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The effective actions of gauge bosons, fermions and scalars, which are
obtained within the hard-loop approximation, are shown to have unique
forms for a whole class of gauge theories including QED, scalar QED, super
QED, pure Yang–Mills, QCD, super Yang–Mills. The universality occurs
irrespective of a field content of each theory and of variety of specific in-
teractions. Consequently, the long-wavelength or semiclassical features of
plasma systems governed by these theories such as collective excitations
are almost identical. An origin of the universality, which holds within the
limits of applicability of the hard-loop approach, is discussed.
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1. Introduction

The hard-loop approach is a practical tool to describe plasma systems
governed by QED or QCD in a gauge invariant way which is free of infrared
divergences, see the reviews [1–4]. Initially, the approach was developed
within the thermal field theory [5, 6] but it was soon realized that it can
be formulated in terms of quasiclassical kinetic theory [7, 8]. The plasma
systems under consideration were assumed to be in thermodynamical equi-
librium but the methods can be naturally generalized to plasmas out of
equilibrium [9,10].

An elegant and concise formulation of the hard-loop approach is achieved
by introducing an effective action derived for equilibrium and non-equilibrium
systems in [11–13] and [9,14], respectively. The action is a key quantity that
encodes an infinite set of hard-loop n-point functions. A whole gamut of
long-wavelength characteristics of a plasma system is carried by the func-
tions. In particular, the two-point functions or self-energies provide response
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functions like permeabilities or susceptibilities which control various screen-
ing lengths. The self-energies also determine a spectrum of collective excita-
tions (quasiparticles) that is a fundamental characteristic of any many-body
system.

One wonders how much a given plasma characteristic is different for
different plasma systems. It has been known for a long time that the self-
energies of gauge bosons in the long-wavelength limit are of the same struc-
ture for QED and QCD plasmas [15]. Consequently, the collective exci-
tations and many other characteristics are the same, or almost the same,
in the two plasma systems [16]. We show here that the similarity of long-
wavelength characteristics is not limited to QED and QCD but there is a
whole class of gauge theories which have the universal hard-loop actions of
gauge bosons, fermions, and scalars. The class includes: QED, scalar QED,
N = 1 super QED, pure Yang–Mills, QCD, and N = 4 super Yang–Mills.
However, the universality occurs only in the domain of validity of the hard-
loop approach that is when the momentum scale of collective degrees of
freedom is neither too long nor too short.

This paper is based on our study [17] which provides a comprehensive
discussion on different aspects of the universality. Further computational
details can be found also in [18–20], where supersymmetric plasmas were sys-
tematically compared to their non-supersymmetric counterparts. Through-
out the paper, we use the natural system of units with c = ~ = kB = 1; our
choice of the signature of the metric tensor is (+−−−).

2. Self-energies

Our aim is to derive the effective action of all considered theories in the
hard-loop approximation. The action S can be found via the respective self-
energies which are the second functional derivatives of S with respect to the
given fields. Thus, the self-energies of gauge boson (Aµ), fermion (Ψ) and
scalar (Φ) fields equal

Πµν(x, y) =
δ2S

δAµ(x) δAν(y)
, (1)

Σ(x, y) =
δ2S

δΨ̄(x) δΨ(y)
, (2)

P (x, y) =
δ2S

δΦ∗(x) δΦ(y)
, (3)

where the field indices, which are different for different theories under con-
sideration, are suppressed. The action will be obtained in the subsequent
section by integrating the formulas (1)–(3) over the respective fields.



Universal Hard-loop Actions 359

The self-energies entering Eqs. (1)–(3) have been found diagrammati-
cally, for details, see [18–20]. The plasma systems under study have been
assumed to be homogeneous in coordinate space (translationally invariant),
locally colorless and unpolarized, but the momentum distribution may be
arbitrary. Therefore, we used the Keldysh–Schwinger or real-time formal-
ism, explained in e.g. [21], which allows one to describe many-body systems
both in and out of equilibrium.

Elaborating on self-energies of a given field of all plasma systems under
study, one can observe that both the number of diagrams contributing to
self-energies and their forms are very different for each theory. Accordingly,
there is no surprise that, say, the polarization tensorΠµν(k) is quite different
for each theory. However, when the external momentum k is much smaller
than the internal momentum p, which flows along the loop and is carried by
a plasma constituent, that is when the hard-loop approximation (k � p) is
applied, we get a very striking result: the (retarded) self-energies of gauge
boson, fermion, and scalar fields of all theories are of the same form

Πµν(k) = CΠ

∫
d3p

(2π)3
fΠ(p)

Ep

k2pµpν − (kµpν + pµkν − gµν(k · p))(k · p)
(k · p+ i0+)2

,

(4)

Σ(k) = CΣ

∫
d3p

(2π)3
fΣ(p)

Ep

p/

k · p+ i0+
, (5)

P (k) = −CP
∫

d3p

(2π)3
fP (p)

Ep
, (6)

where CΠ , CΣ , and CP are some numerical factors and fΠ(p), fΣ(p), and
fP (p) are the effective distribution functions of plasma constituents of a
given system. Both the factors and distribution functions are presented in
detail for each plasma system in paper [17] .

