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The energy loss of a fast parton scattering elastically in a weakly cou-
pled quark-gluon plasma is formulated as an initial value problem. The
approach is designed to study an unstable plasma, but it also reproduces
the well known result of energy loss in an equilibrium plasma. A two-stream
system, which is unstable due to longitudinal chromoelectric modes, is dis-
cussed here in some detail. In particular, a strong time and directional
dependence of the energy loss is demonstrated.
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1. Introduction

When a highly energetic parton travels through the quark-gluon plasma
(QGP), it losses its energy due to elastic interactions with plasma con-
stituents. This is the so-called collisional energy loss which for the equilib-
rium QGP is well understood, see the review [1] and the handbook [2]. The
quark-gluon plasma produced in relativistic heavy-ion collisions, however,
reaches a state of local equilibrium only after a short but finite time inter-
val, and during this period the momentum distribution of plasma partons
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is anisotropic. Collisional energy loss has been computed for such a plasma [3]
but the fact that anisotropic QGP evolves fast in time, due to chromomag-
netic unstable modes (for a review see [4]), has been ignored.

We have developed an approach, where the energy loss is found as the
solution of an initial value problem. The approach is briefly presented in [5],
where we also show that the formalism reproduces the well known result in
the case of an equilibrium plasma. In this paper, we discuss in more detail
a two-stream system, which is unstable due to longitudinal chromoelectric
modes, and we demonstrate a strong time and directional dependence of the
energy loss.

Throughout the paper we use the natural system of units with c = ~ =
kB = 1 and the signature of our metric tensor is (+,−,−,−).

2. Energy-loss formula

We consider a classical parton which moves across a quark-gluon plasma.
Its motion is described by the Wong equations [6]

dxµ(τ)
dτ

= uµ(τ) , (1)

dpµ(τ)
dτ

= gQa(τ)Fµνa (x(τ)) uν(τ) , (2)

dQa(τ)
dτ

= −gfabcuµ(τ)Aµb (x(τ)) Qc(τ) , (3)

where τ , xµ(τ), uµ(τ) and pµ(τ) are, respectively, the parton’s proper time,
its trajectory, four-velocity and four-momentum; Fµνa and Aµa denote the
chromodynamic field strength tensor and four-potential along the parton’s
trajectory and Qa is the classical color charge of the parton; g is the coupling
constant and αs ≡ g2/4π is assumed to be small. We also assume that the
potential vanishes along the parton’s trajectory i.e. our gauge condition is
uµ(τ)Aµa(x(τ)) = 0. Then, according to Eq. (3), the classical parton’s charge
Qc(τ) is a constant of motion.

The energy loss is given directly by Eq. (2) with µ = 0. Using the time
t = γτ instead of the proper time τ and replacing the strength tensor Fµνa
by the chromoelectric Ea(t, r) and chromomagnetic Ba(t, r) fields, Eq. (2)
gives

dE(t)
dt

= gQaEa(t, r(t)) · v , (4)

where v is the parton’s velocity. We consider a parton which is very ener-
getic, and therefore v is assumed to be constant and v2 = 1.

Since we deal with an initial value problem, we apply to the field and
current not the usual Fourier transformation but the so-called one-sided
Fourier transformation defined as
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f(ω,k) =

∞∫
0

dt

∫
d3rei(ωt−k·r)f(t, r) , (5)

f(t, r) =

∞+iσ∫
−∞+iσ

dω

2π

∫
d3k

(2π)3
e−i(ωt−k·r)f(ω,k) , (6)

where the real parameter σ > 0 is chosen is such a way that the integral over
ω is taken along a straight line in the complex ω−plane, parallel to the real
axis, above all singularities of f(ω,k). Introducing the current generated by
the parton ja(t, r) = gQavδ(3)(r − vt) and using Eq. (6), Eq. (4) can be
rewritten

dE(t)
dt

= gQa
∞+iσ∫
−∞+iσ

dω

2π

∫
d3k

(2π)3
e−i(ω−ω̄)t Ea(ω,k) · v , (7)

where ω̄ ≡ k · v.
The next step is to compute the chromoelectric field Ea. Applying the

one-sided Fourier transformation to the linearized Yang–Mills equations, we
get the chromoelectric field given as

Eia(ω,k) = −i
(
Σ−1

)ij (ω,k)
[
ωjja(ω,k) + εjklkkBl

0a(k)− ωDj
0a(k)

]
, (8)

where B0 and D0 are the initial values of the chromomagnetic field and the
chromoelectric induction Di

a(ω,k) = εij(ω,k)Eja(ω,k). The chromodielec-
tric tensor εij(ω,k) equals

εij(ω,k) = δij+
g2

2ω

∫
d3p

(2π)3

vi

ω − k · v + i0+

∂f(p)
∂pk

[(
1−k · v

ω

)
δkj+

kkvj

ω

]
,

where f(p) is the momentum distribution of plasma constituents. The color
indices a, b are dropped because ε(ω,k) is a unit matrix in color space. The
matrix Σij(ω,k) from Eq. (8) is defined

Σij(ω,k) ≡ −k2δij + kikj + ω2εij(ω,k) . (9)

Substituting the expression (8) into Eq. (7), we obtain the formula

dE(t)
dt

= gQavi
∞+iσ∫
−∞+iσ

dω

2πi

∫
d3k

(2π)3
e−i(ω−ω̄)t

(
Σ−1

)ij (ω,k) (10)

×
[
iωgQavj

ω − ω̄
+ εjklkkBl

0a(k)− ωDj
0a(k)

]
.
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When the plasma is stable, the poles of Σ−1(ω,k) are located in the
lower half-plane of complex ω and the corresponding contributions to the
energy loss from these poles decay exponentially in time. The only stationary
contribution to the energy loss is given by the pole ω = ω̄ ≡ k · v from
the first term in square brackets in Eq. (10). Therefore, the terms which
depend on the initial values of the fields, can be neglected, and Eq. (10)
reproduces the known result for the energy-loss of a highly energetic parton
in an equilibrium quark-gluon plasma [5].

