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Alles Gescheite ist schon gedacht worden,
man mufl nur versuchen, es noch einmal

zu denken.
(Johann Wolfgang von Goethe)

Chapter 1

Introduction

Exploring nature at more and more extreme distance scales, both microscopic and macroscopic,
has always triggered groundbreaking scientific insights and innovations. This path has lead to our
current understanding that nucleons (protons and neutrons) are composed of quarks kept together
due to the strong interaction which is mediated by gluons. With the advent of the quark model
developed by Gell-Mann, quantum chromodynamics (QCD) soon became successful in describing
many features of the strong interactions observed in experiment. Using the words of Goethe,
with the modern high-energy collider experiments physicists all around the world try to improve
our understanding of whatever holds the world together in its inmost folds. At the Large Hadron
Collider (LHC) in Geneva, for example, protons are accelerated and collided with each other
such that energy densities occur which have never been measured before. Whereas the highest
reachable collision energy of 14 TeV merely corresponds to the energy released when clapping ones
hands [3], the energy densities reached are incredibly high when compared to those encountered
in every-day life. Due to the high energy density, the temperature, T', and the baryonic chemical
potential, up, reach values as in the early stages of the universe. There is theoretical as well as
experimental evidence that hadronic matter undergoes a transition to an exotic state of matter,
called quark-gluon plasma, when increasing T and/or pp. This transition is accompanied by
a so-called chiral transition. It is an important question whether this chiral transition involves
latent heat or not, i.e., whether it is of first order or continuous. Many results indicate the chiral
transition to be crossover (i.e., not a real phase transition) for vanishing chemical potential and
of first order for vanishing temperature. It is, however, still under debate whether this is true.
If so, it is natural to assume that there exists a critical endpoint, (7. # 0,up # 0), where the
chiral transition is of second order, which can be regarded as the border case between first order
and crossover. Indeed, a critical endpoint exists in several theoretical approaches describing the
chiral phase transition, the predictive power of which are lively discussed. A main goal of the
future CBM experiment [4] at GSI in Darmstadt is to shed light on the existence of the critical
endpoint.

Near the QCD (phase) transition, the strongly coupled nature of QCD together with the absence
of any small expansion parameter is what makes analytical calculations from first principle almost
impossible. The same is true for realistic effective models for QCD, which share this difficulty.

Hence the investigation of the QCD phase diagram indispensably depends on nonperturbative
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methods. The most popular among such are lattice calculations, resummation theory, the Dyson-
Schwinger formalism, and the functional renormalization group (FRG). All of these approaches
are used complementary, and are sometimes even combined. One of the strengths of the FRG
method is that it can be successfully applied not only to effective models, but also to QCD itself
(see Sec. 4.4). In order to guide these first-principle calculations, however, results from effective
models for QCD are very helpful.

Our thesis is centered around the question of which order the chiral phase transition of two-
flavor QCD is. Clarifying the conditions for the possible existence of a second-order transition,
determining the universality class to which it belongs, etc., are tasks which require knowledge and
techniques from several areas. First of all, in chapter 2 we want to outline several general aspects
of phase transitions which are of central importance for the understanding of the RG approach
towards them. Our focus lies on reviewing the universality hypothesis, a crucial ingredient when it
comes to the construction of effective theories for order parameters, the credibility of which often
heavily depends on universality arguments. We finish the chapter with an attempt to formulate
the latter more precisely than usually done. Chapter 3 discusses the chiral phase transition
from a general point of view. We supplement well-known facts with a detailed discussion of the
so-called O(4) conjecture. In chapter 4 we introduce the nonperturbative method we use, the
FRG method. Furthermore, we discuss the relation between effective models for QCD and the
underlying fundamental theory making use of the FRG perspective. Chapter 5 is concerned with
a mathematical subject indispensable for our approach towards the study of phase transitions,
namely the systematic construction of polynomial invariants characterizing a given symmetry.
We want to emphasize that this topic is of very general interest in any field of research where
symmetry considerations play a role. With this thesis we point out its relevance in the context of
high-energy physics and hope to reinforce the interest in systematic methods for the derivation
of invariants associated with continuous symmetry groups. We present a simple, but novel,
brute-force algorithm to effectively construct invariants of a given polynomial order. Chapter 6
is devoted to RG studies of several dimensionally reduced theories which are capable to either
predict or to rule out the possible existence of a second-order phase transition. Of main interest
for us is the linear sigma model, particularly in presence of the axial anomaly. It turns out that
the fixed-point structure of the latter is rather complicated, requiring a deeper understanding of
the underlying method and its preconditions. This leads us to a careful analysis of the fixed-point
structure of several models, which is of great benefit for our review of the universality hypothesis
and has several spin-off effects. For example, in the course of studying the influence of vector and
axial-vector mesons we encounter a new universality class, which might be more relevant in other
areas where chirality plays a role. Some important questions, however, cannot be addressed in
the framework of dimensionally reduced theories where the explicit dependence of temperature
has been eliminated. We are therefore pushed towards FRG studies where the temperature is
kept as an explicit variable. We note that a great part of our work consisted in finding our own
implementations of suitable algorithms to solve the encountered partial differential equations
numerically. Our routines (which entirely use well-known methods) are provided in an appendix.
Our main goal, the application to effective models for QCD, is discussed in chapter 7. In chapter
8 we state our conclusions and give an outlook. The appendices A-D provide several routines

utilized in this work and contain other material to which we refer in the main chapters.



Chapter 2

Phase transitions and the

renormalization group

2.1 Basic aspects

A phase transition is defined as a thermodynamic process in which a system changes from one
phase to another at a transition point where a thermodynamic potential is non-analytic. Often
one considers either the grand-canonical potential, €2, or the Helmholtz free energy, F', whose
definitions in terms of the grand-canonical partition function, Z, and the partition function, Z,

respectively, are given by

Q=-ThZz, (2.1)
F=-TlnZ. (2.2)

Both quantities are related by
F=Q+3 wQi, (2:3)

where the p; denote the chemical potentials associated with the conserved net-charges Q;.

According to the modern classification, one defines the order of a phase transition using the
notion of latent heat which is the amount of heat a system absorbes or releases, respectively,
without changing its temperature. A first-order phase transition involves latent heat whereas a
continuous phase transition does not. Continuous phase transitions are of second order if there
exist discontinuities in second derivatives of the free energy with respect to certain thermody-
namic variables, and of infinite order if not. Right at a first-order phase transition one observes
the coexistence of clusters of both phases. At a second-order phase transition there are clusters
of any size giving rise to self-similarity on all length scales. This is equivalent to a diverging
correlation length (which can be defined as the largest size of the clusters) which is the deeper
reason for the existence of universal power laws (see Sec. 2.2). The divergence in the correlation
length is caused by long-range fluctuations of a so-called soft mode. The nature of this mode

can be quite different and depends on the physical context. For example it can be a phonon
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of vanishing frequency at the transition point, or it can be a particle becoming massless. Very
often, but not necessarily, the different phases are associated with different symmetries and the
corresponding phase transition is accompanied by symmetry breaking (SB). A symmetry can
be explicitly broken when changing from one phase to the other, or the phase transition can go
along with a spontaneous breaking of a symmetry (which can be either continuous or discrete).
One speaks of spontaneous symmetry breaking (SSB) if a system as a whole (for example the
Lagrangian for this system) is symmetric under a certain symmetry transformation, whereas
there exists an order parameter which is not invariant under the full symmetry group in the

1. In a first-order phase transition, the order parameter

so-called spontaneously broken phase
changes discontinuously from a nonzero value in the spontaneously broken phase to zero in the
restored phase, when a certain variable (for example temperature) is varied. In a second-order
phase transition the change is continuous. Plotting two thermodynamic variables of state against
each other one obtains a phase diagram. Points where the phase transition is of second-order
(eritical points) are associated to SB with one exception: a line of first-order phase transitions
not associated to any symmetry can end in a so-called critical endpoint which is not associated
to SB 2. This is a major difference in comparison with infinite-order phase transitions which
are never accompanied by SB. Since critical points are associated with SB, explicit breaking of
symmetry usually turns the transition into a crossover. In a crossover transition (which is not a
true phase transition) the order parameter continuously approaches, but never reaches zero. For
first-order phase transitions accompanied by SB, there remains a discontinuous jump in the order
parameter also in case of (small) explicit breaking of symmetry. Redefining the order parameter
¢ by subtracting its value at the transition point, ¢ — ¢ — ¢., one still has a well-defined order
parameter and a first-order phase transition.

The partition function can be always expressed as a path integral over field variables which un-
dergo thermal and quantum fluctuations [5]. Models which are defined on a lattice can be usually
translated into field theories in the limit of a large number of lattice points (for the Ising model
see Ref. [6]). In case of QCD, at the microscopical level the fields consist of the quark fields,
U and W, the ghost fields, ¢ and ¢, and the gauge fields, A. Commonly one tries to translate
the formulation in terms of entirely microscopic degrees of freedom into one involving the order
parameter which is usually of composite nature arising dynamically from the interaction between
the microscopical constituents. In general the order parameter is a scalar quantity constructed
from the components ®; of a so-called order-parameter field ®. For example, in case of the
O(4) symmetric linear sigma model for the chiral phase transition, the order-parameter field
has four real-valued components, ® = (o, 71,72, 73). The order parameter, however, is given by
the vacuum expectation value of the sigma field, (o), that is the value of the field at the global

minimum of the potential describing the system. As an analytic treatment of the path integral is

IWe note that the massless Goldstone modes arising in the spontaneously broken phase if the symmetry is a
continuous one are not be confused with a soft mode, which is only massless right at the transition point.

2The conjectured critical endpoint of QCD is an example (see also Sec. 1.2.2.4.5. in Ref. [4]). Chiral symmetry is
explicitly broken due to nonvanishing quark masses. One can argue that only right at the critical endpoint a Z(2)
symmetry is effectively realized. This gives rise to Ising universality with Z(2)-noninvariant scaling corrections (see
Sec. 3.3.1) but there do not exist two phases of distinct symmetry. More generally, a d-dimensional hypersurface of
first-order phase transitions can be bordered by a d— 1 dimensional critical boundary. Fig. 3.2 contains examples
for such critical boundaries.
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only possible in exceptional cases, one depends on approximations and simplifying assumptions.
Using such simplifications, in Sec. 4.4 we sketch a systematical derivation of an effective theory
for the order parameter of the chiral phase transition starting from QCD itself. In this deriva-
tion order-parameter degrees of freedom (mesonic fields) are introduced using the technique of
bosonization. Fermions can be effectively integrated out giving rise to a fermion determinant.
Instead of deriving the effective mesonic potential by explicitly calculating this determinant, we
use chiral symmetry to make an expansion in terms of group-theoretic invariants.

In case of phase transitions accompanied by spontaneous symmetry breaking, an expansion of
the free energy in terms of group-theoretic invariants constructed from the order parameter com-
ponents is a natural thing to do. Landau’s approach towards second-order phase transitions is
based on such an expansion. Also the renormalization group approach still relies on a truncation
of the free energy and Landau’s expansion in terms of invariants is still the best choice when
treating second-order transitions. Accordingly one often speaks of a Landau-Wilson (or Landau-
Ginzburg-Wilson) ansatz. Although originally intended for second-order phase transitions, it is
also quite successfully applied to first-order phase transitions where a group-subgroup relation
exists between the phases [7]. Whereas in the former case the free energy can be truncated at
fourth order in the order parameter, in the latter case it is necessary to go to sixth order. Landau
theory is a mean-field theory, i.e., the order parameter is replaced by its average value and fluctu-
ations about this mean-field value are not taken into account. From the path-integral perspective
it constitutes a saddle-point approrimation, where the partition function is approximated by the
integrand at a constant value for the order-parameter field minimizing the free energy [6]. A
consequent improvement of the mean-field approximation is the so-called Gaussian approxrima-
tion where quadratic fluctuations are taken into account. This approximation is possible because
Gaussian integrals are analytically solvable. Further improvement can be achieved by taking
account of higher-order fluctuations in a perturbative expansion. The basic idea underlying the
renormalization group (RG) approach towards phase transitions is nonperturbative and consists
of separating fluctuations into fast and slow modes in momentum space and absorbing the effect
of fast modes successively into the parameters of an ansatz for the free energy. One can write
down an explicit differential equation for the free energy, which is exact and implements this idea.
Earliest examples for such so-called exact renormalization group (ERG) equations are those of
Wegner and Houghton [8] and Wilson and Kogut [9]. Expanding the free energy in powers of the
field, these equations lead to an infinite tower of coupled differential equations for the expansion
parameters, which are difficult to handle. Later, other, equivalent exact renormalization group
equations, namely those of Wetterich [10] and Morris [11], turned out to be more practical and
are referred to as functional renormalization group (FRG) equations. The latter can be success-
fully applied to describe second-order as well as first-order phase transitions. In the early days
however, the renormalization group method gained its popularity in the field of phase transi-
tions from the celebrated e-expansion of Wilson and Fisher [12]. Their approach combined the
renormalization group idea with both, a perturbative expansion, and an expansion in e =4 - D,
where D is the spatial dimension of the system under consideration. The e-expansion is designed
to describe critical phenomena characteristic of second-order phase transitions and is a practical
tool to calculate critical exponents. Large parts of our understanding about critical behavior and

universality were facilitated by investigating different models in the e-expansion and comparing
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the results to experiments. We will discuss aspects of critical phenomena, critical exponents,

universality, and the e-expansion in the following sections.

2.2  Universality - an experimental fact

Close to the critical point of a second-order phase transition certain thermodynamic quantities
show a power-law behavior involving critical exponents. For example, near the critical tempera-

ture T, of a transition, the order parameter vanishes according to the power law

¢oc [T-T| . (24)
Another example is the correlation length, &, which diverges as

o< T -T, " . (2.5)

The explicit definition of the order parameter depends on the specific system under consideration,
and the same is true for the other thermodynamic quantities showing a power-law behavior.
Usually one can define the specific heat, C', and the corresponding critical exponent, «, according
to

0’F .
C ~ W x< |T - Tc| 5 (26)

and the susceptibility, s, for a certain external field, h, according to
o¢
~— o< [T =T, . 2.7
Xh oh | c| ( )
Further one can define a power law for the two-point correlation

(@(F)p (")) o< |7 = F7P70, (2.8)

where ¢(7) is the local value of the order parameter, the brackets denote the vacuum expectation
value, D is the spatial dimension, and 7 is called anomalous dimension. For a comparison between
liquid-gas systems, magnets, and QCD we refer to Ref. [13]. We also recommend chapter 1.2 of
Ref. [4].

Critical behavior can be universal in the sense that different systems can share the same values
for the critical exponents. Such systems are said to belong to the same static universality class.
It is a fascinating observation that systems which are very different at the microscopical level
can fall into the same universality class. A lot of examples can be found in the modern review
of Pelissetto and Vicari [14]. Furthermore, universal scaling relations exist between the critical

exponents:
a=2-vD , ﬂ:%(D—2+n), v=v(2-1) . (2.9)

We note that in order to observe the nontrivial critical exponents characteristic of a certain
universality class one has to be sufficiently close to the critical point, namely in the so-called
critical region. Outside of this region, but still close to the critical point, one finds mean-field

critical exponents irrespective of the universality class to which the model belongs. The size of

12



the critical region is not universal but depends on the microscopical details of the model [15],
i.e., in the framework of the RG, which will be discussed in the next section, it depends on the
values for the couplings involved in the potential defining the model at the microscopical cutoff
scale (UV scale).

So far we discussed static universality classes, which refer to systems which are in local thermal
equilibrium. This means that if we tune the system from temperature 77 to temperature 75 in a
time interval At, the equilibration time, 7, has to be small compared to At. In contrast, dynamic
universality classes refer to the behavior of systems out of equilibrium. One usually distinguishes

these classes with respect to the dynamic critical exponent z involved in the universal power law
TN~ (T-T) . (2.10)

Different models belonging to the same static universality class can give rise to different dynamic
critical exponents z, i.e., usually static universality classes split into several dynamic universality
classes. This is due to the fact that the dynamical behavior depends on the equation of motion
and certain conserved densities in addition to the order parameter (which can be a conserved
density itself). For more details we refer to the seminal work of Hohenberg and Halperin [16],
which provides a classification of the most important (but clearly not of all possible) dynamic

universality classes.

2.3 Explaining universality using the RG

Finding a more macroscopic description for a system initially defined at some microscopic scale is
a very general problem in physics. In such an effective model, the detailed structure is averaged
out, retaining only the desired relevant information. Renormalization group equations exactly
serve this purpose. The general idea behind the renormalization group approach towards phase
transitions was already discussed in Sec. 2.1. We now proceed with this discussion, focusing on
universality encountered for second-order phase transitions.

The partition function written as a path integral over order-parameter component fields ®; reads
Z=T] f DS | (2.11)
i

where S denotes the Euclidean action which involves the couplings A; mediating the interactions
between the field components. Denoting temperature by T and spatial dimension by D, S is

given by

1T
S:f dT/dD:ZL, (2.12)
0

where the Euclidean Lagrangian is the sum of a kinetic term K and a potential U,
L=K+U. (2.13)

In momentum space the action S is a functional of the Fourier components ®(w,,,p) and involves
sums over Matsubara frequencies, w,, and integrations over the momenta, p. It is physically

meaningful to impose a high momentum (ultraviolet) cutoff A on the momentum integrations,
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that is, only fluctuations ®(|p| < A) are taken into account.

In order to investigate second-order phase transitions near the critical point it it sufficient to
study the so-called dimensionally reduced theory, at least if fermions are absent. Dimensional
reduction is a mechanism first proposed by Appelquist and Pisarski [17] and is based on the
idea that the nonzero bosonic Matsubara modes, wy+o = 2n7T’, act like heavy masses for large
T, leading to a decoupling of these modes in analogy to the Appelquist-Carazzone theorem [18].
The generalization to fermions is not obvious because the smallest fermionic Matsubara modes
are given by xml" # 0. Whereas in general dimensional reduction only sets in at sufficiently
high temperature, near the critical point of a second-order phase transition it takes place due to
the diverging correlation length [19]. In order to investigate critical phenomena it is therefore

justified to consider the dimensionally reduced theory, neglecting the T-dependence of the fields:
1
S de:EE . (2.14)

The averaging process mentioned above can be implemented iteratively by integrating out mo-
mentum modes and absorbing their effect into the couplings A; (for details we refer to Ref. [6]).
In each iteration step, the functional integral over modes ®(A/b < |p| < A), where b > 1, can
be performed using perturbation theory. The result can be absorbed into a redefinition of the

couplings if momentum is rescaled by
P =bp, (2.15)

and the field components by an appropriate factor, ®'(p') = f(b)®(bp). This procedure results in
recursion relations for the couplings, which, for b infinitesimally close to 1, turn into differential
flow equations,

0 N
k2N = Fi(AN) 2.16
Y (A N) (2.16)

where the momentum scale k£ separates modes which already have been taken into account,
®(|p| > k), and modes which remain to be integrated out. The explicit dependence on the cutoff
A on the r.h.s. of Eq. (2.16) can be eliminated by introducing dimensionless couplings, A;, by
multiplying the couplings A; by appropriate powers of A,

Xi = AT (2.17)

where [A;] denotes the dimension of \;. Eq. (2.16) with Eq. (2.17) yields the flow equations for
the dimensionless couplings,

o - -
Z N =FE0). 2.1
bshi= B (2.18)

The flow equations (2.18) can be used to determine if a second-order phase transition exists for
the model defined by the action (2.12). This is due to the fact that the correlation length (2.5)
diverges at the critical point of a second-order phase transition. Since Eq. (2.15) implies that
every quantity of dimension length is rescaled by the factor b=! in a RG step, this implies for the

correlation length
§=¢/b. (2.19)
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At a fixed point of the flow equations (2.18),
0

k—Xi=0 2.20
ak (3 ) ( )
this implies for the fixed-point value of the correlation length:

&=, (2.21)

which can be only satisfied for either £ =0 or £* = co. Indeed it turns out that critical exponents
can be calculated from the RG flow close to fixed points, and that the stability properties of
the fixed points determine if a second-order phase transition can be associated with one of
them. Another argument which explains the correspondence between the existence of a second-
order phase transition and an infrared fixed point is the following. Every point in coupling space
corresponds to a certain bare action Si-1 [i), Xk=1]. Whereas in Landau theory no fluctuations are
taken into account, this is the case in the RG approach. Integrating out fluctuations, one obtains
an effective action, Sx[®, \¢], describing the system where fluctuations with momenta p > k have
been taken into account. An infrared fixed point is special in the following sense: starting in
the UV with the fixed-point action, the effective action remains equal to the fixed-point action
under the RG flow, i.e., irrespective of the fluctuations which are taken into account or not. This
is exactly the physical picture of scale invariance which is characteristic for second-order phase
transitions. No matter at which resolution scale one looks at the system (i.e., which momentum
fluctuations one is able to resolve), one always sees qualitatively the same picture. The question
whether a system can be practically tuned to the critical point by varying a certain number
of physical parameters (such as for instance the reduced temperature (7' - T.)/T., which is an
example for a so-called relevant scaling variable introduced later) can be answered by a stability
analysis of the fixed point. In the following we summarize the important facts concerning such
investigations. In App. E we provide several graphs illustrating the abstract discussion. These
examples show the RG flow in the vicinity of two fixed points calculated in Sec. 6.6.