The universal expressions of the self-energies (4), (5), and (6) have been
obtained in the hard-loop approximation when the external momentum k
is much smaller than the internal momentum p. However, it appears that
the self-energies (4), (5), and (6) are valid when the external momentum
k is not too small. It is most easily seen in the case of the fermion self-
energy (5) which diverges as k → 0. When we deal with an equilibrium
(isotropic) plasma of the temperature T , the characteristic momentum of
(massless) plasma constituents is of the order of T . One observes that if the
external momentum k is of the order of g2T , which is the so-called magnetic
or ultrasoft scale, the self-energy (5) is not perturbatively small as it is of the
order of O(g0). Therefore, the expression (5) is meaningless for k ≤ g2T .
Since k must be much smaller than p ∼ T , one arrives at the well-known
conclusion that the self-energy (5) is valid at the soft scale, that is, when k
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is of the order of gT . Analyzing higher order corrections to the self-energies
(4), (5), (6), one shows that they are indeed valid for k ∼ gT and they
break down at the magnetic scale because of the infrared problem of gauge
theories, see e.g. [22] or the review [4]. When the momentum distribution
of plasma particles is anisotropic, instead of the temperature T , we have a
characteristic four-momentum Pµ of plasma constituents and the hard-loop
approximation requires that Pµ � kµ which should be understood as a set
of four conditions for each component of the four-momentum kµ. Validity
of the self-energies (4), (5), and (6) is then limited to kµ ∼ gPµ.

3. Effective action

Having the self-energies Πµν(k), Σ(k), and P (k) given by Eqs. (4), (5),
and (6), respectively, we can reconstruct the effective action. The effective
actions are obtained by integrating the formulas (1)–(3) over the respective
fields and next inserting the respective self-energies. Taking into account
some gauge symmetry arguments, we get

LAHL(x) = CΠ

∫
d3p

(2π)3
fΠ(p)

Ep
Fµν(x)

pνpρ

(p ·D)2
Fµρ (x) , (7)

LΨHL(x) = CΣ

∫
d3p

(2π)3
fΣ(p)

Ep
Ψ̄(x)

p · γ
p ·D

Ψ(x) , (8)

LΦHL(x) = −CP
∫

d3p

(2π)3
fP (p)

Ep
Φ∗(x)Φ(x) , (9)

where the field indices are omitted to keep the expressions applicable to
all considered theories. The action is obviously related to the Lagrangian
density as S =

∫
d4xL. The forms of covariant derivatives present in Eqs. (7)

and (8) depend on the theory under consideration. In the electromagnetic
theories, the derivative in the gauge boson action (7) is the usual derivative,
while that in the fermion action (8) is Dµ = ∂µ − ieAµ. In the N = 4
super Yang–Mills, the covariant derivatives in Eqs. (7) and (8) are both in
the adjoint representation of SU(Nc) gauge group. In QCD, the covariant
derivative in Eq. (7) is in the adjoint representation but that in Eq. (8) is
in the fundamental one. In the case of N = 4 super Yang–Mills, there is an
extra factor 1/2 in the r.h.s. of Eq. (9).

The hard-loop actions (7), (8), and (9) are all of the universal form for
a whole class of gauge theories. However, the case of Abelian fields differs
from that of non-Abelian ones. In the electromagnetic theories, the gauge
boson and scalar actions are quadratic in fields. Therefore, the n-point func-
tions generated by these actions vanish for n > 2. Only the fermion action
generates the non-trivial three-point and higher functions. The action (8)
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is, in particular, responsible for a modification of the electromagnetic ver-
tex. In the non-Abelian theories, both the gauge boson and fermion actions
generate the non-trivial three-point and higher functions. Therefore, the
gluon-fermion, three-gluon, and four-gluon couplings are all modified.

4. Discussion

We have shown that the hard-loop self-energies of gauge, fermion, and
scalar fields are of the universal structures and so are the effective actions of
QED, scalar QED, N = 1 super QED, Yang–Mills, QCD, and N = 4 super
Yang–Mills. One asks why the universality occurs physically. Taking into
account a diversity of the theories — various field content and microscopic
interactions — the uniqueness of the hard-loop effective action is rather
surprising.

The universality of hard-loop action means that neither effects of quan-
tum statistics of plasma constituents are observable nor the differences in ele-
mentary interactions which govern the dynamics of the plasma systems. The
hard-loop approximation requires that the momentum at which a plasma is
probed, that is the wavevector k, is much smaller than the typical momen-
tum of a plasma constituent p. Therefore, the length scale, at which the
plasma is probed, 1/k, is much greater than the characteristic de Broglie
wavelength of plasma particle, 1/p. The hard-loop approximation thus cor-
responds to the classical limit where fermions and bosons of the same masses
and charges are not distinguishable. The fact that the differences in elemen-
tary interactions are not seen results from the very nature of gauge theories
— the gauge symmetry fully controls the interaction. And the hard-loop
effective actions obey the gauge symmetry.

The universality of hard-loop actions has far-reaching physical conse-
quences: the characteristics of all plasma systems under consideration, which
occur at the soft scale, are qualitatively the same. In particular, spectra
of collective excitations of gauge, fermion, and scalar fields are the same.
Therefore, if the electromagnetic plasma with a given momentum distribu-
tion is, say, unstable, the quark–gluon plasma with this momentum distri-
bution is unstable as well. We conclude that in spite of all differences, the
plasma systems under consideration are very similar to each other at the soft
scale. Below the magnetic scale these systems can behave very differently.

This work was partially supported by the Polish National Science Centre
under Grant No. 2011/03/B/ST2/00110.
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