer the
resonance yield from the distribution of the p−3He pairs.

To derive the formula, which gives the yield of 4Li, we
write Eq. (17) as

dNp3He

d3 ppd3 p3He
= R(pp, p3He)

dNp

d3 pp

dN3He

d3 p3He
, (54)

where the probability densities dPp

d3 pp
,

dP3He
d3 p3He

and
dPp3He

d3 ppd3 p3He

are replaced by the particle number distributions dNp

d3 pp
,
dN3He
d3 p3He

and
dNp3He

d3 ppd3 p3He
.

We introduce the total momentum of the p− 3He pair,
which is P ≡ pp + p3He, and the relative momentum q ≡
1
4 (3pp−p3He). The correlation function strongly depends on

q but the dependence of the product dNp

d3 pp

dN3He
d3 p3He

on q is rather

weak in the momentum domain of the resonance. Therefore,
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the formula (54) can be written as

dNp3He

d3qd3P
= R(q)

dNp

d3 pp

dN3He

d3 p3He

∣∣∣∣
q=0

, (55)

where the product dNp

d3 pp

dN3He
d3 p3He

is taken at q = 0.

To get the yield of 4Li, one should sum up the number of
correlated p−3He pairs within the resonance peak. However,
the peak is deformed by the Coulomb repulsion and s-wave
scattering. So, we suggest to fit an experimentally obtained
correlation function with the theoretical formula (50) where
λR , which enters the amplitude (48) to control a strength of
the resonance, is treated as a free parameter. Then, the con-
tribution from the resonance can be disentangled. Denoting
the correlation function shown in Fig. 5, which differs from
unity solely due to the resonance interaction, as RR(q), the
yield of 4Li of the momentum P equals

dN4Li

d3P
= 3

4
SR

dNp

d3 pp

dN3He

d3 p3He

∣∣∣∣
q=0

, (56)

where the factor 3/4 takes into account that 4Li is produced
only in the triplet channel and

SR ≡ 4π

∫ qmax

0

(
RR(q) − 1

)
q2dq. (57)

Since the source function is assumed to be isotropic and the
correlation function depends on q only through q, the triv-
ial angular integration has been performed in Eq. (57). The
upper limit of the integral (57) should be chosen in a such
way that the integral covers the resonance peak centered at
q0 ≈ 76 MeV/c. As we already noted, our treatment of the
resonance amplitude is not accurate beyond the vicinity of
the resonance peak. However, the inaccuracy in the domain
of small q, does not influence of the integral SR because the
integrand is suppressed by the Jacobian q2 in this domain.

Fig. 9 The quantity SR as a function of qmax for four values of Rs

In Fig. 9 we show SR as a function of qmax for λR = 1 and
four values of Rs . There are indicted the values of relative
momenta of 3He and p (in the center-of-mass frame) which
correspond to the energy of the resonance peak E0, to E0+�,
to E0 + 3�, etc. Fig. 9 shows that the integral (57) changes
rather slowly for qmax bigger than, say, 150 MeV but it is
not clear whether the integral saturates when qmax → ∞.
As observed in Ref. [56] and further studied in [57], the
analogous integrals of correlation functions usually diverge
as qmax → ∞ because the correlation functions tend to unity
as q−3 or slower. However, it is not physically reasonable to
extend the integral (57) to a value of qmax higher than, say,
qmax = 177 MeV which corresponds to E0+3�. The value of
SR does not change very much when qmax is increased from
177 MeV to 286 MeV with the latter value corresponding to
E0 + 9�.

To get the ratio of the yields of 4Li to 4He one has to
express the yields of 3He and of protons through the yields
of nucleons. Keeping in mind the coalescence formula (1),
Eq. (56) is written as

dN4Li

d3P
= 3

8
SR A3

(
dNN

d3 pN

)4

, (58)

where the additional factor 1/2 takes into account that half of
nucleons are protons. Consequently, the ratio of 4Li to 4He
yields equals

Yield(4Li)

Yield(4He)
= 3 SR A3

8AHe
4

, (59)

and it is shown in Fig. 10 as a function of qmax for λR = 1 and
four values of Rs . One sees that for λR = 1 and qmax ≈ 150
MeV the ratio varies between 4.0 and 5.5.

Fig. 10 The ratio of 4Li to 4He yields as a function of qmax for four
values of Rs
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6 Summary and conclusions

We propose to measure the yield of 4Li and compare it to
that of 4He to falsify either the thermal or coalescence model
which both properly describe yields of light nuclei produced
in relativistic heavy-ion collisions at LHC. The nuclides 4Li
and 4He have spins 2 and 0, respectively, while their masses
are almost equal. Therefore, the ratio of their yields in the
thermal model equals about 5 which reflects the different
numbers of spin states of the two nuclides.

In the coalescence model the yield of a nucleus depends
on its internal structure. Since 4Li is weakly bound and loose
while 4He is well bound and compact the ratio of yields of 4Li
to 4He is significantly smaller than 5 and it strongly increases
when the source radius grows. Consequently, the ratio in the
coalescence model depends, in contrast to that in the thermal
model, on the collision centrality.

The nuclide 4Li is unstable and it decays into 3He and p.
Therefore, the yield of 4Li is accessible through a measure-
ment of the p−3He correlation function. We have computed
the function taking into account the resonance interaction
responsible for the 4Li nuclide together with the s-wave scat-
tering and Coulomb repulsion which significantly deform the
resonance peak. Consequently, it is not evident how to infer
the yield of the resonance from the correlation function. We
propose to fit the experimentally obtained correlation func-
tion with the theoretical one where the resonance strength is
a free parameter. Then, using Eq. (56) the yield of 4Li at a
given momentum can be obtained once the yields of 3He and
p are known at the appropriate momenta.

The p−3He correlation function carries the information
encoded in a magnitude of the source radius whether 3He is
emitted directly from the source or it is formed afterwards
due final state interactions. If the source radius is accurately
inferred from the p–p correlation function and the p−3He
correlation function is precisely measured, the information
will be accessible. The measurement is challenging but not
impossible.
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36. St. Mrówczyński, P. Slon. arXiv:1904.08320 [nucl-th], Acta Phys.

Pol. B in print

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.nndc.bnl.gov
http://www.nndc.bnl.gov
http://arxiv.org/abs/1909.03157
http://arxiv.org/abs/1904.08320


  193 Page 14 of 14 Eur. Phys. J. A           (2020) 56:193 

37. S. Acharya et al., [ALICE Collaboration]. Phys. Rev. C 99, 024001
(2019)

38. J. Adam et al. [ALICE Collaboration], Phys. Rev. C 92, no. 5,
054908 (2015)
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