It is a reasonable assumption that the potential U in expression (2.13) is a functional of the order-
parameter field and its derivatives, U = U[®,0,90,®,...]. Note that we work in Euclidean
space, where dy = 9/07. Usually one further assumes that @ is independent of 7, ie., U =
U[®,0,90;P,...]. In general, an expansion of the potential U in terms of order-parameter

components reads
ULP = ZCEI)(I)Z' + ZCE?J)(I%(I)] + () s (222)
i 0,J

where the coefficients as well the order-parameter components are real-valued variables. The
local-potential approximation (2.22) neglects terms involving derivatives. Derivatives are only

present in the kinetic term, which is usually of the form
1
K:§Z@@W@. (2.23)

All statements in this thesis are made under the assumption that the kinetic term is of this form.
The more refined derivative expansion (compare with Eq. (4.7)) keeps such terms,
2
Up = Urp + ), d7) (9)9,,0"D; +(...) . (2.24)

,J
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In momentum space the derivatives translate into four-momenta,
0,0;0"®; - (W + )0, D, | (2.25)

so that it becomes obvious that the local-potential approximation becomes problematic if high-
momentum fluctuations dominate the system. As in Landau theory, an expansion of U in terms
of group-theoretic invariants constructed from the order-parameter components is a natural trun-

cation. In local-potential approximation this expansion has the general form

U= AW AR 1@ LS A [ LS O3y (2.26)

where [ i(") denotes the group-theoretic invariants constructed from the order-parameter compo-
nents, which are polynomials of n-th order. Truncating the expansion at the n-th order we speak
of the local-potential approximation at naive scaling dimension n. This approximation will be
discussed later. At this point we only want to mention that according to rules stated by Landau
[20, 21], the existence of a second-order phase transition requires )\El) = )\53) = 0, which rules
out certain potentials from the beginning (compare with the discussion in Sec. 2.4). The deci-
sion whether the model defined by Eqgs. (2.14) or (2.26), respectively, allows for a second-order
phase transition can be inferred from the eigenvalues of the stability matrix .S, which have to be

evaluated for each of the fixed points {\}}:

(Sij) = (g/—i ) s (2.27)

where the beta functions are defined by
5= KON, (2.28)

The classification of fixed points according to their stability-matrix eigenvalues is a well-known
task in stability theory of differential equations. Integrating Eq. (2.18) from the ultraviolet (UV)
limit (k = A, which corresponds to k = 1 after rescaling) down to the infrared (IR) limit (k = 0),
the values for the couplings \;(k) change along flow lines in coupling space. Examples can be
found in chapter 6. Also the following general statements are illustrated by these examples. Note
that in our notation the arrows in the flow diagrams always point from the UV to the IR.

In general, for each infrared fixed point, there exists a so-called critical manifold in coupling
space: starting in the UV on the critical manifold, the flow ends in the infrared fixed point in the
IR limit. Every point on the critical manifold represents a system at criticality because, due to
Eq. (2.21), the correlation length is divergent on the whole critical manifold. In the dimension-
ally reduced theory (2.14) the couplings do not carry any implicit dependence on scaling fields.
In order to tune the system through a phase transition, one hence has to assume an explicit
dependence of the initial UV couplings on the relevant scaling fields u;. A trajectory \; (%) which
crosses the critical manifold describes a second-order phase transition at the point of intersection.
Whether a certain UV action can be tuned towards the critical line by varying a certain number
of relevant scaling fields depends on the location in coupling space of both, the UV couplings and
the critical manifold. At a fixed point, directions in coupling space in which the flow is repelled

from the fixed point are called relevant directions. Accordingly, directions in which the flow is
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attracted towards the fixed point are called irrelevant directions. In general, the \;-directions
are neither purely relevant, nor purely irrelevant. Instead, such directions in coupling space are
associated in the following way with the scaling fields wu;.

Consider first a fixed point associated with entirely real eigenvalues. In this case the left eigen-

vectors U; of the stability matrix (2.27),
o]'S = y;0] (2.29)

determine directions perpendicular to purely irrelevant directions®. Of course the exact definition
of such directions is only possible right at a fixed point and becomes less precise when moving a
little bit away from it. In the close vicinity, however, the definition still constitutes a satisfying

approximation (see for example Fig. 6.1). The scaling fields can be defined by

wi(k) =57 - (e = A7) (2.30)
and it is possible to derive the following flow equations for them [6]:

LOui(k) _

o - viui(k) - (2.31)

Obviously, a scaling field wu; associated with a positive (negative) eigenvalue, y; > 0 (y; < 0),
becomes smaller (larger) under the RG flow towards the IR. Starting in the UV with a pomt
)\k -A in the close vicinity of the fixed pomt we conclude that in the IR limit 5)\k = ()\k - )\*)
becomes more and more perpendicular to v if y; > 0, which means that it becomes more and
more parallel to a purely irrelevant direction. Likewise, if y; < 0 and u; > 0, the difference 6)\;€
necessarily increases with the flow towards the IR. Hence, in order to arrive at the fixed point
in the IR limit, the scaling fields associated with negative eigenvalues, say u; with ¢ = 1,... n,,
must vanish in the UV, ie. u;(k=A) =0 for i=1,...,n.. Accordingly, one refers to them as
relevant scaling fields and one can identify their UV values with the physical variables which are
to be tuned to zero in order to arrive at a second-order phase transition. An example is given
by the reduced temperature, ui(k = A) = (T - T,)/T.. Obviously, the number n. determines
the nature of the second-order transition associated with the fixed point. For n. =1 one has an
IR-stable fixed point associated to an ordinary critical point in experiment. For n. > 1 the fixed
point is n.-fold IR unstable and can be associated with a multi-critical point (n. = 2: bicritical,
ne = 3: tricritical, etc.). Furthermore, it can be shown that the critical exponent v in the power
law (2.5) for the correlation length can be identified with the inverse of the negative eigenvalue

associated to the reduced temperature,
v=——. (2.32)

The outline of a proof can be found in Ref. [6].
If y; = 0 one speaks of a marginal eigenvalue, and one cannot decide whether the associated
scaling field is relevant or irrelevant. In this case one has to go beyond the utilized polynomial

order in the Landau potential.

3We note that the stability-matrix eigenvalues y; are the same irrespective whether determined from the left

or from the right eigenvectors.
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For the above discussion we assumed entirely real eigenvalues. The stability matrix can, however,
exhibit complex eigenvalues, too. Such eigenvalues indicate the existence of planes in coupling
space where the flow describes spirals in the vicinity of the fixed point. Refraining from an
interpretation of the eigenvectors associated with the complex eigenvalues, we only want to state
that if the real part of the eigenvalue is positive (negative), the spiral is directed towards (away
from) the fixed point in the IR. A fixed point with n. negative eigenvalues, whereas all other
eigenvalues have positive real parts, is hence associated to an ordinary critical point for n, =1
and to a multi-critical point for n. > 1.

Assuming a single quadratic invariant, Zfil qﬁ?, the anomalous dimension 7 involved in the power

law (2.8) can be calculated from the flow equation for a field-independent coupling
1
2 _
A (@) = 50 (2t -1) (2.33)

in front of a corresponding term in the derivative expansion (2.24), which is determined by [6]

107,
Nk = kalw (2.34)

with 77 = nx-¢0. The assumption of a single quadratic invariant will be discussed in detail later.

2.4 Universality hypothesis

Setting the stage

In the preceding sections we have already discussed the theoretical framework which is capable
to describe static universal critical behavior. Starting from a potential of the form (2.26), one
can derive the fixed points under the RG flow and calculate the stability-matrix eigenvalues
associated to each of them. Fixed points with a single negative eigenvalue are called IR stable
and correspond to second-order phase transitions. The critical exponent v can be inferred from
the stability matrix via Eq. (2.32). Knowing in addition to v also the anomalous dimension
7, one can infer all other critical exponents from the scaling relations (2.9), if one has trust
in their validity. For lattice models a field-theoretic treatment is necessarily constrained to
those which can be rewritten as field theories in the continuum limit. Other models have to be
addressed for example in a real-space RG approach or by Monte-Carlo RG simulations (see for
example Refs. [14, 22]). Usually a rewriting is possible, but some models are intrinsically related
to the structure of the lattice (compare with Ref. [23]). For an important lattice model, the
infamous (exactly solvable) eight-vertex model of Baxter in D = 2 dimensions [24], we cannot
state a field-theoretic formulation. It is of relevance, however, since it spoils the original form
of the universality hypothesis in that the critical exponents continuously depend on coupling
constants of the action. This is found also for several other lattice models (see [25] and references
therein). We want to emphasize that this phenomenon is not restricted to low-dimensional
systems. In particular, there is evidence that the critical exponents of the eight-vertex model
continuously vary in any dimension [26]. For a three-dimensional Ising model with continuously
varying exponent vy see Ref. [27]. It has been shown, however, that the phenomenon is caused
by “marginal couplings” in the action which defines the theory (see Sec. 5.12 of the review [22]).

In the following we exclude this case in a systematic way by restricting the discussion to models
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without such marginal couplings, which should take account of the majority of physically relevant
systems.
Obviously, the critical exponents that can arise in the framework summarized above only depend

on
1. the properties of the potential U (assuming the kinetic term to be of the form (2.23)),
2. the spatial dimension D.

The interesting question is now what are the properties of two different Lagrangians falling into
the same static universality class. Which conditions have to be necessarily fulfilled, and can one
state sufficient criterions? We review this question in detail in this section. A notion closely
related is that of “the” wuniversality hypothesis, which actually appears in slightly varying scope
and content in the literature. We can distinguish between different versions with rising ambition.
First one can define as universality hypothesis simply an enumeration of (partially loosely defined)
features on which the critical exponents predominantly depend. These features are (compare for
example with Ref. [28])

e the spatial dimension D,

the number of components of the order parameter,

the ‘symmetry properties’ of the order parameter,

the (non-)existence of long-range interactions,

maybe other (unknown) ones.

One of the earliest versions of the universality hypothesis was given by Griffiths in 1970 and was
based on results for a very limited amount of lattice models [29]. Also Kadanoff pointed out
the essential features in a rather qualitative form in 1971 (compare the quotation given in Ref.
[30]). In a more ambitious sense, one can define the universality hypothesis as a set of criteria
which are hypothesized to be necessarily or sufficiently fulfilled for two models falling into the
same universality class (i.e., in RG language, being attracted by the same infrared stable fixed
point). Section 4.6. of Ref. [7] discusses the progress in this direction. Unfortunately, in the
literature often many highly questionable assumptions are made between the lines when claiming
that two models fall into the same universality class “according to the universality hypothesis”.
The following discussion will give an impression how subtle the issue can be.

Instead of considering all possible potentials of the form (2.22), we can restrict the discussion to
potentials which are expected to arise as order-parameter theories in the real world. All phase
transitions involving spontaneous symmetry breaking are covered by taking into account all
the most general potentials invariant under symmetry groups in their particular representations.
But also the most prominent second-order phase transitions which are not related to spontaneous
symmetry breaking can be successfully described on this basis. The famous Kosterlitz-Thouless
phase transition for example occurs in a system of spatial dimension D = 2. According to the
Mermin-Wagner theorem there cannot exist spontaneous breaking of symmetry in two spatial

dimensions. Nevertheless, the Kosterlitz-Thouless transition falls into the O(2) universality class.
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Another example is the critical endpoint of the liquid-gas phase transition. Although both phases
are not distinguished by any symmetry at the critical endpoint the phase transition falls into the
Z(2) universality class. Therefore we restrict the discussion to most general potentials invariant
under symmetry groups in their particular representations, which are of the form (2.26).

For convenience we introduce the following notation.

e We denote the set of n potentials of the form (2.26) by {UY, UL, ... UL} if the same fixed

point P exists in all of the n models.

e For a potential U of the form (2.26) we denote the subspace spanned by the linearly

independent invariants of order m by {Ii(m)}.

o An integrity basis for a certain representation I'(G) of a group G is defined by a set of in-
variants (basic invariants) from which all other invariants can be constructed by summation

and multiplication.

First of all we distinguish between those static universality classes which have been observed in
experiment (EUV’s), and those static universality classes which are defined by IR-stable fixed
points associated with fixed-point potentials (i.e., the potentials at the fixed points) of a certain
symmetry (SUV’s). We note that the same fixed point can exist in different models of the form
(2.26). A necessary condition for this situation is of course that the fixed-point potential is a
special case of the potentials defining the models. Since different fixed points have different char-
acteristic stability-matrix eigenvalues, every EUV should be in one-to-one correspondence with
a specific infrared fixed point. Indeed, most of the EUV’s have been very successfully identified
with certain SUV’s with (see Refs. [7, 14, 21] for comprehensive reviews). For example, the Ising
universality class encompasses a large variety of experimentally well-accessible systems, and the
agreement between theory and experiment (including high-precision studies in microgravity envi-
ronment [14]) is convincing. In other cases, however, such a mapping has not yet been achieved in
a satisfactory manner. In the following we point out three examples for such cases. First of all we
point to Tab. X in Ref. [31] for an example where a second-order transition is seen experimentally,
whereas no stable infrared fixed point is found in the e-expansion. Second, it is also well-known
that the standard e-expansion is only an asymptotical expansion and not convergent [32], i.e.,
there is an optimal loop order from which on the results for the critical exponents become worse.
Although it has been demonstrated in the context of O(N) models that this problem can be
cured by using resummation techniques yielding high-precision critical exponents which agree
astonishingly well with experiments and lattice simulations, to our knowledge this program has
not been carried out for all universality classes involving anisotropic symmetries. One might find
unexpected deviations between theory and experiment here. Another problem of the low-loop
e-expansion is the extension of the results to D = 3 by setting € = 1 in the end. There exist
examples where this extrapolation clearly fails [33], one of which is of great relevance for two-
flavor QCD, namely the U(2)r x U(2) gp-symmetric model (see Sec. 3.3.2). Third, the stability of
certain fixed points for potentials with anisotropic symmetry is still under debate. An example

is the cubic anisotropy model which will be discussed in Sec. 6.3.
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Polynomial order

One important property of the potential U is its polynomial order (or naive scaling dimension).
As far as we can tell from the above references, every EUV can be defined via the value for v.
Calculating the value of v for a certain SUV from the FRG method, the precision dramatically
depends on the truncation order. In local-potential approximation at a certain naive scaling
dimension, however, the value is universal in the following sense. Consider a fixed point P and a
set {UL",UF}. Let the fixed-point potential involve m linearly independent couplings (including
mass terms in the counting). Then m of the stability-matrix eigenvalues calculated with respect
to UL coincide with m of the stability-matrix eigenvalues calculated with respect to UL, Usually,
in local-potential approximation it is therefore possible to unambiguously identify each univer-
sality class associated with a fixed point from the universal stability-matrix eigenvalues, and in
particular from v. For the identification of the SUV’s known to the author the value for 7 is
not needed. Special attention, however, has to be paid to the following cases. First, in presence
of fixed points with marginal eigenvalues the truncation order has to be increased in order to
decide on the stability properties. The second case is subtle. One can ask whether there could
exist different universality classes which correspond to the same fixed-point potential at a certain
truncation order. Only beyond this order the fixed-point potentials would be distinguishable.
We are, however, neither aware of an argument ruling out this possibility, nor of universality

classes of this type.

Symmetry and the number of order-parameter components

Another crucial property of the potential U is its symmetry, i.e., under which symmetry trans-
formations of the fields it is left invariant. In order to uniquely determine the invariants it is not
sufficient to specify only a symmetry group G. Fixing in addition the representation I'(G) of the
group, however, uniquely determines the potential. As we outline in App. A.1, in general the N
real order-parameter components ®; are involved in a tensor ¢, the form of which depends on
the particular choice for I'(G). From the transformation law of ¢ under the action of the group
one can infer how the fields ®; transform, and from this one can derive the subspaces {I i(m)}7
where the representation I'(G) leaves simultaneously invariant all the invariants IZ-(m) (see Sec.
5).

In terms of a potential a phase transition is described by a minimum which changes from a
nonzero value to zero. In Landau theory this is achieved by tuning a single coupling in front of
the quadratic invariant )\62) = Zf-\:[l qb? from a negative value to zero while it is assumed that the
higher-order invariants assure stability. Landau and Lifshitz introduced the following necessary
conditions for the existence of a second-order phase transition associated with a single relevant
variable [20, 21, 34]:

1. necessary condition: the potential does not involve invariants of odd polynomial order,
2. necessary condition: the potential involves exactly one quadratic invariant: )\(()2) = Zf-\:[l #2.

In the following we refer to these conditions as Landau-Lifshitz criteria. It is stated in the

literature that the above conditions imply that the symmetry of the potential must correspond
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to an irreducible representation [21, 34, 35, 36]. However, they rigorously hold true only in mean-
field approximation but not necessarily beyond mean-field level [37]. Ref. [38] clearly emphasizes
that irreducibility of the representation is not a necessary condition. Nevertheless, for D = 3
spatial dimensions the Landau-Lifshitz criteria are usually reliable. Interesting in this respect is
our investigation of the SU(2) x U(2)-symmetric model belonging to a reducible representation
and involving two quadratic invariants.

Impressive investigations have been performed for order parameters with N < 2 [21, 39], N =3
[21, 39], N =4 [31, 40, 41], N = 6 [42, 43], and N = 8 [44] components, respectively. Some
general features have been discussed in Ref. [45] (see also Ref. [46]) for arbitrary N at one-
loop order in the e-expansion. The main result of Ref. [45] is that for N < 4 the only stable
IR fixed point is the O(N)-symmetric one, whereas for N > 4 it is always unstable. Refs.
[21, 31, 39, 40, 41, 42, 43, 44] consider vector representations which are irreducible on the real
numbers and involve N order-parameter components. Irreducibility on the real numbers means
that the representation is either real, or an irreducible representation can be obtained by taking
the direct sum of the representation and its complex conjugate [47]. We note that there is a one-
to-one correspondence between N /2-dimensional complex vector representations (represented by
complex-valued matrices M acting on complex-valued vectors Z) and N-dimensional real vector

representations due to the isomorphism [48]

M -ImM :
Mz« [R° mM] [Rez) (2.35)
ReM ImM Imz

The chosen restrictions are obviously compatible with the Landau-Lifshitz criteria. The set of
distinct matrices of an irreducible vector representation I'(G) is a group called the image of G
under T' and is denoted by Ir(G) in the following. According to Ref. [21] Ir(G) completely
determines the Landau potential associated with I'(G) and all of the irreducible representations
exhibit a single quadratic invariant. In case of an N-component order parameter we are only
interested in images where this quadratic invariant is given by Z;L $?. Since (Zﬁl #?)? is neces-
sarily an invariant if Zf\i 1 @7 is one, we conclude that we can restrict the relevant G’s to subgroups
of O(N). Different irreducible representations of the same group G can be associated to different
images and hence different Landau potentials. For instance, the irreducible representations Wy,
Ws, W3, and W3, respectively, of the group OZ are associated with the image L1, whereas the
irreducible representation X5 of O} is associated with the image L, (see Tab. I of Ref. [43]).
Further, different groups can have irreducible representations corresponding to the same image
(see again Tab. I of the above reference). It is also possible that the subspace E = {IZ.(4)} coincides
for different images. This is for example the case for the images L1, Lo, L3, and Ls in Tab. I
of the above reference. Distinct Landau polynomials can be labeled by the largest image group
(i.e., the group of highest symmetry) which is also known as centralizer E. of E. We speak of
most general F.-invariant Landau potentials. The largest group leaving invariant the fixed-point
potential found for the most general E.-invariant Landau potential is a subgroup of E. and is
called little group of E., which we denote by E;. Another group relevant for the discussion is
the normalizer En defined as the largest group leaving invariant the space E as a whole, which
in general contains the centralizer as a subgroup.

We note that at least in the study for N = 6 another group-theoretical criterion (proposed by
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Michel and Toledano) has been used, which rules out certain irreducible representations. Fur-
thermore, in all of the Refs. [21, 39, 31, 40, 41, 42, 43, 44] calculations are finally restricted to
discrete subgroups of O(N) (point groups). For the remaining irreducible representations the
images are calculated, from which the most general potentials up to fourth order are constructed
and the RG flow is studied in an n < 2 loop-order e-expansion. According to Ref. [41], in spite
of the restriction to discrete subgroups of O(N), the following enumeration covers all possible
Landau potentials (up to polynomial-order four) for the respective numbers of order-parameter
components N, which are consistent with the Landau-Lifshitz criteria, i.e., all possible groups
and representations of relevance. We can confirm this statement, however, only for the cases
N =1and N =2. For N <3 we have the following objections. Whereas the restriction to discrete
subgroups is clearly appropriate in the context of phase transitions in crystals, we doubt its
validity in the general case, however. As pointed out in Section 3.1. of Ref. [7], in case of liquid
crystals for instance continuous groups in real space have to be taken into account. Apart from
this, only vector representations are taken into account. However, also tensor representations*
should be taken into account (compare with App. A). Tensor representations are of particular
importance when considering gauge theories, i.e., local symmetries which the above references
do not take into account. In case of gauge theories one usually (but not necessarily) speaks of
Ginzburg-Landau potentials, whereas we confined the discussion to Landau potentials in absence
of couplings to gauge fields. We will continue with the discussion of gauge fields in Sec. 4.4. In
the following we summarize the most important results inferred from the above references.

For N =1 the Landau-Lifshitz criteria restrict the form of the potential to

Uoay = ¢ + A¢" (2.36)

which corresponds to the fundamental representation of O(1). Also when taking into account
all possible groups and representations this is obviously the only possibility consistent with the
criterions of Landau and Lifshitz. The potential exhibits the infamous Ising fixed point, which
is IR stable (see Sec. 6.1).

For N =2 only the groups C,, and C,, are potentially consistent with the Landau-Lifshitz cri-
teria. The corresponding vector representations with carrier space 95 = (¢1,02)T give rise to the

following integrity bases [21, 39]:

Cpo: I = Qﬁ + (b% » o= ((b% + ¢§)n/2 cos (nd) , (2.37)
Co: Li=¢i+3, L=(¢7+¢3)"*cos(nf), Is=(¢7+¢3)"sin(nf) , (2.38)

with tan6 = % For n = 4 we obtain:
I =1 - 66105+ 6y, Is =4 (6165 - $i62) (2.39)
from which one determines the most general Cy,-potential,
Ucy, =7l +alf +bI =1 (7 + ¢3) + g1 (61 + ¢3) + 920763 (2.40)
(where g1 =a +b, and g2 = 2a - 6b), and the most general Cy-potential,

Uc, =Uc,, + 93 (0165 — ¢102) . (2.41)

4For potentials associated to tensor representations see for instance [49, 50, 51, 52, 53] and Sec. 6.5.
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For n =1 one obtains two linear invariants, Is = ¢o and I3 = ¢1, which is not compatible with the
Landau-Lifshitz criteria. For n = 2 one obtains the additional quadratic invariants, I = ¢3 — ¢7
and I3 = 2¢1¢2, which is incompatible as well. Also the case n = 3 spoils the conditions of Landau
and Lifshitz due to the two cubic invariants, |I2| = ¢3 — 3¢2¢2 and |I3] = 3¢3¢1 — ¢3. For n > 4 no
fourth-order potentials different from the potentials (2.40) and (2.41), respectively, are generated.
Hence, the only candidates for stable IR fixed points are the latter potentials. At one-loop order
in the e-expansion the only stable IR fixed point is the isotropic O(2)-symmetric one [45]. We
reinvestigate the fixed points in Sec. 6.2 from the FRG method. We find an IR-stable O(2)
fixed point in case of the Cy,-potential, whereas the investigation of the Cy-potential remains
inconclusive even at naive scaling dimension six.
Using Brezin’s rule [45] (also known as trace condition), which states that

S (1)

> Cijkk = 0ij€ (2.42)
k
if the potential (2.22) exhibits a single quadratic invariant, we conclude that the potential (2.41)
is in fact the most general Landau potential for IV = 2 consistent with the Landau-Lifshitz criteria.
That is, any representation of any group is associated with a special case of this potential.
For N =3 only the groups O, Oy, Tj,, Y, and Y}, are consistent with the Landau-Lifshitz criteria
[21, 39]. The corresponding vector representations with carrier space é = (61, b2, 03)T are all

associated with the same most general fourth-order Landau potential:
2
Uc =7 (67 +03+3) + g1 (67 + 03+ 65)" + 02 (61 + 62 +63) - (2.43)

For the groups Y and Y}, however, the degeneracy in the potential is lost at higher order. The
potential Ug, which is said to possess a cubic symmetry, will be studied in Sec. 6.3 from the FRG
method. We confirm the one-loop order e-expansion result that the only stable IR fixed point is
the isotropic O(3)-symmetric one [45].