When the plasma is unstable, the matrix Σ−1(ω,k) contains poles in the
upper half-plane of complex ω, and the contributions to the energy loss from
these poles grow exponentially in time. In this case, the terms in Eq. (10)
which depend on the initial values of the fields D and B cannot be neglected.
Using the linearized Yang–Mills equations, the initial values B0 and D0 are
expressed through the current and we obtain

dE(t)
dt

= g2CRv
ivl

∞+iσ∫
−∞+iσ

dω

2π

∫
d3k

(2π)3
e−i(ω−ω̄)t

(
Σ−1

)ij (ω,k)

×
[
ωδjl

ω − ω̄
−
(
kjkk−k2δjk

)(
Σ−1

)kl (ω̄,k)+ω ω̄ εjk(ω̄,k)
(
Σ−1

)kl (ω̄,k)
]
,

(11)

where CR comes from the averaging over color states of the test parton,
CR = 4/3 for a quark and CR = 3 for a gluon.

3. Two-stream system

In order to calculate the energy loss, one must invert the matrix Σij(ω,k)
defined by Eq. (9) and substitute the resulting expression into Eq. (11). For
a general anisotropic system this is a tedious calculation. In the case of the
two-stream system, which has unstable longitudinal electric modes, the chro-
modynamic field is dominated after a sufficiently long time by the longitudi-
nal chromoelectric component. Consequently, we assume that B(ω,k) = 0
and E(ω,k) = k(k ·E(ω,k))/k2, in which case the tensor Σij(ω,k) is triv-
ially inverted as(

Σ−1
)ij (ω,k) =

1
ω2εL(ω,k)

kikj

k2 , εL(ω,k) ≡ εij(ω,k)
kikj

k2 , (12)

and Eq. (11) simplifies to

dE(t)
dt

= g2CR

∞+iσ∫
−∞+iσ

dω

2π

∫
d3k

(2π)3

e−i(ω−ω̄)t

ω2εL(ω,k)
ω̄2

k2

[
ω

ω − ω̄
+
ω̄

ω

]
. (13)
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Eq. (13) gives a non-zero energy loss in the vacuum limit when εL → 1.
Therefore, we subtract from the formula (13) the vacuum contribution, or
equivalently we replace 1/εL by 1/εL − 1.

The next step is to calculate εL(ω,k). With the distribution function of
the two-stream system in the form f(p) = (2π)3n

[
δ(3)(p− q)+δ(3)(p + q)

]
,

where n is the effective parton density in a single stream, one finds [7]

εL(ω,k) =
(ω − ω+(k)) (ω + ω+(k)) (ω − ω−(k)) (ω + ω−(k))

(ω2 − (k · u)2)2 , (14)

where u ≡ q/Eq is the stream velocity, and µ2 ≡ g2n/2Eq is a parameter
analogous to the Debye mass squared. There are four roots to the dispersion
relation εL(ω,k) = 0 which read

ω2
±(k) =

1
k2

[
k2(k · u)2 + µ2

(
k2 − (k · u)2

)

±µ
√(

k2−(k · u)2
) (

4k2(k · u)2+µ2
(
k2−(k · u)2

)) ]
. (15)

It is easy to see that 0 < ω+(k) ∈ R for any k. For k2(k · u)2 ≥ 2µ2(
k2 − (k · u)2

)
the minus mode is also stable, 0 < ω−(k) ∈ R. However,

for k · u 6= 0 and k2(k · u)2 < 2µ2
(
k2 − (k · u)2

)
one finds ω2

−(k) < 0 and
ω−(k) imaginary. This is the well-known two-stream electric instability.

Strictly speaking, the stream velocity u given by the distribution func-
tion equals the speed of light. However, the distribution function should be
treated as an idealization of a two-bump distribution with bumps of finite
width. This means that the momenta of all partons are not exactly parallel
or antiparallel, and the velocity u which enters Eqs. (14), (15) obeys u2 ≤ 1.

Equations (13) and (14) determine the energy loss of a parton in the two-
stream system. The integral over ω can be computed analytically as it is de-
termined by the six poles of the integrand located at ω = ±ω+(k), ±ω−(k),
ω̄ and 0. The remaining integral over k must be done numerically. We use
cylindrical coordinates (k = (kT, φ, kL)) with the axis z along the streams.
The parameters are chosen to be g = |v| = 1, |u| = 0.9, CR = 3. As dis-
cussed in [5], the integral over k is divergent and it has been taken over a
domain such that −kmax ≤ kL ≤ kmax and 0 ≤ kT ≤ kmax with kmax = 20µ.

In Fig. 1 we show the parton energy loss per unit length as a function
of time for different orientations of the parton’s velocity v with respect to
the stream velocity u. The energy loss oscillates and manifests a strong
directional dependence.
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Fig. 1. The parton energy loss per unit length as a function of time for several
angles θ between the parton’s velocity v and stream velocity u.

4. Conclusions

We have developed a formalism where the energy loss of a fast parton in
a plasma medium is found as the solution of an initial value problem. The
formalism determines the energy loss in an unstable plasma which contains
modes that exponentially grow in time. The two-stream system has been
studied in some detail. The energy loss per unit length is not constant,
as in an equilibrium plasma, but it exhibits strong time and directional
dependences.
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