For N =4 the number of distinct potentials consistent with the Landau-Lifshitz criteria is sig-
nificantly larger. According to Refs. [21, 31, 41], there are 22 nonequivalent centralizers labeling
22 distinct Landau potentials. The group-subgroup relationship between the 22 groups together
with the associated polynomials is shown in Fig. 1 of Ref. [31]. Only six of the Landau potentials

exhibit a stable IR fixed point, namely those associated with the centralizers O(4), (C%’ g—;) ,

(Do x Do), (DQZ; DQZ)*, (g—i, g—;‘) and (g—;‘; g—;‘)*, respectively. In total there are only four
distinct stable IR fixed points which are listed in Tab. 6.2. We note that Ref. [40] discards the
(C%; g—;)*—symmetric potential since it is not associated to a representation of a point group, i.e.,
is not relevant for crystals. Accordingly, in their counting there are, apart from the isotropic case,
only four physically relevant Landau potentials with anisotropic symmetry exhibiting a stable
IR fixed point. Since we are not only interested in point groups we regard all of the five Landau
potentials with anisotropic symmetry as physically relevant. We reinvestigate the five anisotropic

Landau potentials from FRG in Sec. 6.4 where the (& &)—symmetric potential is of particular

Cy’ Do
interest. In Ref. [31] the fixed-point structure for this potential was derived not from an explicit
calculation but from an elegant group-theoretical analysis. Since the centralizer (g—i, g—;‘) is not

a little group, the RG flow consists of trajectories characterized by several little groups, giving

rise to manifolds of different symmetry. The fixed-point structure, further discussed in Sec. 6.4,
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can then be inferred from the Landau potentials associated to these little groups [31]. Neverthe-
less, it is quite interesting how this complicated fixed-point structure appears in an explicit FRG
calculation. We were able to verify at least part of it.

For N =6 there have been found 11 different images giving rise to six distinct Landau potentials
consistent with the Landau-Lifshitz criteria [42, 43]. Only two of them exhibit a stable IR fixed

point, namely

2

6 6 6
Up=rY.¢;+q1 (Z (Jf) +92 Y. 07 + 93 (d105 + 6305 + P30%) - (2.44)
i1 i=1 i=1
and
Us = Up + g [d104 (67 — 63) + d2¢s (95 — 2) + d3d6 (65— ¢5)] - (2.45)

The Landau potential U is associated to certain irreducible representations of the groups O;E’L, 03,
Tj, and O%, respectively. The Landau potential Us is associated to the irreducible representation
M, & M3 of the group O°, and to the irreducible representation My ® Mz of the group O7,
respectively. We reinvestigated these two Landau potentials from FRG but found the quartic
truncation order inconclusive due to the occurrence of marginal eigenvalues. We refrained from
further studies in this case. Instead, we found a new Landau potential exhibiting a stable IR fixed
point. It is associated with the [3,1] @ [1, 3] representation of SU(2)y x SU(2) 4. Apparently it
does not appear in Refs. [42, 43] because it is not a representation of a point group. It will be
discussed in Sec. 6.8.1.

Utilizing the same strategy also for N = 8, no IR stable fixed points have been found for models
other than the isotropic O(8) model [44]. In Sec. 6.8.3, however, we present a potential exhibiting
a stable IR fixed point. Unfortunately, we are not able to determine the symmetry group to which
it corresponds.

For N =5 N =7, and N >8 we are not aware of similarly systematical investigations.

Range of interaction

Also the range of interaction of the terms involved in the potential U is a relevant property. In
local-potential approximation (2.22), and also in simple forms of the derivative expansion (2.24),
only local interactions (short-range interactions) are taken into account, i.e., the fields involved in
the interaction terms are localized at the same point in space. Non-local interactions (long-range
interactions), however, cannot be excluded by the symmetry constraints discussed above and can
have an effect on the critical exponents [28]. Probably the simplest non-local interaction is of

the isotropic form

R . . R 1
~ f dD[L"/ dD:C’(I)Z(ZC)(I)l([L")m , (246)
which has been mainly studied in the framework of O(N) models, in particular for the Ising
model (see Ref. [54]). At least in this context, in local-potential approximation (where 7 = 0),
for —D < d, <0 one can speak of strong long-range interactions, and for 0 < d, < d.(D), where
d.(D) = D/2 for D < 4, one can still speak of weak long-range interactions. In this case the range

of interaction, as well as the angular dependence, indeed has influence on the critical exponents or
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even on the order of the phase transition. We are not aware of systematic investigations studying
the influence of non-local interactions on the anisotropic models discussed above, however.

Attempts in stating a more precise universality hypothesis

In the following we consider only systems in which long-range interactions are either absent or
can be neglected, respectively. Furthermore we restrict the hypothesis to models which can be
formulated as a field theory and whose phase transition is associated to a spontaneous breaking
of symmetry. Note further that we excluded models exhibiting marginal couplings giving rise
to critical exponents varying continuously with these couplings. Then a universality hypothesis
(UH1) can be stated as follows:

Two models A and B exhibiting a second-order phase transition associated to a single relevant
variable (e.g. temperature or any other quantity) necessarily fall into the same universality class

if the following conditions are fulfilled:
1. The spatial dimension D is the same.

2. The order parameters are associated with equivalent irreducible representations, i.e., the

representations are related by a similarity transformation.

This version is rather restrictive as it leaves not much room for differences between A and B.
Based on systematic investigations is also the following restricted universality hypothesis (UH2):
Two models A and B exhibiting a second-order phase transition associated to a single relevant

variable necessarily fall into the O(NN') universality class if the following conditions are fulfilled:
1. The spatial dimension D is the same.
2. The order parameters have the same number N < 3 of components.

We propose a further universality hypothesis (UH3) on the basis of the rule that a stable IR fixed
point implies the coincidence of the centralizer and the normalizer associated to it, for which a
proof was presented in Ref. [31]. If we understand the implications of this rule correctly (which
needs to be checked) one can formulate the following universality hypothesis:

Consider two models A and B with N-component order parameters defined by potentials asso-
ciated to normalizers G4 and G g, respectively, both exhibiting a second-order phase transition
associated to a single relevant variable. Let us denote all possible normalizers (of potentials)
which are identical to subgroups of O(N) giving rise to a real irreducible N-dimensional repre-
sentation by G;, 1 =1,...,l. Then, A and B belong to the same universality class if G4 ¢ G; and
Gp € G; holds exactly for one of the G;. This G; is the normalizer associated to the fixed-point
potential.

The above formulations have the premise that two models exhibit a second-order phase transi-
tion (and therefore IR-stable fixed point(s)) and state sufficient conditions for them to fall into
the same universality class. A closely related problem is the identification of sufficient /necessary
conditions for the existence of a stable IR fixed point in a certain class of models. Several efforts
have been made in topological studies (see for instance Refs. [55, 56]). We are optimistic that
further investigations in this direction will lead to more refined versions of the universality hy-

pothesis.
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Finally we want to state several points which challenge the universality hypothesis. Ref. [57]
conjectures the existence of two simultaneously stable fixed points. Ref. [58] gives an example
where critical exponents change along the second-order phase boundary. These examples illus-
trate that even version (UH1) of the universality hypothesis remains unproven in a general setting
(on the other hand, so far, no definitely confirmed violations exist). In particular the possible
existence of two (or even more) IR-stable fixed points of distinct symmetry in a model cannot be
ruled out a priori (compare with Sec. 6.4.3). Very recently we found two IR-stable fixed points
in a most general U(2)4 x U(2)y-symmetric Landau potential up to sixth polynomial order,
which seem to be associated with the same symmetry but with different v (see Sec. 6.5). So far,
their existence does not constitute a violation of the universality hypothesis, however, because
the Gaussian fixed point aquires marginal stability-matrix eigenvalues at this truncation order.
Also the studies at higher truncation order remain inconclusive due to the occurence of marginal
eigenvalues. Further investigations are in progress. We further note that, at least in principle,
there could exist models involving N order-parameter components which, nevertheless, fall into
a universality class associated with M < N order-parameter components. In the cubic anisotropy
model (which involves an arbitrary number of order-parameter components), for instance, there
exists a fixed point associated with the Ising universality class (see Sec. 6.3). Although it turns
out to be unstable in explicit calculations, we are not aware of a general reason why this must
be the case.

Ref. [59] is of particular interest for us as it concerns QCD. The authors of the latter reference
study a dimensionally reduced Gross-Neveu model at finite temperature which, according to the
universality hypothesis, should fall into the same universality class as the Ising model. Lattice
calculations, however, suggest that the critical exponents are different. More precisely, the nu-
merical data for the Gross-Neveu model is in agreement with mean-field behavior. We suspect
that this has to do with the large-N expansion which has been performed, since one finds mean-
field exponents for the Ising model in the large-N limit. The authors, however, argue against
this asserting that their result is not an artifact of their approximation. Also the range of the
interactions involved should be checked. Further investigations are desired in order to verify the
violation and to understand the underlying reasons. A confirmation of the results would also
question the applicability of the universality hypothesis (but maybe only that of dimensional
reduction) to two-flavor QCD (compare with Sec. 3.3.2).
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Die Farben sind Taten des Lichts, Taten

und Leiden.
(Johann Wolfgang von Goethe, Zur

Farbenlehre)

Chapter 3

Quantum chromodynamics

3.1 Phase transitions in quantum chromodynamics

Originally, the quark model, and later QCD, was constructed to explain the existence and prop-
erties of hadrons (mesons and baryons). One of the features of QCD is asymptotic freedom,
meaning that the coupling strength between quarks becomes smaller with increasing momentum
transfer involved in the interaction!. Deep-inelastic scattering of leptons by nucleons confirmed
this prediction (see for example Ref. [61] for a detailed discussion and the history of such experi-
ments). On this basis another state of matter was predicted for high temperature and/or baryonic
chemical potential, which is now known as quark-gluon plasma. One of the earliest references
to this exotic phase is that of Collins and Perry [62] who spoke of a ‘quark soup’. Their idea
was that at high densities, as observed in neutron stars, one must expect the hadrons to overlap.
Due to asymptotic freedom, quarks should interact weakly in this phase which motivated the
authors to consider the ‘quark soup’ as a relativistic gas of free quarks. For high temperature,
the existence of a quark-gluon plasma phase was confirmed from first principles in Ref. [63] using
perturbation theory, which is justified due to asymptotic freedom.

An important question is whether the transition from hadronic matter to the quark-gluon plasma
phase goes along with a true phase transition. So far, the answer is not complete. QCD possesses
two kinds of symmetry which can be broken spontaneously, namely chiral symmetry and the cen-
ter of the color gauge group, respectively, both of which are only approximate in case of physical
quark masses causing explicit symmetry breaking. Consequently the spontaneous breaking of
symmetry associated with the corresponding phase transitions is only of approximate nature. In
case of chiral symmetry and the chiral phase transition this is mirrored in the experimental fact
that the would-be Goldstone particles have a (small) mass due to explicit symmetry breaking.
Nevertheless, as discussed in Sec. 2.1, also in case of physical quark masses one can still speak
of an exact first-order chiral phase transition and an exact critical endpoint. Second-order lines
and ordinary critical points encountered for vanishing quark masses, however, will be turned into
crossover. It is a nontrivial question to which extent the transition from hadronic matter to the

QGP is determined by descriptions based on (explicitly broken) chiral and/or center symmetry.

IFor a proof from first principle that asymptotic freedom also exists with respect to high baryon density and/or

temperature see Ref. [60].
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Although the associated order parameters, which will be introduced in the following, should play
an important role, it is rather likely that other degrees of freedom are relevant, too. This will be
discussed for the critical endpoint in Sec. 3.3.1.

First, there is a discrete Z(N,.) symmetry, the center of the gauge group SU(N,.), where N, is
the number of colors. This center symmetry is only exact in the limit of infinite (static) quark
masses and approximate in the case of finite (dynamical) quark masses. Correspondingly, the
spontaneous center symmetry breaking is of approximate nature in presence of dynamical quarks
as well. An order parameter can be defined as the vacuum expectation value of a quantity called
Polyakov loop, L, named after A.M. Polyakov, who discovered its relation to the free energy F'

of a single quark [64] in case of infinite quark masses:
(L) = exp (-F/T) , (3.1)

where T denotes temperature. The free energy of a single quark is linked to confinement. At small
temperatures quarks are confined in hadrons, that is no free single quarks exist (i.e., F' = 00), and
hence (L) = 0 in the so-called confined phase. Due to asymptotic freedom, at high temperature
one expects quarks to be liberated (i.e., F finite) so that (L) # 0 in the so-called deconfined
phase. Since (L) is not invariant under Z(N.), the center symmetry is spontaneously broken in
the deconfined phase. In presence of dynamical quarks one can still speak of an exact first-order
phase transition if one redefines the order parameter by subtracting its value at the transition
point: (L) - (L)—(L).. A second-order phase transition is only possible at a critical endpoint in
case of dynamical quark masses. Unfortunately, the analogue to Eq. (3.1) for dynamical quark
masses fails to describe confinement in a strict sense. The transition described on the basis of
explicitly broken center symmetry, which is still called deconfinement transition, can therefore
only be an approximate description of the expected hadron-QGP transition in the real world. A
second-order phase transition with respect to the Polyakov loop in case of static quark masses
will be turned into a crossover in presence of sufficiently light quarks.
Second, there is chiral symmetry, U(Ny)g x U(Ny)r, which is defined by the following unitary
transformations:
N7-1
Yrr — Urrt¥rr , Uprp=expli Z;) oy Ta | € U(Ny) , (3.2)
a=

where Ny is the number of flavors, Ug, 1, acts on the right-handed or left-handed fermionic quark

spinor ¥R, 1,, respectively, given by

YR =Prry , Prr= , Y=vr+vYr, (3.3)

the T'* denote the generators of U(Ny), and v is the fermionic quark spinor appearing in the QCD

Lagrangian. U(N;)g x U(Ny), can be rewritten in terms of axial and vector transformations,

N7-1 N7-1
Y —Uvap , Uv=expliy ayTa| , Ua=expli ), o4Tu|, (3.4)
a=0 a=0

due to the group isomorphism [65]
G=UNy)v xU(Np)a=U(Ns)rxU(Nys)L
=U1)y xU(1)ax [SU(Ns)/Z(Ny)]p, x [SUNs)/Z(Ng) g - (3.5)
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However, chiral symmetry is only an exact symmetry of QCD for vanishing quark masses my = 0.
In consequence, spontaneous chiral symmetry breaking is only of approximate nature in case of
physical quark masses. The associated order parameter is given by the so-called quark condensate,
which is defined by the following vacuum expectation value:

(Epdjq) = (EL,pTZ)R,q) + (ER,])’(/)L,Q) ) (3'6)

where p, ¢ are flavor indices. Obviously, a (non-)vanishing quark condensate, (Epwq), is equivalent
to (non-)vanishing chiral condensates, (1, ,1hr,q) and (g 1L q), respectively. For m = 0, all
quark flavors are equivalent, and hence @, = (¢ L’pr,q) = pdpq. Whereas the QCD Lagrangian
is invariant under full chiral symmetry in the case m, = 0, a non-vanishing chiral condensate
is only invariant under the subgroup U(Ny)y, & — UVLIJU‘T, = @ (compare with App. A.2),

but not under U(Ns)4. Chiral symmetry is hence broken by a non-vanishing chiral condensate
following the pattern

UNf)rxU(Ng)L — U(Nyg)v - (3.7)

Again, in presence of dynamical quarks one can speak of an exact first-order phase transition
if one redefines the order parameter by subtracting its value at the transition point: (Epwq) -
(¥,%q) = (¥¥q)c- A second-order phase transition is only possible at a critical endpoint in case
of dynamical quark masses. Otherwise a second-order phase transition found for vanishing quark
masses will be turned into a crossover.

A sketch of the QCD phase diagram consistent with the current results from different approaches
towards QCD is shown in Fig. 3.1. In the so-called Columbia plot (compare Fig. 3.2), the

Temperature T [MeV]

Nuclei Net Baryon Density

Figure 3.1: Conjectured QCD phase diagram. Taken from Ref. [66].
QCD phase diagram in the m,, 4-ms plane for vanishing chemical potential, the order of the
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QCD phase transitions is summarized. Originally its form was based on lattice calculations at
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Figure 3.2: Conjectured QCD phase diagram for vanishing baryonic chemical potential. The left
panel shows the original Columbia plot of the Columbia group [67], where filled dots mark points
where lattice calculations were performed, and the dashed circle indicates the point of physical

quark masses. The right panel shows a modern, more refined version [68].

only a few points in the different regimes [67]. The plot is schematic in two ways. First, it is
only the simplest possible form consistent with the results so far. In particular, the shape of the
second-order boundaries is simply a sketch. The existence of merely two points, randomly picked,
one associated to a first-order phase transition and another associated to a crossover transition,
already give rise to the conclusion that a second-order boundary should exist in between (compare
with the discussion in Sec. 2.1). Second, the lower left corner corresponds to the chiral transition,
whereas the upper right corner is associated with the deconfinement transition. Both transitions
are no real phase transitions in between the limit of small and large quark masses, respectively,
and hence the label ‘crossover’ in the plot refers to both, either the chiral transition or the
deconfinement transition. We emphasize however that both transitions have to be distinguished
from each other.

Later, the form of the phase diagram was verified from other approaches towards QCD. Fig. 1.2.
in chapter I.1. of Ref. [4] (and the discussion thereof) comprises an enlightening summary of
their applicability in different regions of the diagram. It provides as well an insight from which
sources our information about the QCD phase diagram stems. A question still under debate is
whether the point associated to the real quark masses falls into the crossover or into the first-
order region. Further, efforts were made to determine the universality class of the second-order
lines (see Sec. 3.3 for details). The possibility of O(4) criticality for infinitely high strange quark
mass (i.e., effectively Ny = 2) on the one hand, and indication for Z(2) universality along the
second-order boundaries on the other hand gives rise to the prediction of a tricritical point at

some critical value m'"¢, where the universality class changes from Z(2) to O(4). Until very
recently, it has been assumed that the phase transition can only be of second-order in presence

of the axial anomaly, and if so, it should belong to the O(4) universality class. However, as
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demonstrated in Ref. [33] (see also Sec. 6.5), a second-order phase transition can also exist in
absence of the anomaly. Consistent with Refs. [1, 33] we do not expect a second-order phase
transition for finite anomaly strength, but also this statement should be thoroughly checked. For

a detailed discussion we refer to Sec. 3.3.2.

3.2 Instantons and the axial anomaly

Although the explicit breaking of the U(1)4 symmetry contained in Eq. (3.5) plays a major
role in this work, our investigations did not require a deeper knowledge of the circumstances
causing the anomalous breaking. Within the scope of this thesis we are only concerned with the
implications for the order of the chiral phase transition. Nevertheless, we want to briefly discuss
some central aspects concerning the general background.

Instantons are solutions to the Euclidean classical equations of motion of quantum mechanics
or of quantum field theory, for which the action takes a finite value [69]. A prominent example
for an instanton solution is the one in the gauge sector of QCD, encountered by Polyakov and
collaborators [70]. These gauge-field configurations are also of relevance for light quark dynamies,
for example in the case of the axial anomaly. It was shown by t’Hooft that instantons explicitly
break the axial U(1) 4 symmetry of QCD, which explains why the 1’ meson is not an (approxi-
mate) Goldstone particle in the real world [71]. Whereas the QCD Lagrangian is invariant under
U(1)4 transformations in the chiral limit at the classical level, quantum corrections lead to a
non-conservation of the associated Noether current. This is an example of a general situation to
which one refers to as an anomaly, in this special case called azial anomaly. Whereas the breaking
pattern (3.7) would yield N? (approximate) Goldstone particles (in presence of nonzero quark
masses), which equals the number of generators of the broken U(Ny) 4, there remain only N]% -1
of them if the explicit breaking of U(1)4 is taken into account. As already mentioned, this ex-
plains why the 1’ is significantly heavier than the members of the pseudoscalar SU(N; = 3) octet
(the approximate Goldstone particles). More precisely, the axial U(1) 4 is not completely broken
but a discrete Z(Ny) symmetry remains, which is related in a certain way with the speculative
possibility of C'P violation in QCD [72]. And this is only one of many examples illustrating how
far-reaching the implications of the anomalous breaking actually are (or could be, respectively).
Our next remark concerns the notion anomaly strength. We were already concerned with an
explicit breaking of symmetry in the case of nonzero quark masses breaking chiral symmetry.
In this context the strength of the explicit breaking is determined by the quark masses. Light
quarks break chiral symmetry only weakly. In this sense, a large number of instantons breaks
U(1)a stronger than a small number. Accordingly, the instanton density is a measure for the
strength of the anomaly. Correspondingly, in the framework of the linear sigma model one can
quantify the anomaly strength by the coefficient in front of the U(1)4-breaking term (compare
with Sec. 3.3.2).

Finally, we want to state an expression for the instanton density n which was derived by the
authors of Ref. [73]:

n(Q,T) =n(Q,0)exp [—%)\2(2]\76 +Ny) - 12A(N) (1 + % [N, - Nf])] . (3.8)
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In the following we list the quantities entering the above equation:

4r2 \ 2N 2, 2
Q0 =0nQ* () I (3.9
1 A2 -
A(A):—Eln(1+§)+a(1+7)\3/2) ° (3.10)
4 4 1 Qo
— = —— - —(33-2N;)ln & 3.11
2@ P@) oG S
Cn. =0.260156¢~ N2 /(N, - 1)!(N,. - 2)! , (3.12)
A=7T/Q , (3.13)

where @ denotes the inverse of the instanton scale size p = @7'. Eq. (3.11) is the perturbative
one-loop renormalization group equation for the running coupling constant of QCD, g, with Qg
denoting an arbitrary reference scale, at which the value of g is known. A common choice for Qg
is the mass of the Z-boson, for which ¢g*(My) /47 = 0.1184 +0.00007 [74]. The light quark masses
are denoted by m;, N, denotes the number of colors, and Ny the number of flavors. Finally,
¢ =1.33876, a = 0.01289764, and ~ = 0.15858.

3.3 Ciritical behavior in QCD

In this chapter we want to discuss aspects which are of importance for the current understanding
of critical behavior in QCD.

3.3.1 Ising universality in QCD

The boundary in the lower left corresponding to a second-order chiral phase transition is com-
monly claimed to inevitably fall into the Ising universality class. This statement is often founded
on a mean-field analysis of the linear sigma model [75] where the dynamical quark masses are
taken into account by an explicit symmetry breaking term. In a strict sense the universality
hypothesis is only applicable in case of exact chiral symmetry. In order to determine the univer-
sality class for QCD with physical quark masses from the linear sigma model one has to make
the nontrivial assumption that the universality hypothesis is also valid in presence of (small)
explicit symmetry breaking for critical endpoints. Ref. [75] demonstrates that only the sigma
particle becomes massless when tuning the mass parameter of the model towards the critical
value. According to group-theoretic arguments the Ising universality class is believed to be the
only one possible in case of a single-component order parameter (see the discussion of the Ising
model (2.36) in Sec. 2.4). Further assuming the number of massless modes not to change beyond
mean-field one arrives at the above statement. The same arguments can be used to justify that
the critical endpoint at nonzero chemical potential should belong to the Ising universality class
as well.

Ref. [15] has been seminal in the case of the critical endpoint of QCD. The authors apply the CJT
formalism in ladder approximation directly to QCD extending the work of Ref. [76]. Investigating
the behavior of the chiral condensate in the chiral limit for Ny = 2, they find a second-order line
(SOL) and a first-order line (FOL) joining in a tricritical point (TCP). The critical behavior at
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the TCP should belong instead to another universality class. In contrast to Ref. [76], the authors
also study the influence of nonvanishing quark masses. As expected, they find that the quark
condensate decreases with increasing temperature and/or chemical potential, however, it never
vanishes. This is a consequence of the explicitly broken chiral symmetry. One can still speak of a
first-order phase transition by considering the quark condensate minus its value at the transition
point where the condensate shows a discontinuous jump (to a nonvanishing value). A first-order
line ends in a critical endpoint (CEP), where the discontinuity vanishes and the transition be-
comes crossover. At the CEP the condensate drops down from a rather high to a very small
value and its temperature gradient is infinite. Consequently, the transition is hard to distinguish
from a second-order phase transition at the CEP. The distance between the CEP and the TCP
becomes larger with increasing quark mass. Now the authors calculate quark-number and chiral
susceptibilities which are expected to diverge at a second-order phase transition (compare with
Sec. 2.2) in the neighborhood of the TCP and determine critical exponents. For very large quark
masses, m, > 100 MeV, one observes a mean-field critical exponent of 2/3. This is explained
by the fact that the TCP does not lie in the critical region of the CEP (i.e., the region where
nontrivial critical exponents associated to the CEP are observed) in this case. Accordingly one
finds mean-field exponents associated to the CEP. For nearly vanishing quark mass, m, = 0.1
MeV, one finds critical exponents significantly distinct from mean-field values, which indicates
that the TCP has influence. The influence becomes weaker with increasing quark mass, however,
it is still significant for realistic quark mass mq =5 MeV.

Apart from certain peculiarities involved in the ladder approximation (for example only a QCD-
like running coupling is used), the results mentioned so far can be regarded as derived from first
principles. One can conclude as follows. Although the TCP is only of exact nature for my = 0,
it still affects the critical exponents significantly at physical quark mass m, where it is only of
approximate character. Also the CEP gives rise to critical behavior in the susceptibilities. How-
ever, it remains an open question to which extent Ising universality exists close to the CEP. It
should be possible to derive scaling corrections in dependence of m, in analogy to those for the
critical endpoint of the liquid-gas transition. In this case there does not exist an exact symmetry
either, nevertheless one observes Z(2) (Ising) critical behavior? with Z(2)-noninvariant correc-
tions to the power laws [14]. Another critical endpoint which should correspond to the Ising
universality class is the one of nuclear matter. In comparison with the critical endpoint of QCD
it is experimentally much better accessible. In fact, it has been stated in Sec. 1.2.2.3.4 of Ref. [4]
that actually measured critical behavior is in agreement with Ising universality.

Another part of Ref. [15] consists of partly courageous universality considerations complementary
to their study in the framework of the CJT formalism. We address these points in the following.
First of all, the authors speculate that the second-order line SOL corresponds to a sequence of
O(4) critical points. This extends the original O(4) conjecture, which predicts an O(4) critical
point for p = 0 and my = 0 if the strength of the axial anomaly is sufficiently high (see Sec.
3.3.2). Unfortunately we are not familiar enough with the assumptions involved in the ladder
approximation in order to judge their interesting proposal.

Our second remark concerns the role of the sigma particle. According to the authors of Ref. [15]

2For a first-principle derivation (not assuming an effective Landau potential) of the Z(2)-symmetric critical

endpoint present in a microscopic liquid-gas model we refer to Ref. [77].
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(and in consistence with Ref. [75]) the sigma field is the soft mode for both the TCP and the
CEP, i.e. drives the divergence in the susceptibilities. There is evidence that this is not true for
the CEP. Due to the far-reaching implications of this point, in the following we explain in large
detail why. The authors themselves mention the similarity with the situation in the NJL model
by citing Ref. [78]. Qualitatively the same phase diagram, containing a tricritical point and a

critical endpoint, is found in a simple NJL model,
L=U(i"0, —mg)V + Gy ([V] - [Uys70]?) (3.14)

which can be derived as an effective theory for QCD from first principles neglecting explicit
gluonic degrees of freedom and most of the hadronic degrees of freedom. Such a derivation be-
comes obvious from the discussion in Sec. 4.4, more precisely from expression (4.36), which for
G2 = G35 = G4 =0 yields the Lagrangian (3.14) if the gluonic part is neglected. See also Ref. [79]
for a more explicit derivation. We note that at least to some extent, gluon dynamics effectively
hides in the four-fermion couplings. As pointed out by Fujii in Refs. [80, 81], the sigma particle
remains massive at the critical endpoint of the NJL model (see also Ref. [82]) while certain sus-
ceptibilities diverge. The phase transition associated with such a significant divergence can not be
driven by the massive sigma particle. Again, the situation is similar to the Ising-like continuous
transition at the critical endpoint of the liquid-gas transition. According to Fujii, at the CEP the
soft mode driving the divergences in the susceptibilities is given by a scalar density fluctuation.
At the TCP, i.e. in the chiral limit, the soft mode is the sigma field instead. We note that,
although the (tri)critical endpoint is a feature of the chiral phase transition, its location might
be affected by the deconfinement transition. The interplay with the Polyakov loop is taken into
account in PQM (Polyakov-Quark-Meson) and PNJL (Polyakov-Nambu-Jona-Lasinio) models.

Due to the strongly-coupled nature of QCD near the chiral and the deconfinement phase tran-
sition, nonperturbative methods are indispensable. First of all there is lattice QCD which at
nonvanishing baryonic chemical potential suffers from the infamous sign problem: the fermion
determinant is complex valued with vanishing average phase factor in the thermodynamic limit,
which rules out standard Monte-Carlo techniques. Fortunately so-called reweighting methods
have been recently developed allowing to study QCD at nonvanishing chemical potential. For
example in Ref. [83] the existence of a critical endpoint is inferred for semi-realistic quark masses
(whereas the strange quark mass is reasonable, the up and down quark mass are four times
heavier than in reality) from the so-called Lee-Yang zeros of the partition function. On the other
hand, the computation time rises with decreasing quark masses, for vanishing as well as for non-
vanishing chemical potential, which still hampers a reliable answer to the O(4) conjecture. The

latter is the main subject of this thesis and will be introduced in the following section.

3.3.2 From the linear sigma model to the O(4) conjecture

In this section we address the upper left corner of the Columbia plot (Fig. 3.2), i.e., the two-
flavor case, Ny = 2. An effective theory for the order parameter, the chiral condensate, is
given by the linear sigma model. In Sec. 4.4 we discuss how such an effective theory could

in principle be derived starting from QCD and imposing approximations in successive stages.
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The final step in this approach would consist in an approximate calculation of the fermion
determinant, stated in Eq. (4.45), which is a major contribution to the action of the effective
theory. Instead of explicitly calculating the fermion determinant one can perform an expansion
guided by symmetry. Consistent with Sec. 4.4 we assume that the relevant degrees of freedom are
mesons, i.e., the expansion should be in terms of mesonic fields. On the other hand, consistent
with Landau theory, it should be an expansion in terms of the order parameter. This is actually
in perfect agreement because, as shown in App. A.2, in flavor space the chiral condensate can
be parameterized by the mesonic fields. In the following we assume that the relevant degrees of
freedom are the scalar mesons ¢ and dg on the one hand, and the pseudoscalar mesons 1 and 7
on the other hand. In the representation [2,2] ® [2,2] of SU(2) x SU(2), the chiral condensate,
®, can be parameterized in terms of these mesonic fields [compare with Tab. A.1 and Eq. (A.50)]:

@:%[(o+in)12+(do+ifr)-?] . (3.15)
We further assume that long-range interactions between the mesons can be neglected. In addition
we neglect explicit contributions of quarks and gluons. Their effect is, of course, to a certain
extent contained in the effective mesonic degrees of freedom and the effective interactions between
them. As far as it concerns the critical behavior, taking into account quarks explicitly should not
turn a second-order phase transition into a first-order one since the lowest fermionic Matsubara
frequency, v = 27T, adds a thermal contribution to the effective quark mass (compare also with
the discussion of dimensional reduction in Sec. 2.3). Since only light degrees of freedom play a
role at a second-order phase transition, quarks should not wash out critical behavior if it exists
in their absence. The situation is different for the gauge fields. Following Ref. [84], it is even very
likely that gauge-field contributions lead to a fluctuation-induced first-order transition (compare
with Sec. 4.4). Taking account of gauge-field fluctuations is a task for future investigations. We
proceed with the construction of the most general Lagrangian invariant under chiral symmetry
in the representation [2,2] & [2,2]. We note that most of the following has been taken from our
publication [1].
The most general perturbatively renormalizable Lagrangian for D = 3 (neglecting the anomalous
dimension) which is invariant under the chiral U(Ny)y x U(Ny) 4 symmetry of QCD, where Ny
denotes the number of quark flavors, was investigated by Pisarski and Wilczek [85] regarding
the order of the chiral phase transition. Choosing the [Ny, N¢] @ [Ny, N¢] representation of
SU(Nys)a x SU(Ny)a, in Euclidean space this Lagrangian reads

1 1 § °
Lo = STH(D,9)(0,9) + SmE T @ + Togu (T10710)° + T T(@10)” . (3.16)

We note that the e-expansion is a perturbative method and hence one neglects perturbatively
nonrenormalizable terms in this approach. Instead, in nonperturbative approaches (such as FRG)
one has to consider their influence (compare with the discussion of the polynomial order in Sec.
2.4). The invariance under axial and vector transformations (A.51) can be easily confirmed from
the invariance of the trace under cyclic permutations. The circumstance that instantons explicitly
break the U(1)4 [71] (see also Ref. [86]) is known as U(1)4 anomaly. The authors of Ref. [85]
conjectured that, for Ny = 2, the chiral phase transition of QCD can be of second order in the
presence of the U(1) 4 anomaly. In this case, it would fall into the O(4) universality class. This
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is the already mentioned O(4) conjecture.
The term commonly introduced into Eq. (3.16) in order to explicitly break the U(1)4 symmetry

is
det ®F + det @ . (3.17)

In Sec. 5.3 we show that, for Ny = 2, the most general form of the anomaly including terms up
to naive scaling dimension four is [65]

La=c(det® +det @) +y (det B + det @) Trd'® + 2 (det &7) + (det @)?] . (3.18)
These terms must be added to Eq. (3.16),
L=Lo+La, (3.19)

if one wants to study the impact of the U(1) 4 anomaly on the chiral phase transition. For Ny =2
and including terms up to naive scaling dimension four, the Lagrangian (3.19) is the most general
Lagrangian invariant under SU(2)4 x U(2)y and respecting parity symmetry. We note that the
terms ~ y, z are always induced by the RG flow if ¢ # 0. Therefore, in the following we shall use

the notion “in the presence of the anomaly”, whenever ¢ # 0. Note also that
(det & + det @) = ~Tr(@F®)* + (TraT@)? + [ (det &1)” + (det ®)’] | (3.20)

so that the square of the term (3.17) is not linearly independent from the other invariants con-
tained in Eq. (3.18). Finally note that

i (det ®F - det @) (3.21)

is not invariant under C'P transformations [85].

In this work, we consider the case Ny = 2. The Lagrangian (3.19) can be rewritten as [87]

L= % (0,000 + 0,7 - Dt + 0,mdyun + Ot - D) + U | (3.22)

U= %;ﬁ (0 +7%+n° +ag) + %(02+ﬁ2+n2+d§)2
A [(02 +72) (n* +ag) - (on - ﬁ.é0)2]

2

2—n2+ﬁ2—do)+y(a

+c(o 2+7?2+n2+dg)(02—772+7r2—d(2))

-2 2

1
+z§(772+a0—0 —7?2—2&0~7?+27]U)(772+dg—02

— 7%+ 2dg - 7t —2n0) | (3.23)
where \; = 4!%2 (91 + %gg), Ao = 2%292, p?=ms. For c=0,y=0, and z =0 Eq. (3.22) reduces to
the U(2)r x U(2) g-symmetric Lagrangian (3.16).

The RG flow for the Lagrangian (3.16) was analyzed for different values of Ny. The results from
the e-expansion [65, 88] prove that for Ny = 2 the O(8)-symmetric infrared (IR) fixed point is
unstable, which is confirmed from FRG studies [87] as well as from lattice calculations [89]. The
absence of a IR-stable fixed point is a sufficient criterion for the phase transition to be of first
order. Very recently, however, the existence of an IR-stable U(2) 4 xU(2)y-symmetric fixed point

has been confirmed in a RG approach similar to the e-expansion [33]. The authors convincingly
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explain this surprising finding by a failure of the low-loop e-expansion, which only finds fixed
points that also exist near D =4 —e. Their perturbative field theoretic RG approaches (M ZM
scheme and 3D M S scheme, respectively) circumvent an expansion in . Instead, the perturbative
expansion is directly performed for D = 3. Their results pushed us to a FRG investigation of the
most general U(2)4 x U(2)y-potential in higher truncation order (see Sec. 6.5). The FRG ap-
proach is perfectly fine with D = 3 as well, and due to its nonperturbative nature it goes beyond
the one-loop e-expansion, the results of which can be reproduced using a quartic truncation in
the limit of vanishing mass term. Going to sixth order in the canonical scaling dimension we can
indeed confirm the existence of two IR-stable U(2)4 x U(2)y-symmetric fixed points (see Sec.
6.5). The results at this (and higher) truncation order, however, are inconclusive because the
Gaussian fixed point aquires marginal stability-matrix eigenvalues. Further investigations are in
progress.

Apart from our publication [1] we are not aware of other explicit RG calculations for the La-
grangian (3.22) in the presence of anomaly terms. The FRG study presented in Refs. [90, 91]
neglects the fields 7 and dg from the beginning. A very recent qualitative discussion can be found
in Ref. [33]. Other RG results in the presence of the anomaly can be found in the literature only
for cases where the anomaly term acts as a coupling of order higher than two [see for example
Refs. [92, 93, 94, 95, 96]]. Also, studying how ¢ approaches oo has not yet been investigated ex-
plicitly on the level of RG flow equations. In Sec. 6.6 we want to fill these gaps by appropriately
extending the study presented in Ref. [87].

The U(1) 4 anomaly explicitly breaks the U(1) 4 symmetry contained in G = U(Ny)yv xU(Nyf)a =~
U()y xU(1)ax[SU(Ny)/Z(Nyg)], x[SU(Ny)/Z(Ny)], down to Z(Ny)a, where = symbolizes
group isomorphy. The group U(1)y is associated with baryon number conservation and should
not be broken (spontaneously) during the phase transition. Thus one usually argues that one can
neglect it when studying the chiral phase transition, leaving [SU(N¢)r, x SU(Nf)r]/Z(Nyf)v —
SU(Nf)v/Z(N¢)y for the symmetry breaking pattern relevant for the chiral phase transition
in the presence of the anomaly [65]. The spontaneous breaking of a discrete symmetry does not
yield Goldstone modes, such that it is sufficient to consider the breaking of the continuous group
G’ = SU(Ny),xSU(Ny)r in the chiral phase transition in the presence of the anomaly. In Sec. 6.6
we nevertheless consider the effective theory for the order parameter invariant under U(1)y x G’
in the search for the IR fixed point associated to spontaneous breaking of SU(Ny), x SU(Ny)rg.
We can now substantiate the O(4) conjecture. We neglected (a) the possible existence of long-
range interactions between the mesons, (b) gluonic contributions, and (c¢) other than the lightest
scalar and pseudoscalar mesons. Assuming in addition (d) the validity of the universality hy-
pothesis (see Sec. 2.4), we conclude that if the chiral phase transition of two-flavor QCD in the
presence of the anomaly is of second order, then the Lagrangian (3.22) falls into the same uni-
versality class as QCD. The Lagrangian (3.19) has eight degrees of freedom, whereas the O(4)
model has only four. It is therefore a priori not clear that the Lagrangian (3.19) has an IR-stable
O(4) fixed point. Due to the existence of two mass terms one expects two relevant directions
instead. This corresponds to the fact that the representation of the Lagrangian (3.22), or (3.19),
respectively, is reducible. Tt consists of the sum of two equivalent O(4) representations [65, 97, 98]
(see Sec. A.2), ®; = otg +it -7 and ®y = inty +t - G, which are both irreducible, but not faithful,
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representations of SU(2) x SU(2). This circumstance is due to the isomorphism
SU(2)x SU(2)/Z(2) ~SO(4) , (3.24)

which means that SU(2) x SU(2) is locally isomorphic to O(4). Therefore, the symmetry of QCD
allows for an O(4) representation, if only the sigma and pion are light particles. At mean-field
level this can be confirmed. The analysis in Refs. [99, 100] shows that if we identify 7 with the
Goldstone modes®, the fields 7 and @ are massive at the critical point, whereas the field ¢ is as
light as the pions (and can be interpreted as the chiral partner? of the pion). Since at the critical
point only the modes with smallest mass are relevant (i.e., which count as components of the
order parameter), we conclude that, if the mean-field approximation were justified, the IR fixed
point would indeed be the stable Wilson-Fisher fixed point of the O(4) model.

Of course, the mean-field approximation neglects quantum fluctuations (such as instantons),
which might change the universality class or might lead to the instability of the fixed point. For
this reason we study the FRG flow for the Lagrangian (3.22) in Sec. 6.6. One could argue that
for very large anomaly strength, ¢ — —oo, - and d-loop diagrams should be suppressed according
to the Appelquist-Carazzone decoupling theorem [18] due to the very high tree-level mass for the
corresponding fields. Since the e-expansion deals only with loop diagrams, one can indeed expect
to find the O(4) fixed point . However, this argument says nothing about (a) the stability of
the O(4) fixed point and (b) the cases of small and intermediate anomaly strength.

3.3.3 A few words on experiments

According to Ref. [101] “the discovery of the critical point would in a stroke transform the
map of the QCD phase diagram from one based only on reasonable inference from universality,

)

lattice gauge theory and models into one with a solid experimental basis.” So far, apart from
vague evidence, a reliable experimental detection has not happened yet. This might change
with the upcoming CBM experiment [4, 102] which will study for example event-by-event (ebye)
fluctuations of observables indicating the existence of a critical point. In particular, the CBM
detector will be able to detect ebye fluctuations in the kaon-pion and the proton-pion ratio using
the time of flight method.

Although there exist ideas how one could (in principle) measure static critical exponents near
the QCD critical endpoint (see for instance Ref. [103]), in reality this is rather unrealistic. A
severe problem is the short duration of a heavy-ion collision. Together with relation (2.10) the
growth of the correlation length is severely limited (see Ref. [101] for details). This makes it
extremely hard to observe a signal in the correlation length when the system cools through the
critical point.

There is even less hope to find (remnants of) O(4) critical behavior in experiment, however,

3The spontaneous breaking of SU(2) 4 gives rise to NJ% —1 = 3 Goldstone bosons, the pions, which in reality
acquire a (small) mass due to the explicit breaking of chiral symmetry caused by the (small) quark masses mgq.
One can take account of this small mass by the introduction of an explicit symmetry breaking term. We restrict
our investigation, however, to the chiral limit where mq = 0.

4Chiral partners should become degenerate in mass in the chirally restored phase.

5Note that in the limit ¢ - —oco the O(4) fixed point corresponds to the above mentioned O(4) representation
& = otg + it - 7. The limit ¢ - co would in turn correspond to the equivalent O(4) representation ®g = into +1-a

with o and 7 simply exchanging roles with n and a.
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it is not ruled out completely (compare with Ref. [104]). A basic requirement is of course a
medium with baryonic chemical potential as small as possible. This is the case for the early
universe which went through the QCD phase transition. Unfortunately, we are not aware of
any measurable consequences of a second-order phase transition in this case. Another possibility
are observables at mid-rapidity in heavy-ion collisions since this regime is rather free of baryons
[4]. The further restrictions are obvious. First of all it is questionable if the strange quark
mass is high enough to allow for an effective two-flavor scenario where a second-order phase
transition is possible. Second, physical quark masses explicitly break chiral symmetry turning
the second-order phase transition into a crossover, so that only remnants of criticality might be
observable. On top of this, as in the case of the critical endpoint, there is the problem of finite-
size effects and critical slowing down which drastically limits the correlation length. Apart from
these limitations one could look at similar observables as in the search for the critical endpoint
(certain ebye correlations, enhancement of particles interacting strongly with the sigma and/or

the pions, etc.).
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Chapter 4

FRG

4.1 Wetterich equation

Before we begin our discussion, let us note that a large amount of our understanding about the
Functional Renormalization Group (FRG) method was gained from the excellent textbook of
Peter Kopietz, Lorenz Bartosch, and Florian Schiitz [6]. For an introduction to the subject from
scratch, we refer to this detailed work. Their textbook also provides a prescription of Functional
Methods in general, which allows for a self-contained introduction to the FRG approach, as well
as the derivation of what lies at heart of the latter, the Wetterich equation. Our discussion sets
in at that point, explaining the meaning behind this powerful tool.

The basic idea lying at heart of the FRG approach is the same as the one discussed in Sec. 2.3,
namely averaging out fluctuations and absorbing their effect into the parameters of the theory.

In the context of a theory which can be described by an effective action I', the Wetterich equation
1 -1
O\ = 5 STr [(8kRk) (r® +R,) ] (4.1)

implements such an averaging, where the average effective action, I'y[®], is a functional of field
components ¢, and depends on the momentum scale k. The superfield label @ may contain
continuous as well as discrete components. For example, in case of an N-component scalar field
theory in D-dimensional space, the superfield label reads a = (4,p), so that ®, = ®;(p), where p
is a D-dimensional momentum vector, and 7 = 1,..., N. In the following we denote p = |p|. The
supertrace STr[...] = Tr[Z...] involves the statistics matrix Z, which implies a minus sign in case

of fermionic (i.e., Grassmann-valued) field components:

Zaa’ = 5aa’§a ) (42>

where (, = ()1 if ®, is a bosonic (fermionic) field component. The statistics matrix enters due

to the anticommutation of Grassmann numbers and appears also in the matrix I‘,(f):

2
2 0T
r - Ok g 4.3
( k )aa’ 50,605 " (4.3)

Aside from the field components, the average effective action, I'y [®(p); Ak ], contains couplings Ay

mediating the interaction between them. In D-dimensional space, apart from other parameters,
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the degrees of freedom always carry momenta p, i.e., occur in various momentum modes. However,
the momenta p are restricted to values smaller than k. Consistent with Sec. 2.3, let us assume
that the system is described at a certain microscopical level by an effective action T'y-p [®(p); Aa ],
where the degrees of freedom ® carry momenta p smaller than some ultraviolet (UV) cutoff A.
Integrating Eq. (4.1) down from A to some momentum kg, one obtains in result the average
effective action T'g_k, [P(p); Ak, |, where modes ®(p > ko) have been eliminated. However, due
to averaging process involved, the degrees of freedom still feel the presence of these modes. As
in Sec. 2.3, their effect simply has been absorbed into the couplings Ag,. Integrating the flow
equation down to the infrared (IR) limit, k = 0, one effectively takes account of all possible
momentum modes, i.e., all fluctuations allowed in the system. In the derivation of Eq. (4.1),
a k-dependent inverse free propagator is introduced by adding a regulator Rg(p) to the inverse

free propagator for the field ®(p),
Goi(p) = Go'(p) ~Ra(p) (4.4)

where the regulator is necessarily defined such that

1. only modes ®(p » k) contribute to dxI'y, at the scale k, which assures that the modes are

successively integrated out,
2. | (Rk=0) 40 | = 0, which assures that all modes have been taken into account in the IR limit,

3. | (Rk=A) o | = 00, which assures that the ultraviolet (UV) limit is obtained at k = A.

If these conditions are fulfilled, the results in the IR limit should be independent from the
particular definition for the regulator. The form of the flow equations derived from Eq. (4.1),
however, depends on the definition, and hence the choice of the regulator is of great practical
importance. Finally, we note that Eq. (4.1) is an ezact equation, i.e., no approximation is
involved. In the following section we discuss the approximation which is used throughout this

thesis.

4.2 Local-Potential Approximation

For simplicity, and since we are concerned with fermions only in Sec. 7.3, we restrict the discussion
to bosonic fields, i.e. N scalar fields ®;, for the rest of this chapter. At nonzero temperature a
scalar field theory is defined by the action

1T

S = dede ( 0, ® (7,%) - auq)(T,X)+U((I)(T,X))) , (4.5)

where the metric is Euclidean,
dd dd dd dP dd do

0,® (1,x) - 8<I>(Tx)——7_ — () + —

4.6
dr  dri; dxy ’ (4.6)

de de

and periodic boundary conditions, ®(7, %) = <I)(T +£,2), are implied.
The effective action can be expanded in terms of gradlents of the field [6, 105],
1T

dede B (7.%)) + Z(D)D,® (7.%) - 9, D (7.%) + ()] . (4.7)
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which is known as derivative expansion (compare with Eq. (2.24)). Setting Z(®) = 1 and ignoring
higher-order terms in the expansion defines the so-called local-potential approzimation (LPA).
In momentum space, at nonzero temperature 7', and in absence of fermions the Wetterich equa-
tion (4.1) reads

1 N
akr = 5 Z Z akRk]z w,q;j,w’,q" I:(F(Q) + Rk) ] ) (48)
7 w,Gw g Jw'q' 51w, q

where the superlabels i and j correspond to the field components, and the indices w and w’

denote the bosonic Matsubara frequencies 2n7T. We note that the notation we use [6] implies

1 o0 dPq
e Yy (4.9)
V5 (2m)
in the limit of infinite volume V. The regulator can be chosen in diagonal form [10],
[Roisw,gigra = 0ijOunr O Ri () - (4.10)

Assuming ®(7,z) = @, Eq. (4.7) implies I'y, = (V/T)Uy, and hence, in the limit (4.9), we obtain
for Eq. (4.8)

o) 315y [ S an@|[tPwn r@) ] - @

3

In momentum space 9,® - 9,® - (w? +§*)® - ®, and hence

T2 ()l = (2 1+ o (@12
Using the optimized regulator introduced by Litim [106],
Ri(q%) = (k* = ¢")0(k* - 3%) , (4.13)
we obtain
O Ri(G?) = 2k0(K* - %) . (4.14)

Since the integrand in Eq. (4.11) only depends on ¢ = |g|, one can perform the integration over

the angular part leaving

1 ( 21_D7T_D/2

3kUk(‘I))=§ I‘(T/Q))ngz'/(;wdqulakRk((f) [(F](CQ)(‘U,(JQ)+Rk(q2))71:|__ . (4.15)

%3

Due to (4.14), the integral in Eq. (4.15) can be restricted to /Ok, and further:

) @ ) byl 0 for q2 > k2 ,
o) | (0 (w.0®) + Ra@) | =1, (s 25 ) ] s (10
w i T 55,00, 3 = :
This results in
D+1 3 2 52Uk -
w1 ? J ..
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where we denoted
91-D_-D/2

Kp= IO (4.18)

Using the fact that the trace of the inverse of a matrix equals the sum of its inverse eigenvalues,
Eq. (4.17) can be rewritten as

N
1
D+1
where M? denotes the N eigenvalues of the mass matrix
82Uy,
iy = . 4.20
T 5D09; (4.20)

Finally, carrying out the sum over the Matsubara frequencies w = 2n77T’, where the sum runs

from n = —co to n = co, we obtain

1 N1 E;
O Uk(®) = = KpkP1y — th(—z) E;=+\/k2+ M? . 4.21
L Ur(P) 5 KD ;EZ-CO 5T ) V ; (4.21)
Due to lim,_,. cothz = 1, at zero temperature the flow equation (4.21) becomes

o 1 N1
OpU,(®) "=° §KDkD+1ZE . (4.22)

Another important limit is that of high temperature, where the flow is dominated by thermal

fluctuations. Expanding the hyperbolic cotangent around zero,

coth(&):g+0(i) , (4.23)
or)  E; T

we obtain the flow equation for the case where thermal fluctuations are dominant:

N1

U (@) = Kpk*' 3 — (4.24)
where we defined the dimensionally reduced potential by
Uk (P
Ut(®) = k; ) (4.25)

Comparing Eq. (4.24) with Eq. (4.21) we observe that taking into account only the zeroth
Matsubara mode, n = 0, in the latter equation results in the former one. This is an example of

dimensional reduction, which we already discussed in Sec. 2.3.

4.3 FRG investigation of phase transitions

4.3.1 Evolution of the potential

One possibility to study the phase transition of a model is to solve the Wetterich equation numer-

ically. In a finite-temperature study one aims at solving Eq. (4.21) for different values of T'. One
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makes an ansatz for Ug_p (P) in the UV limit where one starts the integration down towards the
IR limit. The IR limit, k = 0, corresponds to the solution where all fluctuations have been taken
into account, i.e., to the physical solution. The ansatz Ug_x (P) is chosen such that one obtains
the desired values for certain physical observables (such as for example the pion decay constant,
physical masses, etc.). The order of the phase transition, as well as the critical temperature T,
can be inferred from the dependence of the IR value for the global minimum on the temperature,
®o(T'). The integration can be stopped at a certain ky from which on the value ®y does not
change significantly anymore. Whereas ®q(7T") continuously decreases towards zero for a second-
order transition, it shows a discontinuous jump in case of a first-order transition. Characteristic
of a first-order transition is also the occurrence of a maximum separating two minima during the
evolution of the potential in k. Studies at nonzero temperature can be found in chapter 7. We
describe the numerical algorithms we used in App. C and provide example routines implemented
in Mathematica.

One can also study the evolution of the dimensionally reduced potential from Eq. (4.24). Di-
mensional reduction corresponds to a high-temperature approximation and temperature is not
available anymore as an explicit parameter. Nevertheless, because the diverging correlation length
near a second-order phase transition leads to dimensional reduction, one can decide about the
order of the transition in the framework of the dimensionally reduced theory. Here, consistent
with Landau’s approach towards phase transitions, the UV parameters involved in U2 (®) have
to be regarded as temperature-dependent parameters. The explicit dependence can be calculated
in a perturbative expansion in 77!. For our purposes this is not necessary, however, since we are
interested in the whole coupling space and any phase transition which can be achieved by tuning
the mass term! in the UV potential UZ2R(®). More practical in the case of the dimensionally
reduced theory, however, is a fixed-point analysis for the rescaled parameters of the potential as
described in Sec. 4.3.2.

4.3.2 Fixed-point analysis

The general framework underlying a fixed-point analysis was already described in Sec. 2.3. It
remains to explain how we extract the flow equations (2.18) from Eq. (4.24). The large amount
of examples presented in Sec. 6 makes this step rather obvious. Nevertheless we want to give a
general description.

We discuss models defined by potentials U of the form (2.22) or (2.26), respectively. Plugging
U into the flow equation (4.24), we perform a Taylor expansion of the r.h.s. in terms of the
fields ®; and read off the flow equations for the couplings by comparison of coefficients. The
calculation can be simplified by setting certain fields ®; to zero after having determined the mass
matrix M;; stated in Eq. (4.20). Hereby, with the corresponding fields set to zero, the potential
U must still contain the same number of linearly independent terms, so that one obtains a flow
equation for each of the couplings. We emphasize that no approximation is involved in setting the
respective fields to zero since the coefficients in the Taylor expansion are of course independent
of the fields. Working with a potential of the form (2.26) one has to rewrite the remaining

n general a transition can also be described by tuning other couplings. Consistent with Landau theory,

however, we assume that the mass term is the relevant parameter to tune.
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fields ®; in terms of the basic invariants (those invariants from which all others are constructed)
after having calculated M;;. In order to obtain the correct flow equations this mapping has to
be unambiguous. We further note that ambiguous flow equations can arise, depending on the
monomial in the Taylor expansion from which one infers the flow, if U is not a most general

polynomial (at the given order) invariant under some group.

4.4 Towards the chiral phase transition from first princi-
ples - On the relationship between QCD and effective
models for QCD

In order to investigate the order of the chiral phase transition and the possibility of a second-
order phase transition one requires a framework which is capable of describing the behavior of
the order parameter. An approach which derives the behavior of the order parameter from first
principle, without imposing restrictive assumptions and invoking approximations, is out of reach.
In our opinion, however, it is still justified to speak of an approach from first principle if it starts
from QCD, and if the assumptions and approximations made are systematically improvable. In
the following we try to outline a way towards this goal, which remains of course incomplete.

In general, the effective action, I'[®], is a functional of field components ®,,, which can be either
bosonic or fermionic, where « is a superfield label containing continuous and/or discrete variables.

It can be written in the following form [6]:

- Z o yf 22 NI ST (4.26)

The irreducible vertices herein can be expressed in terms of the infinitely many one-particle

irreducible Feynman diagrams without external legs (usually called vacuum diagrams), ng):

L0, = Y, (4.27)
i

where the coefficients a; contain combinatorial factors and factors of i, depending on notational
conventions. We note that the quadratic contribution in Eq. (4.26) can be decomposed into
kinetic and mass terms for the fields. Furthermore we remark that one can prove that the
Wetterich average effective action at k = A equals the bare (or classical) action [6].

In practice, in order to apply the Wetterich equation (4.1) to QCD, one has to choose a reasonable
truncation for I', i.e., to pick out the relevant terms out of the infinitely many ones. For a
practical truncation certain assumptions are indispensable. To which extent these preconditions
are justified has to be tested by comparison to lattice results or experiments. Depending on
the scope of application the required assumptions differ. In this work we are interested in the
order of the chiral phase transition, and we make the assumption that mesons are the degrees
of freedom which have the strongest influence on the order of the chiral phase transition. The
simplest Feynman diagrams with one meson in the initial and one in the final state, respectively,
are the so-called box diagrams [107]. A few examples are depicted in Fig. 4.1. Note that the first

diagram on the left is not one-particle irreducible and consequently does not contribute to the
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Figure 4.1: Examples for four-fermion box diagrams of QCD. Solid lines denote the quark prop-

agator, curly lines the gluon propagator.

effective action. The interactions between mesons are obviously mediated by gluons. Although
not possible analytically, one could absorb the influence of gluons into effective n-point fermion
couplings by integrating out the gluonic fields in the partition function. Instead, in order to keep
at least some explicit gluonic influence, we keep the classical QCD interactions in our truncation,
but we substitute the box-diagrams by all possible four-quark interactions (neglecting higher-
order interactions as well as ghost contributions). Actually the four-quark interactions should
automatically arise in an expansion of the right hand side of the FRG flow equation when the
classical QCD interactions are present. According to Ref. [108] these interactions can be classified
with respect to their color and flavor quantum numbers, and a complete linearly independent set
(up to Fierz transformations) of U(Nf)a x U(Ny)v symmetric four-quark interactions is given
by

(V= A) = (U7, 0) + (Iy,759)%
(V+4) = (07,0)% - (U7,750)?,
(S=P)=(T07)? - (U5 W7)?,

(V = A)* = (U, T0)? + (U, 35T0)?

4.28
4.29
4.30

(
(
(
(4.31

)
)
)
)

where color (a,b,...) and flavor (4,7,...) indices are contracted pairwise. Note, however, that
U4 (1)-breaking anomaly terms, in particular ~ (U¥)Vs are absent since they arise from topo-
logically nontrivial gauge configurations [109]. The authors defined (UiW7)? = WiW/ @I ! etc.,
and denote the generators of SU(N,) in the fundamental representation by (7")4. Then, the

above assumptions lead to the following truncation [108, 109] for the effective action of QCD:

Js (5 a a 1 v ha
I'=8g¢+ / d4xlm(27“8u +gT A" Af —mg) WV — ZF(f Fi,
1 |
+§()\(V —A)+ A (V+A) + Mo (S = P)+ Apva[2(V - A)*Y 4+ F(V - A)])l , (4.32)

where S;¢ denotes gauge-fixing terms, and we have set wave-function renormalization factors to
one for simplicity. An important remark in Ref. [109] concerns the axial anomaly. For Ny = 2
one can rewrite (S — P) as follows:

(S=P)=-[(B0)? - (UFy50)?] - [det U (1 +75) ¥ +det U (1 -~5)¥] , (4.33)

1
2
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where 7 = (01, 02,03) denotes the Pauli matrices. Note that U = ¥, ¥, with summation over i

implied. Furthermore, for Ny = 2 the term involving the determinant is given by

det U(1+v5)W +det U(1—v5)¥ = [(\if\p)%(%%mf]—i[(\if%\y)%(\if-%\y)ﬂ. (4.34)

N | =

Whereas the first term on the right-hand side of Eq. (4.34) is not invariant under U (1) 4 transfor-
mations (A.17), the second term in Eq. (4.34), (U7¥)? - (UF5¥)?, is invariant (see Eq. (A.22)).
Consequently the combination (S — P) is invariant because the term %[(\i/\II)Q - (@%75\11)2] is
canceled by the appropriate contribution in the determinant term (4.34). Therefore, the U(1) 4
anomaly is absent in the truncation (4.32). Accordingly, one can take account of the anomaly

by carrying out the substitution
Ao (8= P) > Gy [(TD)* - (F7750)] + (Grop — 2G1) [det U(1+45) U +det T(1 - v5)T] (4.35)

in expression (4.32), so that the anomaly is absent for Giop = 0 and present for Giop # 0.
In Ref. [110] the authors applied the Wetterich equation to the above truncation (4.32). For
different numbers of massless quark flavors and vanishing chemical potential, an estimate for
the (pseudo)critical temperature of the chiral phase transition is obtained. Their estimates for
Np=2 (T, ~ 186+ 33 MeV) and Ny =3 (T, » 161 £ 31 MeV) are found to be in good agreement
with lattice results. The order of the phase transition is discussed in Ref. [109]. We want to note
that the conclusion about the order of the two-flavor phase transition in Fig. 20 of Ref. [109]
is premature. According to the sketch, the phase transition is of second order for Ny = 2. This
result, however, was obtained taking into account only the sigma meson and the pions, which
corresponds to an infinite anomaly strength (compare with Sec. 3.3.2).

In the following we restrict the discussion to the two-flavor case. We discuss the basic idea how
to derive an effective action involving mesons by the method of (partial) bosonization. The
nontrivial part of this approach is calculating the fermion determinant obtained after having
integrated over the quarks. Since we are not aiming at performing this final step we keep
the lightest scalar (JP¢ = 0*%), pseudoscalar (JC = 07(9)), vector (JC = 17(9)), and axial-
vector (J¥ C - 1+(+)) mesons for demonstrational purposes. In correspondence with the meson
summary table of the Particle Data Group [74] we can identify the mesons with observed particle
resonances. We note, however, that the stated mass values are not fully appropriate for a study
with Ny = 2 because they involve contributions from heavier quarks. A better choice is given
by the nonstrange contributions (Ref. [111] considers for example the nonstrange contribution of
the eta meson). Also the assignment of the mesons to different particle resonances is still under
debate [112, 113, 114]. In particular there are two scenarios how to identify the sigma and the ag
meson with particle resonances. Either they correspond to fo(500) and ag(980), or to fo(1370)
and ag(1450), respectively. The mesonic properties are summarized in Tab. A.1 of App. A.2,
which in addition discusses the transformation properties under chiral symmetry.

Instead of starting from a complete set of linearly independent U(2)4 x U(2)y symmetric four-

quark interactions as in expression (4.32), we use the following SU(2)4 x SU(2)y-symmetric
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ansatz (which involves U(1)4 violation):

1 1% a
ZpH F,w

I' =S, + f d%[\i(m”au +gT A AL —mg )W - 1

+Gl [(\i/\If)2 - (@?75‘1’)2] + G2 [(@?W)Q - (@75\11)2]

+G3 [(T7,0)? + (7,75 0)% ] + Gy [ (757 0)? + (87,70)°] | . (4.36)

The basis from which functional approaches, such as the FRG method, are derived is the path
integral formalism. Since the average effective action at & = A equals the classical action, we
can write down the (Minkowskian) generating functional (which in the Euclidean and at finite

temperature turns into the partition function):
7 - f DIDUDACT | (4.37)

Since the generating functional can be multiplied by an overall constant, bosonic degrees of

freedom can be trivially introduced as follows:

Z=N f DUDYDADo D7 DryDiay DwH Dl D f1 D x

w eiD'=i [ d*a[m] (o +7%)+m3 (n® +ag)+m3 (wuw! + 1.0 1) +m 3 (Pupt +d1 wdl)] (4.38)

Performing Hubbard-Stratonovich transformations (compare with Ref. [115]),

VGl\if\If, T
mi mi

o — 0+

U7y (4.39)

non+i20ys T, do — do + 2 (4.40)
ma ma
VGs - VGs -
wh >t + X2 v s Y g e (4.41)
ms ms
Gi - VG -
it -t + YUy 7Y, > Yy, 7T (4.42)
my my

mesonic degrees of freedom are generated:
Z=N f DUDUDADo D7Dy DD Dl D f Dt ol Sor 71 o1 Fi Fil
w o= 1 da[mi (o +72)4m (17 a0 +m3 (wuw +f1. 1) +mE (Bt i1, uaf)] i [ d'2 T BE , (4.43)
where we denoted

B = (in" 0y + gT " Aj, =mg = g10 = g1i7s7 - T = g2 i7y57m — g2 - do
—g37uw" = 937 Y5 f1 = 9avuT - P = gayuYsT - dY) (4.44)

with g; = 2¢/G;/m;. At this stage there are no kinetic terms for the mesons and no interactions

between them. Such terms arise when carrying out the integration over the quark fields,

f DYDY i/ ¢z BV _ i [ d*z[-iTrIn B] 7 (4.45)
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and performing a derivative expansion of the fermion determinant in terms of the mesonic fields

which have been introduced,

1 1 1 1
~iTrlnB = —ilndet B ~ 5(8H0)2 + 5(5)”7?)2 + 5(8,70)2 + 5((‘3“%)2
1

1, 1 1,
+§(5Mw“)2 + 5(6ua’f)2 + E(aufff + 5(6”)”)2 = Unes - (4.46)

Instead of explicitly calculating the mesonic potential, Uy,es, we can make an ansatz restricted
by symmetry properties and experimental observations. Clearly, assuming mg = 0, Upes should
be invariant under G, = (S)U(2)a x U(2)y (in the presence of the axial U(1)4 anomaly).
In Sec. 3.3.2 we discussed in detail how to construct the potential for scalar and pseudoscalar
mesons using the eight-dimensional [2,2]®[2,2] representation of SU(2)x SU(2). These mesons
are presumably most important when investigating the phase transition. Nevertheless, vector
and axial-vector mesons might have substantial influence. In Refs. [112, 116, 117] it has been
discussed how to incorporate them in the mesonic potential taking account of vector meson dom-
inance and the way in which the photon enters the effective theory. In this thesis we are not
seriously concerned with vector and axial-vector mesons but we discuss a toy model based on the
symmetry properties in Sec. 6.8.1.

In the following we want to discuss how the quark-meson model emerges from the above considera-
tions. Completely integrating out the fermions corresponds to neglecting momentum fluctuations
which are high enough to resolve the internal quark structure of the mesons. In other words,
one imposes an UV cutoff at a compositeness scale, roughly estimated by kcomp ~ 600 MeV [90],
below which quarks can be predominantly assumed to be confined into mesons. The mesonic
terms generated in the expansion (4.46) are the dominant degrees of freedom at low energy scales,
k < kcomp, whereas the Yukawa interaction term WUBV becomes relevant around k ~ kcomp- In
a RG treatment it is rather natural to include both contributions in a truncation for the effec-
tive action. The Refs. [118, 119] demonstrate how to cope with the technical difficulties arising
in such a joint treatment. In the standard version of the quark-meson model one only takes
into account the sigma meson and the pions. One associates these four degrees of freedom with
the four-dimensional representation [2,2] of SU(2) x SU(2), which is identical to the defining
representation of O(4). The effective action reads

r- f dia [%(8#0)2 s %(aﬁf S U(irh0, — gl +ins7 7)) Umes] , (4.47)

where Up,es is the most general O(4) symmetric polynomial (in the fundamental representation
of O(4)) constructed from the O(4) invariant o2 + 72, which is given by

2
A
Upos = —%(a2+fr2) + Z(a2+ﬁ'2)2, (4.48)

where terms of naive scaling dimension larger than 4 are omitted. Note that neither the Yukawa
interaction nor the potential (4.48) is invariant under U(1) 4, i.e., the axial anomaly is present.
Gauge-field terms are neglected in the quark-meson model. This is a severe simplification since
quarks should not only interact via the Yukawa coupling, but also via the quark-gluon vertex as
soon as they are included. Below momentum scales k < kcomp it is consistent to neglect both

quarks and gauge fields, but if one aims to set up a consistent theory with a cutoff larger than
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kcomp one should include the gluon fields. A first step in this direction is represented by the
Polyakov-loop extended quark-meson (PQM) model (see for instance Sec. 1.4.5.6 in Ref. [4]).
Work on keeping the terms

NTH a4 a a 1 v a
ng+/d4x|:\11(w“6u+gT W”A#—mq)\II—ZF(f Fg, (4.49)

is currently under progress in the FRG community (compare with Refs. [120, 121]). For a status
report on the FRG approach towards the simultaneous treatment of the deconfinement and the
chiral phase transition in case of physical quark masses we refer to Ref. [122]. For a fixed-point
analysis in d = 4 dimensions we point to Ref. [123]. In its present form, however, the study tells
nothing about the phase transition since it neglects mesonic degrees of freedom.

For a qualitative understanding of the influence of gauge fields on critical behavior we refer to
Ref. [84] (see also [49, 124]). In the framework of a one-loop e-expansion Ref. [84] investigated
dimensionally reduced O(N) and SU(N) gauge theories, respectively, involving scalar fields
transforming according to different tensor representations. No IR-stable fixed points exist in
presence of an asymptotically free gauge-field coupling (indicating a first-order phase transition),
whereas in the opposite case there are theories exhibiting such (and hence a second-order phase
transition is implied). Nevertheless the following “rule of thumb” was stated, which is still a

good guide today: “(one-loop) gauge effects act to drive a first-order transition.”
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Chapter 5

Constructing invariants

5.1 General remarks

As it has been discussed in Sec. 2.1 the construction of polynomial invariants for different repre-
sentations of groups is of great importance for the investigation of phase transitions associated
to a breaking of symmetry. It has been further demonstrated in chapter 2.4 that this task is a
crucial ingredient in RG studies of second-order phase transitions. But the topic is actually of
much more general importance as almost any physical theory is related, at least to some extent,
to symmetry. Symmetry considerations therefore play a central role in the construction of mod-
els, for example in the determination of the Higgs potential in gauge theories [49, 124], in the
model building of high-energy physics [125], molecular physics, atomic physics [126], etc. At this
point it is worth noting that several elementary invariants have been derived which are of use for
the construction of effective models within the standard model [127, 128, 129]. In conclusion, it
is highly desirable to have systematic techniques at hand to derive the invariants.

Most groups relevant in physics are compact Lie groups. Since any compact Lie group is isomor-
phic to a closed subgroup of the orthogonal group [130] the latter subgroups are of particular
importance. The group U(2) x U(2), for instance, is a soubgroup of O(8) [125].

Methods for the construction of invariants comprise approaches restricted to finite groups [7,
21, 131] and techniques which are suited for continuous groups [48, 124, 132, 133, 134]. For the
latter groups the practical determination of integrity bases is an open problem when considering
the general case [48]. At least for any classical or exceptional Lie group L (but probably even
for a much more general class of groups), in case of the adjoint representation a complete set of
linearly independent basic invariants is given by {I,,,}, where m takes values depending on L,
and I, is defined by

with X; denoting the generators of L in an arbitrary representation, and ¢; denoting the compo-
nents of the carrier space for the adjoint representation [132, 133]. The invariants are listed for
the classical and exceptional Lie groups in Tab. I of Ref. [133]. For an explicit example consider

the adjoint representation of SU(2). According to the table cited above the only basic invariant
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is given by I. We can choose the X; as the generators in the fundamental representation (the
Pauli matrices) so that we obtain

I =2(¢7 + 05 +¢3) (5.2)

which is indeed the correct result because the adjoint representation of SU(2) equals the funda-
mental representation of SO(3).

We note that there exist construction methods based on basic invariant tensors (see for example
[135, 136, 137]). In particular, we observe a close relationship between the principal invari-
ants stated in Ref. [136] and the most general invariant polynomials derived for O(N), SU(N),
O(N) x O(M), (S)YU(N) xU(M), and U(N) x SO(M) for various representations (compare
with Refs. [49, 52] and expressions (3.16) and (3.18), respectively). Since this goes beyond the
scope of this thesis we were not able to investigate this further. In Sec. 5.2 we give an example
illustrating the projection operator method. In Sec. 5.3 we describe a new brute-force algorithm

which we have developed using Mathematica. It turned out to be practical for continuous groups.

5.2 Method using projection operators

Refs. [7, 21] nicely explain how to construct the invariants for representations of finite groups in
case the carrier space and the representation matrices are known. The method is explained at
the example of the group Cs,, which characterizes the symmetry of an equilateral triangle. To
give a second example, we consider here the two-dimensional irreducible representation of the
group Cy,, which we denote as I'®) consistent with Ref. [138]. In the latter reference we find the
matrices representing the eight group elements in T'®),

F(5)(E):(3) (1)) , 1’\(5)(04):((1) _01) , 1"(5)(04%):(_01 01) , I‘(5)(Cz):(_01 3)) )

(g L) = (3 5) 14 5) - (1),

which act on the carrier space (x,7)7. Polynomial invariants of order n are in some sense related

to the n-th power of the representation, [F(5)]”, which is associated with an n-dimensional carrier
space. In order to determine a set of linearly independent polynomial invariants of order n it is
helpful to calculate their number, N,,, first. We can infer this number from the traces (also known
as characters) of the matrices representing the group elements in the representations of powers
up to n. These representations can be constructed from the original one, I'®). For instance,
the carrier space of [T(®]? is given by (22, 2y,7y%)”. The matrix representing a group element
in [1"(5)]2 can be calculated from the transformation of x and y under the group element. For
instance, under the action of the element C; the components transform as x - —y and y — =x.
The matrix [[®)]2(C}) representing the group element in the 2-nd power of the representation
is then determined from

.1'2 y2
[TO2(Cy) |y | = | -2y
y2 1,2



as

0 0 1
™12y =lo -1 o
1 0 O

Instead of calculating all of the matrices, one can use iterative formulas for the characters,
IO P (g) = 2 [T () + (T (g))?] | (53)
TP P() = 3 TTO() + S BTOPA TTO () + (O, (5.4)
T IO (g) = 1 T (gh) 4 2 O () Ter (o)
P (O ()2 1+ 2O ()T () + 2 (O ()" (55)
As illustration, for g = C4 one obtains

T [T (Cy) = % (TeT®)(Cy - Co) + (Te TPV (C4))?) = %(—2 +0)=-1.

The number N,, can now be calculated from the formula

Ny =t d(cmﬁ NS

where d(Cly,) = 8 is the number of elements of the group. For example, we obtain for the number

of linearly independent second-order invariants
1
N2:5(3'1—1'1+3'1—1'1+1'1+1'1+1'1+1'1)I1 .

Furthermore, we calculate N7 = 0, N3 = 0, and Ny = 2. Invariants can be constructed from
properly defined projection operators (in addition to Refs. [7, 21] see also Ref. [139]). In our
example it is sufficient to use the simplest one,
d(Cav)
Pre) = Z F(s)(gi). (5.7)

i=1
Obviously, P is a matrix. One defines its action on monomials z*y' from the transformation of
x and y, respectively, under T®)(g;) acting on (z,y)”. For instance, ™) (Cy)(z,y)” = (~y,z)7,
and hence T'®)(Cy)z*y! = (~y)*z!. Accordingly we obtain for instance
Proyaz® =4 (z2 + y2) , Preyzt=4 (z4 + y4) , Proyyt=4 (z4 + y4) (5.8)
’Pp(s)x2y2 = 8z%y? | PF(5>$3y =0. (5.9)
Since we know the number of linearly independent invariants for each polynomial order, we

conclude that the most general Cy,-symmetric polynomial associated with the representation
I'®) is given by

r(:r2 + y2) +g1(:r4 + y4) + gorly? = r(:p2 + y2) + %(mQ + y2)2 + (gl - %) (504 + y4) . (5.10)
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This confirms the Landau potential stated in Eq. (2.40).

The above consideration was restricted to finite groups. We suspect, however, that the method
can be generalized to continuous groups, at least in principle. Unfortunately, we were only able to
confirm this for the fundamental representation of O(N) with N =2,3. Our conjecture is based
on the observation that for several formulas involving the sum over group elements, ¥’ /., the sum
turns into an integral over the Haar measure, [ duc(g), when the relations are generalized to
continuous groups G (see for instance Ref. [134]). On this basis we conjecture that the projectors
known for finite groups can be generalized accordingly. For instance the projector (5.7) should

give rise to its analogue

Pra) =fdﬂr(c)(9)r(g) ; (5.11)

where I'(G) denotes a certain matrix representation of the continuous group G, and I'(g) denotes
a group element in this representation. For the fundamental representation of O(2) the matrix
elements are two-dimensional rotation matrices acting on a real two-dimensional carrier space.
We use the notation defined in Eq. (A.1). We obtain for instance

27
PO(2)1'2 = f (zcosa—ysina)’da = w(2? +y?) . (5.12)
0
Similarly, we obtain (4, > 0)

0 for ¢+ j odd ,
Poya'y’ = {w(a?+y?)  fori+j=2, (5.13)
3

Sr(a?+y?)? fori+j=4.

For the fundamental representation of SO(3) the group elements can be parameterized by rota-

tions of fixed radius in three-dimensional space (z,v, 2),

Rz(¢2)Rz(9)Rz(¢l) ) (514)

with angles 6 € [0,7), ¢1,¢2 € [0,27]. The rotation matrices can be easily found in the literature.

Then the Haar measure is given by [140]
1 .
dﬂSO(S) = @ S1n 9d9d¢1d¢2 . (515)

The integrals [, 0% 0% dusosyR=(¢2) Ry (0)R.(¢1)a'a?x* are easily calculated using Mathe-

matica. We find again corresponding powers of the basic invariant (z2 + 32 + 22).

5.3 New brute-force algorithm

In the following we describe how to construct the SU(2) 4xSU(2)y invariants for the [2,2]®[2,2]
representation using a brute-force algorithm implemented in Mathematica. The corresponding
notebook is provided in Sec. B.2. We note that our method is not restricted to this special case,
and we have checked that it can be successfully applied to other groups as well. However, one has

to know the explicit form of the symmetry transformation for the representation of interest. As
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a further example, in Sec. B.1 we provide a self-explanatory notebook confirming the invariants
which have been derived in Sec. 5.2 for the two-dimensional irreducible representation I'®) of
the group Cy,. The latter example demonstrates that a construction via brute force is not
only extremely comprehensive in comparison to the mathematically involved projection operator
method, but that it can be even more effective from a computational point of view. We note,
however, that in case of large-dimensional order parameters there can easily occur problems with
memory of Mathematica due to the rapidly increasing number of monomials. In such cases one
either needs a powerful computer or a more sophisticated method to solve the (simple) system
of linear equations. The following paragraphs have been taken from our publication [1].

The [2,2] ® [2,2] representation is 8-dimensional. Accordingly, the corresponding invariants of
order N are polynomials in eight components which are in our notation the fields o, 7, n, and d,
i.e., they are of the form

p= S ems (5.16)

miem

where m denotes the set of all possible monomials of order IV,
m={o"r?mytnyin " a a5 ay®} , ny e N, an =N, (5.17)
3

and the coefficients ¢; are expected to be rational multiples of each other.
Infinitesimal SU(2) 4 transformations for the above representation are inferred from Eqs. (A.23)-
(A.26) (compare with Ref. [141]),

o'=o+a-f, m=mi-ao, n=n-a-a, a,=a;+an, (5.18)
where @& = (a1, a2,a3) consists of three infinitesimal angles. Infinitesimal SU(2)y transforma-

tions for the above representation are given by

o'=0, ®=Ff+Bx7, n'=n, @ =da+fxa, (5.19)

where 3 = (B1, B2, B3) consists of three infinitesimal angles.

Under the transformation (5.18), the polynomial p transforms as

p—=p' = ) c(Eda)m, (5.20)

miem
where the new coefficients, ¢}, depend on the coefficients ¢ and the angles &, and where we only
keep terms linear in ;. Since invariants are defined by p = p’, we obtain a system of equations,

¢ =ci(é,a) , (5.21)

determining all invariants of order N.

For N =2, the sum in Eq. (5.16) runs from i = 1 to ¢ = 36, since there are 36 different monomials
of order N = 2. Using for example Mathematica’s option SolveAlways [142], solutions for the
coefficients ¢; can be found, such that Egs. (5.21) are fulfilled for arbitrary values of the angles

;. Inserting the solution into the general ansatz (5.16), we obtain

p=ci(o? +7%) + co(n® + @) + cs(on -7 -d) . (5.22)
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Since the coefficients ¢; are independent from each other, there exist exactly three linearly inde-

pendent invariants of order N = 2:

©1=02+72, pa=n+d®, p3=on—7-a. (5.23)

For N =4, the sum in Eq. (5.16) runs from ¢ = 1 to ¢ = 330, since there are 330 different monomials
of order N =4. Again, using Mathematica, we find solutions for the coefficients ¢;, such that Egs.
(5.21) are fulfilled for arbitrary values of the angles «;. Inserting the solution into the general

ansatz (5.16), we obtain

p=c1(n? +cﬁz2)2 +c(0? +ﬁ'2)2 tey(—on+7-a)’ +eq (~on+7-a) (o + 72)

+cs (772 + 62) (—on+7-a)+cg [(772 + 62) (02 + ﬁ'2) —(on—1- &)2] . (5.24)

Since the coefficients ¢; are independent from each other, there exist exactly four linearly inde-

pendent invariants of order N = 4:
01, 03, Prp2, T=¢5 . (5.25)
Note that the quadratic invariant s is not invariant under parity transformations
c—>o, T>T, n—>-n, d—>-ad, (5.26)

and therefore cannot appear in a theory without parity violation.

Note further that the invariants (5.23) and (5.25) are also invariant under SU(2)y transfor-
mations (5.19). Proceeding along the same lines described above one can derive several ad-
ditional invariants for this symmetry. Since these are not SU(2)4 symmetric, and hence no
SU(2)a x SU(2)y invariants, we do not list them here.
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Chapter 6

Fixed-point analysis of

dimensionally reduced theories

In this chapter we study the fixed points for different dimensionally reduced scalar models cal-
culated from the FRG equation in local-potential approximation (4.24). The method we use is
described in Sec. 4.3.2. The stability properties of the fixed points are investigated in the frame-
work discussed in Sec. 2.3. We note that the stability properties of fixed points depend on the
spatial dimension, which is set to D = 3 for all our studies (although we keep D general in the
expressions for the flow equations up to quartic order; it is fixed to D = 3 in the flow equations
for higher-order couplings). We merely state the potentials but always assume a kinetic term of
the form (2.23).

6.1 O(N) model

In field theory, the O(NN) model for the N-dimensional vector representation of the orthogonal
group O(N) is defined by the potential

U=ré-¢+=(69) . (6.1)

A
24
where ¢ = (¢1,...,¢n)T denotes a real N-component vector. The O(N < 3) models are also
known under the following names: Ising model (N = 1), XY-model (N = 2), Heisenberg model
(N =3). Including higher-order terms, ~ (gzg . g?))n with n > 2, the potential (6.1) is actually the
most general O(N)-symmetric polynomial for the fundamental representation of O(N).

For N =1 we obtain

- M
kOyrtr = 27, - Kp ———= 6.2
kT = =20 = Kp o ens (6.2)
- 2
5 5 6
koA =(D -4+ Kp—"—r . 6.3
Ak = ( Ak + D(1+2Fk)3 (6.3)

In Fig. 6.1 we show the solution of the above flow equations for D = 3 (K3 = 1/67) in the
neighborhood of the Wilson-Fisher fixed point.
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We note that for 7 = 0 the results from the lowest-order e-expansion are reproduced. For a
derivation of the flow equations in the e-expansion we refer to chapter 4.2.2 of Ref. [6] and

simply cite the result:

_ _ 1
kOL7. = =27, — = : 6.4
S VR T, (64)
i 3w
ko =(D-4uap +——-—7-—. 6.5
oty = ( )t 2 (1+ 2772 (6.5)

Redefining % = 4K p\, we observe that Eq. (6.3) indeed equals Eq. (6.5) for 7 = 0.

14,
12

10}

S N A~ o

Figure 6.1: Solution of the flow equations in the neighborhood of the IR-stable Ising fixed point
(grey point). Arrows point in IR direction. The eigenvectors plotted indicate the relevant and

the irrelevant scaling direction, respectively.

For arbitrary N, the flow equations and the fixed points with their associated stability-matrix
eigenvalues can be easily calculated using the Mathematica notebook provided in App. D. In

Tab. 6.1 we list results for several values of V.

6.2 Models with two-component order parameter and a

stable fixed point

In this section we present our FRG results for the potential (2.41).

Let us first consider the case g3 = 0, which corresponds to the most general Cy,-potential. We
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Table 6.1: Stability-matrix eigenvalues, y;, for the Wilson-Fisher fixed point of the O(NN') model,
d =3, FRG (in local-potential approximation), up to quartic coupling. The bar denotes rescaled
quantities.

‘ 1L Al v=-1/y Y2
-0.03846  7.76271 0.54272=-1/-1.84256 1.1759
-0.04545 6.67366 0.55149=-1/-1.81327 1.21327
-0.05102 5.84682 0.55871=-1/-1.78985 1.24439
-0.05556  5.1988 0.564751=-1/-1.77069 1.27069
-0.06757 3.59143 0.581495=-1/-1.71971 1.34471

OO»PCO[\DHZ

obtain the flow equations

631« + 3
ki = —27 — 2K otk T 92k (6.6)
(1 + 27:k)
3675 1, + G5 1
kOkgik = (D -4)g1k + 4KDL92; (6.7)
(1+27%)
301 k+G2,k) G
kOkga,e = (D = 4)ga, + 32KD( Lk gQ’k)g‘%’k : (6.8)
(1+27%)

Apart from the IR-unstable Gaussian fixed point, (7=0,g; = 0,g2 =0), we find two IR-unstable

anisotropic fixed points,

(7 = —0.03846, gy = 0.16172, go = 0.97034) |,
(7= -0.03846, g1 = 0.32345,52 = 0) ,

for both of which the stability-matrix eigenvalues read
{-1.84256,1.1759,-0.33334} ,
and an IR-stable O(2) fixed point,
(7 = -0.0454545, g1 = 0.278069, g2 = 0.556138) ,
for which the stability-matrix eigenvalues are given by
{~1.81327,1.21327,0.2} .

We also determined the flow equations for the most general Cy-invariant potential up to sixth
order in the fields. The analysis, however, remains inconclusive due to the occurrence of marginal

eigenvalues.

6.3 Cubic anisotropy model

The cubic anisotropy model (up to quartic order) is given by

B TR S R D A
U—TZ@JFQ(Z@) +ﬂz¢i' (6.9)
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The name is related to the group O constituted by all rotations (of the N = 3 components) which
leave invariant the cube. For N = 2 cubic symmetry corresponds to the group Cy,, and for N =4
to the group (l%; 1%)*. The model has been reviewed in section 11.3 of Ref. [14]. We restrict
the discussion to D = 3. Apart from the trivial Gaussian one, there exist three different fixed
points: the O(N)-symmetric fixed point, the fixed point with cubic symmetry, and a fixed point
with Ising critical exponents (the quartic O(N)-symmetric coupling vanishes for this point). It
has been pointed out that the O(N) fixed point is IR stable for N < N., whereas it becomes
unstable for N > N, where the fixed point with cubic symmetry is IR stable instead. The value
of N., however, is still under debate. Studies in low order of the e-expansion, as well as several
complementary investigations, find 3 < V. < 4, whereas more recent 5-loop e-expansion results
indicate 2 < N, < 3. Therefore, in the following we consider the interesting case N = 3 from
FRG in the local-potential approximation. We find the O(3) fixed point to be IR stable, whereas
the other fixed points (Gaussian, Ising-like, Cubic) are IR unstable. Again, the local-potential
approximation is completely consistent with the one-loop e-expansion.

We obtain the following flow equations for the rescaled couplings:

1 55\1,k + -?)S\QJc

kORTy = —27, - =K 6.10
kT = =27 = s Kp = oo (6.10)
- - 2 Ar(11A 1 +6Xa)
kO = (D= D) Ap g+ = Kp = ’ : 6.11
A1k = ( ) Lkt 2 Kb T+ 2m)? : (6.11)
_ - Ao k(4011 + 3)
kOedag = (D = D)o i + 2K p 2 (AAu + 3Aa) (6.12)

(1 + 27%)3

Apart from the IR-unstable Gaussian fixed point, (7 = 0,A; = 0, Xy = 0), we find three fixed
points.

The stability-matrix eigenvalues for the O(3) fixed point, (7 = —0.05102, \; = 5.84682, A5 = 0),
are given by {-1.78985,1.24439,0.09091} and indicate that it is IR stable.

The cubic fixed point (7 = —0.05,\; = 7.19494, A, = —2.39831) is associated with the stability-
matrix eigenvalues {-1.79415,1.23859,-0.11111} indicating its IR instability.

Finally there is a Ising-like fixed point (7 = —=0.03846,\; = 0, o = 7.76271) with stability-matrix
eigenvalues {-1.84256,1.1759,-0.33333}. The first two eigenvalues are characteristic of the Ising
universality class (compare with Tab. 6.1) whereas the additional one indicates the IR instability
of the fixed point.

One might suspect that the Ising-like fixed point is associated to eigenvalues distinguishable from
the Ising universality class at higher truncation order. We checked this by including all linearly

independent invariants of sixth order in the fields,
N NN N
Aa(D )+ (D) (68 + ds 268 (6.13)
i i J i
We still find a Ising-like fixed point,
(F=-0.07143,\; = 0, Ay = 12.43052, A3 = 0, A\g = 0, A5 = 0.75113) ,
associated with eigenvalues

{12.2196,5.21314,2,-1.68572,1.13275,-0.213137} .

64



The eigenvalues {12.2196,-1.68572,1.13275} are indeed those found for the Ising model up to
sixth order in the field.

The case N =4, i.e. the most general ( 0.0

D2’ Da
N =2, i.e., the most general Cy,-potential, we refer to Sec. 6.2.

) -potential, is discussed in Sec. 6.4. For the case

6.4 Models with four-component order parameter and a

stable fixed point

Table 6.2: Centralizers E. (labeling a most general E.-symmetric Landau potential) and the
largest symmetry group leaving invariant the associated IR-stable fixed-point potential, £,
called little group of E.. O(4) is called isotropic, (C%’ g—;) is called di-icosahedral, (Doo x Doo)*

is called dicylindrical, and Q.0 ’ is called cubic.
Dy’ Dsy
L Ee | B: |
o) o) _
(D D) | (Dox Doy
(g_;;g_;)* (Do x Do)
(C—i;D—g) (Doo x Doo)*

In this section we discuss our FRG results for the most general potentials invariant under the
anisotropic centralizers stated in Tab. 6.2. For the isotropic O(4)-symmetric potential we refer
to Sec. 6.1.

b-<

6.4.1 (Z;

3

The most general (CLQ, é—;) -symmetric potential up to quartic order is given by

Q<
Q

2
)

\/3¢1¢2¢3¢4 +12¢3(¢7 + &5 + ¢3) | (6.14)

U:ri(ﬁml(iaﬁ)
=1

=1

+MFW%¢%¢@+%+

We obtain the rescaled flow equations

B B 25\1,]@ + 75\2,1@
kaka = —2Tk - 12KDW (615)
- - ANT L+ 14N kho g + 2702,
kO g = (D —-4)A 48K . — ’ 6.16
kALK = (D = 4)A1k +48Kp 1+ 27) ) (6.16)
_ - Ao k(A + 3
ko = (D = 4)Ag i + 192K 2k(Avk + 33z.4) (6.17)

(1 + 27%)3
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Again, we observe that the one-loop e-expansion result (compare with Tab. IIT of Ref. [31])
is reproduced when setting 7, = 0 and properly redefining the couplings. At this trunca-
tion order the O(4) fixed point, (7 = —0.05556,\; = 0.21662, \» = 0), is marginal as one in-
fers from the stability-matrix eigenvalues {-1.77069,1.27069,0}, whereas the cubic fixed point,
(r = —0.05319,5\1 = 0.28298,5\2 = -0.02096) is IR unstable as inferred from the eigenvalues
{-1.78068,1.25687,-0.047619}. The marginality of the isotropic fixed point indicates, however,
that also the stability analysis of the anisotropic fixed point is inconclusive at quartic truncation
order. We note that also in the one-loop e-expansion a marginal eigenvalue occurs (compare with
Tab. IV of Ref. [31]). In the framework of the e-expansion one can get rid of the marginality at
two-loop order (see Tab. V of Ref. [31]). In the local-potential approximation of FRG, taking

into account the sixth-order invariants

4 3 4
Ag(zqﬁ) w(mf)[s<¢%+¢3+¢g>+¢3+j—%mm+1z¢z<¢%+¢3+¢§>] (6.18)
i=1 i=1

one can get also rid of the marginal eigenvalue (which should be the case for the one-loop e-
expansion as well). We note, however, that these are not all linearly independent sixth order

invariants, and the remaining one(s) should be taken into account in a fully conclusive analysis.

For simplicity we neglect them in our investigation and indeed find an IR-stable (C%, g—;) -

symmetric fixed point,
(7 =-0.12011, \; = 0.23417, Xy = 0.03085, A3 = 0.18003, A4 = 0.0621996) ,
for which the stability-matrix eigenvalues read

{14.5934,6.17205,1.5506,0.208268, —1.48923} .

6.4.2 (D%;D%)*

We proceed with the most general ([%; [%) -potential up to sixth polynomial order,

—TZ¢+ (Zsb) Z¢ g(iqs) A4(i¢?)(§¢§)+ks(i¢?). (6.19)

We find the following flow equations:

kT = =27 — %% , (6.20)

KO = (D = ) g + 4K p 22 Crsr e LTRCR D (s her) (6.21)

kOhak = (D —4) g i + 2K *“(“1’“”“)(132;2”)(“4””“5”“) , (6.22)

kzak)\3 = ﬁ —10X7 , —3X2 kAT k+288(2rk+12$€j—2i:;/\4 k)AL, e +432(27,+1) A2 1 Xs i ’ (6.23)

k@k)u; . Ks -8X2 kAT, —3(A3 4 —16(2@+1)(14Z\4,?:f2,’\:];,;2)?\1,k+48(2fk+1),’\2,k(12?\3,k+7ﬁ4,k) , (6.24)
kak)\S = Ks o (128245 (27, +1) =X, k(2/\1&:;::)1)+80(2rk+1)(2/\1 k+3X2, 1 ) X5,k _ (6.25)

At quartic truncation order (A3 = Ay = A5) we reproduce the e-expansion result at one-loop order
(compare with Eqs. (4) and (5) of Ref. [143]) when setting 7; = 0 and properly redefining the
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couplings. Whereas the cubic fixed point is IR unstable, the O(4) fixed point is marginal, indi-
cating that one has to go beyond quartic truncation order. To solve the fixed point equations at
higher truncation order we applied an algorithm with randomized starting values in a reasonably
large domain of parameter space, each of the starting values lying in the interval [-10% 10%].
Using 10° different starting values, we checked that these should be the only solutions for given
starting values in the above domain of parameter space. Apart from the Gaussian fixed point,
we find six different fixed points. There are three IR-unstable (l%; l%)*—symmetric fixed points,
first

(7 = —0.02268, \; = —11.217, Ay = 27.3307, A3 = —0.05318, Ay = 1.51546, A5 = —0.30854) ,
for which the stability-matrix eigenvalues read
{11.4536,-2.85698,-1.91474,-0.0671996 + 1.553171,-0.0671996 — 1.553171,1.14137} ,
second
(7 = —0.04685, \; = —4.22854, Ao = 17.5725, A3 = 0.23709, Ay = —0.82491, A5 = 1.40115) ,
for which the stability-matrix eigenvalues read
{11.0574,2.61531,-1.76448,1.04669, —0.295782 + 0.790764 i, -0.295782 — 0.790764 i} ,
and third
(7 =-0.10102, Ay = 13.3721, Ay = —11.5082, A3 = 1.07211, Ay = —2.49304, A5 = 1.8374) ,
for which the stability-matrix eigenvalues read
{13.761,6.38171,-0.104173 + 2.549671,,-0.104173 — 2.549671,—1.52874,1.36167} .
Then there is the same Ising-like fixed point as for the cubic anisotropy model with N = 3,
(F=—-0.07143,\; = 0, Ay = 12.43052, A3 = 0, A\g = 0, A5 = 0.75113) ,
associated with the eigenvalues
{12.2196,5.21314,2, -1.68572, 1.13275, —0.213137} .
Also the O(4) fixed point
(7 =-0.10976, \; = 7.91848, X5 = 0, A3 = 0.309944, A4 = 0, A5 = 0)
is unstable as one infers from its stability-matrix eigenvalues

{12.9187,9.24667,5.625,-1.50401, 1.33533, -0.121665} .

Finally, there is a fourth (DQZ; DQZ)*-symmetric fixed point,
(7 = —0.10605, \; = 5.87836, Ay = 3.83762, A3 = 0.1598, A4 = 0.22639, A5 = 0.09684) ,

which is IR stable as one infers from the eigenvalues

{13.1153,9.56795,5.17813,1.31346,0.0875986, -1.52192} .
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643 (Dox Do), (B5) and (6 52)

)-invariant Landau potential up to sixth polynomial order reads [40]

The most general (g—i D "

» Dy

2

qb?) +92[ (81 +92)” + (05 + 01)°] + 93 [0102(0] — 03) — P304(85 - 63) ]

4

K2

U= TZ4:¢Z2 + g1 (
4 4 3 4 4 4
94 2. bi + 95 (Z ¢?) +96 3,07 + 97 [0102(01 — 03) — B304 (S5~ 01)] + 95 (Z ¢$) (Z ¢;*)
7 7 7 7 J
4 4
(302 [0+ 202+ (63 +620°) oo (62 ) (0102062 - ) - on(@3 - D] . (620

The special case g; = 0, where i > 3, corresponds to the most general (Do, x Do )*-symmetric
Landau potential at quartic order. For g3 =0, g; = 0, where ¢ > 5, one obtains the most general
(g—;‘; g—;‘)*—symmetric Landau potential at quartic order. At sixth order in the fields, however,
the most general Landau potentials for the latter symmetries are not special cases of U.

We derived the flow equations for the full potential U. Since they are rather lengthy we do not
state them here explicitly. We have solved them numerically by the method of randomized initial
values. Unfortunately there exist fixed points exhibiting marginal eigenvalues. We suspect that
this might have to do with the existence of lines of fixed points (compare with the discussion in

Ref. [31]). Interestingly, we find two IR-stable fixed points of different symmetry, namely

A= (7j =-0.09655, g1 = 0.73696, go = —0.64010, g5 = 0.62921, gg = _0-2634&@3,4,6,7,8,10 = 0) ,
(6.27)

which is associated to the stability-matrix eigenvalues

{13.7836,8.1382,8.1382,0.246709 + 2.801591,0.246709 — 2.801591,0.156746 + 1.571421,
0.156746 — 1.571421,0.156746 + 1.571421,0.156746 — 1.571421,1.33844, —-1.548} , (6.28)

and

As = (7j =-0.08513, 91 = —0.01660, g = 0.45873, g5 = —0.28840, gg = 0.83807, 93,4,6,7,8,10 = 0) ,
(6.29)

which is associated to the eigenvalues

{12.4717,9.7189,9.7189, 5.43242, 3.21794, 3.21794,1.19774,0.1574,0.1574,0.000472, ~1.62133} .
(6.30)

We checked that the eigenvalue 0.000472 is really positive and not a marginal eigenvalue in insuf-
ficient numerical accuracy. If the stability analysis at this truncation order were not inconclusive
due to the occurrence of marginal eigenvalues for other fixed points, the simultaneous existence
of two different IR-stable fixed points would constitute a violation of the universality hypothesis.
We therefore expect that either A; or Ay becomes unstable at higher truncation order. Further

investigations are necessary to clarify the situation.
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6.5 U(2)4xU(2)y linear sigma model

We were pushed to a reinvestigation of the U(2)4 x U(2)y linear sigma model from the FRG
method during the final stage of our work where we became aware of the very recent publication
[33] which confirms the existence of an IR-stable U(2)4 x U(2)y-symmetric fixed point from
a field-theoretic RG approach. In this section we study the most general Landau potential up
to sixth polynomial order invariant under U(2)4 x U(2)y in the [2,2] & [2,2]-representation.
Since the authors of Ref. [33] use a resummation procedure, we speculate that it might be
necessary to go beyond the perturbatively renormalizable truncation order (four for D = 3) in
order to reproduce their result from FRG. Whereas no IR-stable fixed points were found at
quartic polynomial order [87], we find two IR-stable fixed points at sixth order, S; and So. This
is a rather unexpected result because no marginal stability-matrix eigenvalues occur for the fixed
points at quartic order. In the absence of marginal eigenvalues it is usually assumed that the
utilized truncation order is sufficient, which does not seem to be justified in the given case at first
glance. The occurrence of two IR-stable fixed points is critical with respect to the universality
hypothesis. Although both of them seem to be U(2) 4 x U(2)y-symmetric, they are associated
with different values for v. The results at this truncation order, however, are inconclusive because
the Gaussian fixed point aquires marginal stability-matrix eigenvalues. We also investigated
higher-order truncations (up to canonical scaling dimension ten) and found a single IR-unstable
U(2)a x U(2)y-symmetric at each of these truncation orders, while the Gaussian fixed-point
remains marginal rendering our studies inconclusive. We believe that this is different beyond
the local-potential approximation which assumes 1 = 0. In fact, the IR-stable U(2)4 x U(2)y-
symmetric fixed point found in Ref. [33] is associated with an anomalous dimension of 7 ~ 0.12
indicating that it might be necessary to go beyond the local-potential approximation to confirm
its existence. Investigations in this direction are in progress.

Using a similar algorithm to the one provided in App. B.2, we verify that the potential
%mberq)*q) + A (Trd )2 + M Tr(0T®)2 + A3 (Trd @) + Ay (Trdf @) Tr(0f0)? | (6.31)
where ® is defined in Eq. (3.15), and which can be rewritten as
U=r(o®+7+n*+dg) + (0—2+7r2+772+a§)2
+9s [(02 + ﬁ'2) (772 + ég) —(on-7- dO)Q] +93 (02 + 72+ ZL%)B
g1 (o + 7+ P +ag) [(o + ) (0 + a3) - (on — 7 - d0)°] | (6.32)

is the most general Landau potential at the given order. We obtain the following flow equations

for the rescaled couplings:

Ok _ _om _ 2091,6+392.k
kak = 27’k 2KD (1+2fk)2 5 (633)
g1k _ _ 12875 1, +2472, k91,6 +675 1 —3(1+27%) (1273, 5 +Fa,x)
k ok (D _4)91,k +2Kp (Te2rn)® , (6.34)
9g2.k _ _ G5 5 +1201 £ G2,k ~20a,k (1+27%)
k 5% = (D - 4)92,;C +16Kp (1s27)° , (6.35)
285k _ gfe -272g7 ,, =3692, 155 x—1833 .01,k =375 1 +3(27k+1)(G2,k (33, k+Fa.k ) +201 1 (2203 K +Ta k) 6.36
R (1427 5)7 . (6.36)
k6g4’k - 8K (2?k+1)(72!72,1c£73,1c+92§1,k§4,k+19§2,k§4,k)*3!72,1c(192§ik+44§2,k§1,k+§§,k) (6 37)
ok~ O3 (1+27)7 : :
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Apart from two complex-valued fixed points (which are not relevant for our purposes) and the
Gaussian fixed point (exhibiting two marginal stability-matrix eigenvalues), we find the following
fixed points.

First, there is the O(8) fixed point,

(7 =-0.135468, g1 = 0.213201,72 =0, g3 = 0.128472,34,=0) ,
which is IR unstable as one infers from the stability-matrix eigenvalues
{12.9247,8.12499,1.50915,-1.3798,-0.503366 } .
The interesting fixed points are the IR stable ones,
Sy = (7 =-0.131592, g1 = 0.0827324, 7> = 0.858639, g3 = 0.209119, g4 = 0.216127) , (6.38)
which is associated with stability-matrix eigenvalues
{15.6603,0.624502 + 3.534231,0.624502 — 3.534231,1.63064, -1.37434} , (6.39)
and
Sy = (7 =-0.102993, g1 = 0.333416, g = —0.941056, g3 = 0.306972, g4 = —0.715374) , (6.40)
which is associated with stability-matrix eigenvalues
{13.2219,1.18817 + 2.148051,1.18817 — 2.148051, -1.51084,1.37317} . (6.41)

We observe that the stability-matrix eigenvalues (6.39) and (6.41), respectively, are different but

very similar.

6.6 SU(2)4xU(2)y linear sigma model

In this section (compare with our publication [1]) we investigate the FRG flow of the Lagrangian
(3.22) in different parameterizations proceeding in analogy to Ref. [87]. We reproduce the result
of Ref. [87] in the limit ¢,y, z - 0. The fields ®; entering Eq. (4.20) are given by o,7,n, and da.
With the invariants

pzo?+7it+nt+a’, E=(P+7)(P+d?) - (on-7-d)*, azo’-n*+7°-a?, (6.42)

and the abbreviation

2 2

2
ﬁzaQ—%+2£: (n*+a*-o0® -7 =207 +2n0) (n* +d* - 0> - 7° +2a-7 - 2n0) ,

1
2
the bare potential (3.23) reads

1, 1. 4
U((p,&,oz):iu <,0+E)\1g0 + Xl +ca+yap+zf. (6.43)

Using relation (3.20) and a different notation,

@1:02+7?2, @2:772+?12, 'y:(m]—frﬁ)Q, (6.44)



we obtain

U(p1,92,7) = migr + mapa +l1ps + laps + liaprpa + 137y (6.45)

where we introduced new couplings,

1 1
m%:§u2+c, m§:§u2—c, (6.46)

)\1 z )\1 z )\1
Li=y+—+2 . lo=—y+—+=Z ., ljo=— 4+ N\o — l3=—(Aa+22). 6.47
1=Y MR 2 Y g 12 12 2-Z%Z, (3 (A2 +22) ( )

Note that the number of linearly independent invariants is the same in expressions (6.43) and
(6.45), respectively. When calculating the mass eigenvalues M;, we have to simplify the compu-
tation by setting the values of several fields to zero after having performed the second derivatives
in Eq. (4.20). Keeping all fields nonzero, we obtain complicated expressions for the eigenvalues
because an 8 x 8 matrix has to be diagonalized. One can circumvent the diagonalization using
the relation

1 -1 2
Z m =TrM y Mij = Mij +k 51’]’ . (648)
However, it still would take a symbolic computation program a long time to expand the r.h.s. of
the FRG equation (4.24) in powers of the fields. Fortunately, the e-expansion results from Ref.
[85] can be reproduced by keeping nonzero values only for o and one of the components of a, say
ay [87]. Note that this is not possible if we choose another field than a component of a, since

then £ = 0 and we do not obtain a flow equation for As.

6.6.1 Parameterization in terms of invariants

In this section we use the parameterization (6.45) for the potential. Tt is nontrivial to rewrite
all fields ¢; in terms of the above invariants. Since we have three invariants, the rewriting can
be performed unambiguously only if we keep at least three fields nonzero. Keeping 7, o, and ay

nonzero, we obtain the unambiguous mapping

o=+p1, alz,/w, n:‘/l. (6.49)
#1 ©1

We also repeated our analysis using m; instead of 1 and found identical results.

We express the mass eigenvalues M; in terms of ¢1, @2, and v and expand the r.h.s. of Eq. (4.24)
in powers of these invariants. Then, inserting Eq. (6.45) on the Lh.s., we read off flow equations
for the couplings by comparing coefficients. In order to calculate critical exponents we rescale
quantities to obtain flow equations for dimensionless parameters. With

miy = k2mg Lk = kM (6.50)
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we obtain

87712 1 12[1 i3 + 4[12
k 1 _ —7 2 _ - - = 6.51
ok M e ( 2 e ’ (6.:51)
877‘12 1 l_g + 41_12 121_2
k—2=—omi- —=2—"=+ == 6.52
ok BEEe ( & e )’ (6.52)
kal_l? B _l_ N 2 [4(1_153 + l_ggi’) (l_g + 61_12) + (l_g + 41_%2) (gl + g2) €1€2] (6 53)
ok~ 7 3m2e3Es ’ '
6[1 - 2 481? lg + 2[3[12 + 4[?2
kb—=-lh+—|—+=2— == 6.54
ok ' 3n2 ( a " & ’ (6.54)
81_2 - 2 481_% l_g + 21_31_12 + 41?2
k= = ][22, 8 7 ers T2 6.55
B 2% 32 ( & & ’ (6.35)
I. Al [4LE + 4158 + (3l + 4l19) (61 + &) 1€
WDl g, , Aalihes b+ - DICROLLIN (6.56)
ok 3nleles
where we omitted the index k and used the abbreviation
€ =1+2m? . (6.57)

In order to find the fixed points we have to set the left-hand sides to zero and solve the resulting
system of equations. Since the equations are nonlinear, this has to be done numerically, using
starting values for which a standard root-finding algorithm converges towards a solution. We
applied an algorithm with randomized starting values in a reasonably large domain of parameter
space, each of the starting values lying in the interval [-10%,10*]. We found the nontrivial
solutions given in Tab. 6.3 where they are listed together with the corresponding eigenvalues
of the stability matrix. Using 10° different starting values, we checked that these are the only
solutions for given starting values in the above domain of parameter space.

From comparison with the corresponding stability-matrix eigenvalues for the O(N) models in
the same approximation scheme (local-potential approximation, fourth-order truncation in the
fields), see Tab. 6.1, we can unambiguously identify those fixed points in Tab. 6.3 with O(N)
critical exponents. Let us start our discussion with the fixed points F'P; and F'P;. From the
vanishing of the couplings in the upper part of Tab. 6.3 we see that for each of these fixed
points the fixed-point potential is that of an O(4) model. Fixed point F'Ps is that for the O(4)
representation ®; = otg + it - 7, while F'P; that for ®; = intg +t-d. From the eigenvalues of the
stability matrix in the lower part of Tab. 6.3 one observes that both fixed points have more than
one negative eigenvalue, which means that they are unstable. Comparison of the second and
third eigenvalue with the last two columns in Tab. 6.1 also tells us that they have one relevant
O(4) scaling direction.

For fixed point F'Ps, the two masses m? and the two coupling constants l; are identical, while
l12 = 0. This means that the fixed-point potential is that of two independent, identical O(4)
models. From the lower part of Tab. 6.3 we see that this fixed point is a multicritical fixed point
with two relevant O(4) scaling directions. The third negative eigenvalue of the stability matrix
renders this an unstable fixed point. Fixed point F Pg is another unstable multicritical fixed
point with a single O(4) scaling direction.

From the vanishing of I3 and the fact that I; =I5 = l12 /2, the fixed-point potential for F Py is that
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of an O(8) model. The stability matrix indicates that this fixed point is unstable. Comparison of
the eigenvalues of the stability matrix with Tab. 6.1 shows that it has one relevant O(8) scaling
direction. Since all eigenvalues of the stability matrix are negative, fixed points F'Pjg and F Pj;
are UV-stable fixed points. Fixed points F'P; and F' P, are unstable fixed points, none of them
belonging to one of the O(N) universality classes.

Finally, F'P; and F' P, are IR-stable fixed points. While for the other fixed points the (rescaled)
eigenvalues of the (squared) mass matrix are always positive semi-definite, for F'P; and FPy
we find one negative eigenvalue in all minima of the (rescaled) fixed-point potential U (7,7, a1),
which corresponds to an unphysical situation. However, this could be an artifact of our fourth-
order truncation of the potential (6.45), and the masses could be real-valued in higher order [144].
In that case, these IR-stable fixed points are in the SU(2) xU(2) universality class. Nevertheless,
at quartic truncation order we have to reject them.

In the framework of the e-expansion it is often assumed that negative (positive) eigenvalues
remain negative (positive) at higher truncation order, also if marginal eigenvalues occur. As we
found out in our studies, in the framework of FRG this is not necessarily the case (although,
as a rule of thumb, it is rather unlikely that a large number of eigenvalues changes sign). An
example is given in Sec. 6.4.2. At quartic truncation order there exists exactly one IR-unstable
cubic fixed point, whose stability-matrix eigenvalues do not involve marginal eigenvalues. The
stability matrix eigenvalues associated with the O(4) fixed point, however, do involve a marginal
eigenvalue. At sixth order in the truncation one finds four different cubic fixed points, of which
exactly one is IR stable. This demonstrates that the stability properties of all other fixed points
can change at higher truncation order if merely one of them contains a marginal eigenvalue. We
therefore constructed also all sixth-order invariants, using a similar routine to the one provided
in App. B.2, in order to verify that the most general SU(2)4 x U(2)y-symmetric and parity-

invariant potential up to naive scaling dimension six is given by

U =mipr +m3pa + 1197 + ol + lisp1pa + I3y + laph + I503 02 + lop105 + lrp1y + 1303 + Loy
(6.58)

We refrain from stating the lengthy flow equations and merely list some of the fixed points
relevant for the discussion in Tab. 6.4, namely those which correspond to F'P;, F'P;, F Ps, and
F Pg, respectively, at the given truncation order. We observe that, unfortunately, also at this
truncation order there occur marginal eigenvalues, namely for the O(4) fixed points FPs and
FPs. We speculate that this might have to do with the occurrence of a line of (unstable) O(4)
fixed points, since we encountered a similar situation in Sec. 6.4.3. Further investigations are
necessary to understand the exact fixed-point structure. We further observe that the unphysical
IR-stable fixed points (F'P; and FPy) also exist at sixth order. They are still associated with

negative mass-matrix eigenvalues rendering these fixed points unphysical.

6.6.2 Parameterization in terms of original fields

In this section, in contrast to the previous one, we keep the potential parameterized in terms
of the original fields ¢;. This avoids the use of the chain rule together with tedious rewriting
procedures and serves as a check of our results. As in the previous section, we expand the r.h.s.

of Eq. (4.24) and read off flow equations for the couplings by comparison of coeflicients, but now
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Table 6.3: Fixed points in the presence of nonzero anomaly strength, in D = 3 dimension, in the

FRG analysis in the local-potential approximation, with couplings up to quartic order. The bar

denotes rescaled quantities.

FP m2 m3 I I l1o I3

FP | -3.80278 -0.197224 -355.58 0.273944 29.6088 0

FP, | -0.197224 -3.80278 0.273944 -355.58 29.6088 0

FP; | -1.34694 -0.333929 -17.0334 0.128417 5.64724 -5.93079
FP, | -0.333929 -1.34694 0.128417 -17.0334 5.64724 -5.93079
FP; | -0.0555556 -0.0555556 0.216617 0.216617 0 0

FPs | -0.0555556 0 0.216617 0 0 0

FP; | 0O -0.0555556 0 0.216617 0 0

FPy | -0.0555556 -0.0555556 0.108308 0.108308 0.216617 0.433234
FPy | -0.0675676 -0.0675676 0.149643 0.149643 0.299286 0

FPyy | 0.609013 -1.18037 -34.5716 7.9826 -9.98504 129.304
FPy | -1.18037 0.609013 7.9826 -34.5716 -9.98504 129.304
FP stability-matrix eigenvalues

Fp {9.64793,-5.66667,-0.585909+4.07239 1,-0.585909-4.07239 1,3.83241,-1.30852}

Py {9.64793,-5.66667,-0.585909+4.07239 1,-0.585909-4.07239 1,3.83241,-1.30852}

FP; | {29.6235,14.0524 +4.23653 1,14.0524 -4.23653 1,0.917927 +9.64911 1,0.917927 -9.64911 i,-1.17232}
FP; | {29.6235,14.0524 +4.23653 1,14.0524 -4.23653 1,0.917927 +9.64911 1,0.917927 -9.64911 i,-1.17232}
FPs {-1.77069,-1.77069,1.27069,1.27069,-0.666667,0 }

FPs {-2.,-1.77069,1.27069,-1.,-0.833333,-0.5}

FP; {-2.,-1.77069,1.27069,-1.,-0.833333,-0.5}

FPys {-2.,-1.77069,1.27069,-0.666667,0,0 }

FP, {-1.98804,-1.71971,1.34471,0.613041,-0.25,-0.25}

FPy {-28.9145,-16.865,-10.9156,-3.11604+5.87462 1,-3.11604-5.87462 i,-1.28288}

FPy {-28.9145,-16.865,-10.9156,-3.11604+5.87462 1,-3.11604-5.87462 1,-1.28288 }

74



Table 6.4: Fixed points in the presence of nonzero anomaly strength, in D = 3 dimension, in the
FRG analysis in the local-potential approximation, with couplings up to naive scaling dimension
six. The bar denotes rescaled quantities.

FP| m2 2 L L e s I L I, L

3 -0.7774  -0.428  -0.938  0.034 0.618 -0.767  -7.898 6.728 -0.234  -7.573 0.022 0.116
5 -0.1098 -0.1098 0.3299  0.32990 0 0.3099 0 0 0 0.30990

6 -0.1098 0 03299 0 0 0 0.3099 0 0 0 0 0

8 -0.1098 -0.1098 0.165 0.165 0.32990.6599  0.0775 0.232 0.232 0.9298 0.07750.9298
FP; stability-matrix eigenvalues

3 | {211.68,114.7,88.9892,74.9107,19.4627 + 53.82631,19.4627 — 53.82631,40.3879,5.84219 +
22.45791,5.84219 — 22.45791,15.2041 + 6.094251, 15.2941 — 6.094251, —0.751575}
{12.9187,12.9187,6.53046, 5.625, 4.625, 4.125, —1.50401, —1.50401, 1.33533, 1.33533, -0.75, 0.344539}
{12.9187,4.99126,4.01279, -2, —1.50401, 1.33533, 1.125, — 1, —0.887787,0.375, —0.366265, 0}
{12.9187,8,6.53046,4.625,4.5, 2.25, -2, —1.50401, 1.33533, -0.75, 0.344539, 0}

the expansion is in powers of the original fields ¢; instead of the invariants ¢;,~v. Again, in order
to obtain the correct flow equations, accounting for all three anomaly terms, we have to keep at
least three fields nonzero after having performed the second derivatives in Eq. (4.20).

For checking purposes we keep an additional field nonzero, say 71, and set ma, w3, a2, and az to
zero after having computed the second derivatives. This means that the comparison of coefficients
is carried out using the potential (3.23) for 73 = m3 = a2 = a3 = 0 on the Lh.s. of the flow equation
(4.24). In this case the (scale-dependent) potential (3.23) reads

22 22 2,2 22 4,4 4, 4
Uk = aymy j, + 1My g + 0° My +Tim3 ;. + Aay (a1 +n*) + Aor (0 + 1) (6.59)

2.2 2 2 2,2 2 2 22 2 2
+01 (ﬂ1a1+77 o )+52a117 +do (ala + N )+mr1a1170+53ﬂ'10 ,

with
A z A z M
)\a =y P )\0'71'5_ PR do=—F + A2 - ’
=04 7YY 94 YTy 0Ep T
A A A
5151—;—32, 6251—;+z—2y, 6351—;+z+2y7 k=4z+2)s .
Note that
K A A
5 :2>\0—ﬂ—, 5 :2>\a y 5 :5 +—, :ﬂ_ﬂ7
3 2 n 0 1 9 Yy ) 5
0 Aox >\a77 0 K Do >\a77
=——+—+— A1 =301+ + o, o= —+— - — —
FETY Ty Ty Tt et 2T Ty T T T

We verified that we obtain unambiguous flow equations for mik, m%_’k, Al ks A2ks Yk, and zg, no

matter from which of the coefficients in Eq. (6.59) we extract them (which is a freedom we have
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due to the additional field we have kept nonzero). We do not state the flow equations and fixed

points again; we have checked that they are equivalent to those found in Sec. 6.6.1.

6.6.3 Physical anomaly strength

So far we have considered only a finite anomaly strength. According to Ref. [98], however, the
limit ¢ - —oo should be closer to reality: in order to reproduce the correct vacuum mass of the
eta meson in the two-flavor quark-meson model at tree-level, one has to choose a value for the
anomaly strength (|c| ~ (958 MeV)?) which exceeds a physically reasonable UV cut-off scale for
the RG flow (k ~ 600 MeV). Therefore, on all scales relevant for the RG flow, effectively ¢ - —oo.
More precisely, instead of this limit, we should rather consider the limit

1
M3 = SHE = Ok > o0, (6.60)
otherwise mi s = % ui + ¢ — —oo would impose severe constraints on the RG flow in order to
finally obtain positive-definite masses for ¢ and 7.
In the limit m3 , — oo the flow equations (6.51)—(6.56) simplify to

aﬁl? 2 4l_1
M om2 T (6.61)
ok vor2e2
81_12 _ 81_1 (l_g + 61_12)
k—= = —112 e, (662)
ok 3m2e
ol 3203
k% = —ll + —7'(‘26% 5 (663)
81} - 2 lg + 2[3[12 + 4[?2
k— = —l2 + s 5, (664)
ok 32 &
ols - 1613l
R oy B (6.65)
ok 3m2el

The above flow equations have only one nontrivial fixed point, namely the O(4) fixed point,
(m3 = —0.0555556, 11 = 0.216617,1> = 0,112 = 0,13 = 0) . (6.66)
Calculating its stability-matrix eigenvalues,
{-1.77069,1.27069,-1,-0.83334,-0.5} , (6.67)

we find that it is IR unstable. According to standard rules one would, erroneously, conclude
that the phase transition cannot be of second order. According to common sense, however, this
cannot be true since the fields n and @ are infinitely heavy, so that fluctuations of these fields
are completely suppressed and cannot affect the critical behavior. In Sec. 6.7 we explain, using
a simpler model as an example, why we have to neglect the spurious negative eigenvalues when
inferring the order of the phase transition. From the discussion in Sec. 6.7, we conclude that
couplings occurring only in front of terms involving infinitely heavy fields have to be neglected
in the stability analysis of fixed points. This can be also understood from the fact that the

76



fluctuations represented by infinitely heavy fields are zero.
Inserting the fixed-point solution (6.66) into the rescaled potential (6.45), we obtain

-0 = ~0.0555556 (52 + %) +0.216617 (5% + 72)” . (6.68)

Since the fixed-point potential is O(4) symmetric, we can choose T = 0 in the vacuum state.

Then, the rescaled vacuum is given by
(50 = 0.358099, 79 = 0) . (6.69)

Using these vacuum expectation values we calculate the rescaled mass eigenvalues (i.e., the

rescaled physical masses):
MZ=2/9, M: =0, Mgeoo, MZ - oo . (6.70)

We see that, as expected, we have three Goldstone bosons, the three pions 7, whereas 7 and a are
infinitely heavy and thus decouple. Considering Eq. (6.45), we conclude that the couplings I2,
l12, and [3 appear only in front of terms involving infinitely heavy fields and must not be included

in the stability analysis. Including only m? and [;, we find the stability-matrix eigenvalues
{-1.77069,1.27069} , (6.71)

from which we finally conclude that there exists a stable O(4) fixed point in case of infinite
anomaly strength. We also note that we verified that above the critical dimension, d > 4, the

Gaussian fixed point becomes IR stable with mean-field critical exponent v = 1/2, as expected.

6.7 Coupled vector model

The most general potential (up to quartic order) invariant under O(Ny) ® O(Nz), with O(N;)
in the fundamental representation, is given by [14]
- 2o A1 7902 A2 2079 Aoa 7942
U=m2¢? +m2d2 + = () + =222 + === (42 6.72
migT +mayp; Y (¢1) 12 D103 24 ( 2) ) ( )
where (51 is a N;-component vector. It is also known as coupled vector model. We focus on the
simplest case N1 = Ny =1, i.e.,
A2 Az2
12 24

The following discussion has been taken from our publication [1]. For a mean-field analysis of

G105+ 5 b - (6.73)

>\11
U= m?d)? + m%(ﬁ% + ﬂd)il +

the model we refer to Ref. [145], for a leading-order e-expansion to Ref. [146].
Using the method of Taylor expansion and comparison of coefficients, we find the following flow

equations:
om? 1 35\11 5\12 Om2 1 35\22 5\12
k L_ _9m2_ M 2 - oo — 6.74
ok T 3602 ( é ! e )]’ = ok "2 602 € ! e’ (6.74)
o1 < (A2, N3 Oz < L (A3, N3
k =- A+ —= | = += k——= ==X+ = | =+ —= 6.75
Ok N2 ( & o8 ) " ok 2re\a8 ") (6.75)
R 5 +£[25\ (81 + &) E281 + 3Xa28s + 3M1165 ] (6.76)
ok 12 ECEE 12 (€1 + €2) €264 22€] 11€2] » .
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where we again used the abbreviation (6.57).

In this work we are only interested in the Ising fixed point,
(m? = =0.03846,m3 = 0, A1 = 7.76271, A\12 = 0, Aoy = 0) , (6.77)
the stability-matrix eigenvalues of which,
{-2,-1.84256,1.1759, -1, -0.666667} , (6.78)

indicate that it appears to be unstable in the m32, A2, and Ago directions.

Examining the above flow equations in the limit m3 — oo,

om? 1 5\11 65\11 - 1 )2
M g5 N e D VP i § 6.79
ok T Ton2 e’ ok nroe e’ (6.79)
85\22 - 1 5\%2 85\12 - 1 5\125\11
ok ST om0 Py ST se g (6.80)

we still find negative eigenvalues corresponding to the unstable A\j3 and Ago directions, respec-
tively. We obviously have the same situation as in Sec. 6.6.3. Formally, the negative eigenvalues
would indicate that the Ising fixed point is IR unstable. In this particular case, however, one
cannot conclude from this that the phase transition is fluctuation-induced first order. Fluctua-
tions in A\j and Ago direction are completely suppressed due to the infinitely heavy ¢ field and
cannot affect the critical behavior. To prove this, we investigate in detail the scale evolution of
the dimensionful potential for different initial values for the parameters in the UV. Using the

invariants

p1=07, p2=03, (6.81)

we make the following ansatz for the potential running under the RG flow:

Uk = V(1) + Wi (1) 02 + Xk (1) 95 - (6.82)

Having expressed the mass eigenvalues M7 in terms of 1 and s, we expand the r.h.s. of Eq.
(4.24) and read off flow equations for Vi (¢1), Wi (1), and X (1) by comparison of coefficients.
We solve the resulting system of three partial differential equations together with the initial

conditions

A12,A

)

12

MIA 9

A22, A
24 $1 5 Wk:A(SDl) = m%,/\ + :

24

(6.83)

Viea(p1) = mi yo1 + 01, Xp=a(e1) =

Fig. 6.2 illustrates the potential for various values of the RG-flow parameter k for various values
of m;A and A2 a for fixed values of miA, A11,4, and Aaz o = 0. We observe that the influence
of the coupling A2 on the shape of the potential becomes smaller for larger values of m2. We
have checked that the same is true for nonzero values of the coupling A2s. We also observe that
the RG-evolved potential exhibits the typical shape for a (fluctuation-induced) first-order phase
transition in the case of a light ¢o field (upper panels), while the transition remains of second

order for a heavy o9 field (lower panels).
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Figure 6.2: Scale evolution of the potential Vi. In each panel, the solid line is the same and

corresponds to the start of the evolution in the UV (k/A =1). Furthermore, in each panel there

are two sets of three curves (drawn with identical line mode). These three curves correspond to
the RG potentials at the scales k/A =0.7, k/A = 0.4, and k/A = 0.12 respectively. For all panels,
miA = ~0.005A%, A\;1 A = 0.02A, Mgz o = 0. In the upper left, the lower left, and the lower right

panel, the dotted curves correspond to m; A =0, A2 A =0 (and therefore coincide with solutions

for the Ising model). In the upper left and upper right panel, the dashed curves are for m; A =0,
A12,4 = 8A. In the lower left panel, the dot-dashed curves are for m%_’A =0.5A2 and A2, = SA.
In the lower right panel, the dot-dashed curves are for m% A= 8A? and A1z, = 8A.
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6.8 Toy models

6.8.1 Toy model involving vector and axial-vector mesons defining a
novel universality class

In this section we introduce the most general parity and SU(2)y x SU(2) 4 symmetric potential
for the representation [3,1]@®[1,3] which involves six real field components. In models concerned
with vector meson dominance these six fields have been identified with the rho and the a; triplets,
which are chiral partners. Alternatively, we could reinterpret one of the vectors as the pion field,
yielding a toy model for the pion and, say, the rho meson. The six fields, denoted by g* and @,
transform as stated in Eqs. (A.27) and (A.28), respectively. In the framework of our toy model
we neglect the Lorentz indices. Whereas these mesons play for example an important role for the
phase transition in models with hidden local symmetry [147, 148], we do not want to overrate
the physical implications of our toy model. We regard it as a first step towards a more accurate
treatment and we merely report on the infrared stable fixed point found under the RG flow. Its
existence is made possible since only the combination 2 +d? is invariant, whereas the individual
terms p? and @2, respectively, are not. Including in addition the omega and the f; mesons by
using a [2,2] ® [2,2]-representation, we found no stable IR-fixed point due to the additional
invariants w? and f?.

Using a similar algorithm to the one provided in App. B.2, we derived the following most general
potential (up to quartic order) invariant under SU(2)y x SU(2) 4 in the representation [3,1] ®
[1,3] and under parity:

U=r(p*+a7)+g1(p> +d3)° +g2(p-d1)” (6.84)

where f = (p1, p2,p3)7, and @y = (a1,a2,a3)”. Using the notation of Tab. II in Ref. [42], we can

rewrite the potential as
U=rly+gi 2+ go (I8 + 21V |

which is not listed in Ref. [42] as a Landau potential exhibiting a stable IR fixed point (apparently
because it is not associated with a representation of a point group).

We obtain the following flow equations for the rescaled couplings:

ory, _ 161,k + G2,k
k=L = —oF, — 2K p—2hk T2k 6.85
Ok (1+27)° (6:85)
AG1.1 5697 5 + 492,691k + T3 .

k — = D—4§7k+4KD . — 6.86
or ¢ )91 (1+27%)° (6.86)
02,k _ (24g1,k + 5G2.1) G2,k

E—22k _ (D - 4)gyp + 8K : k) T2, 6.87
or - (P-4, P r2m)? (6.87)

Apart from the IR-unstable Gaussian fixed point we find three different fixed points. The O(6)
fixed point

(7 =-0.0625,7; = 0.177103, g2 = 0)
is associated with stability-matrix eigenvalues

{-1.74125,1.31268,-0.142857} ,

80



which indicate its IR instability.
The second fixed point,

(7 =-0.0510204, g1 = 0.121809, go = 0.487235) ,
is associated with stability-matrix eigenvalues
{-1.78985,1.24439,-0.0909091} ,

and is hence IR unstable, too. Note that for this fixed point g = 4g;, which characterizes its
symmetry.
The third fixed point,

(7 =-0.0584416,g; = 0.149947, go = 0.299893) ,
is IR stable as one infers from its stability-matrix eigenvalues
{-1.75847,1.28788,0.0588235} .

Note that the symmetry of the IR-stable fixed point is characterized by g2 = 27;.

6.8.2 Toy model involving vector mesons, axial-vector mesons, and
pions

In this section we extend the toy model discussed in Sec. 6.8.1 by including in addition the three

pions, which completes the particle content taken into account in Refs. [147, 148]. Again we

neglect the Lorentz indices of the vector and axial-vector mesons. From the local isomorphism
SU(2) ~ SO(3) we conclude that

SU(2)1 x SU(2)r = SO(3) 1 x SO(3)r . (6.88)

The most general SO(3)-invariant polynomial coincides with the most general O(3)-invariant
polynomial. Accordingly, also the most general polynomial invariant under SO(3), ® SO(3)g is
the same as that invariant under O(3)r ® O(3) g, which, taking both of the SO(3) groups in the
product (6.88) in the fundamental representation, is given (up to quartic order) by [88]

U=rTrd”® + g (Trd” ®)? + g Tr(d7 @)% | (6.89)

where @ is a real-valued 3 x 3 matrix,

o1 P2 @3
Q=101 &5 P6| (6.90)
b7 P8 P9

which transforms under (S)O(3)r x (S)O(3)r according to

® > LOR , (6.91)
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where L and R, respectively, denote arbitrary elements of (S)O(3) in the fundamental represen-
tation, L € (S)O(3) and R € (S)O(3).
We checked that the potential (6.89) can indeed be rewritten as [14]

9 9 2
U:r;¢f+)\1(z¢f) +)\2[(ﬁxa1)2+(ﬁx@1)2+(ﬁxﬁ)2] , (6.92)

i=1

where the vectors

7= (P, 00,03)" , p=(da,¢5,06)" . a1 = (Pr, b8 0)” (6.93)

can be interpreted as the pion, the rho meson, and the a; meson fields, respectively.
We obtain the following flow equations for the rescaled couplings:

OF _ 11N 5 + 2o g
AL VY bt i e L 6.94
k T (v 2’ (6.94)
ON & _ 173 |+ 4ha kAL + A3,

EEALE (D 4)X o + 16K ’ k- 6.95
o - P Y (1+27,)° (695)
s i - (12X 5 + A2k ) A2
EZ22k (D Z4)Ag g + 16K . 6.96

or - (P P 1 2m)? (6.96)

Apart from two complex-valued fixed points (which have to be rejected in our context) and the

IR-unstable Gaussian fixed point, the only nontrivial fixed point is the O(9) fixed point
(7 = -0.06962, \; = 0.13884, A\, = 0) ,
for which the stability-matrix eigenvalues

{-1.71096,1.35802,-0.294118}

indicate its IR instability (in consistence with Ref. [88]). We note that the equivalence of our
flow equations with those inferred from the one-loop e-expansion in Ref. [88] can be shown by

appropriately redefining the coupling constants and setting 7 = 0.

6.8.3 Novel IR-stable fixed point for an eight-component order param-
eter

Apart from the U(2) 4 xU(2)y model (see Ref. [33] and Sec. 6.5) and the SU(2) 4 xU(2)y model
(at inconclusive truncation order, however), both in the [2,2] ® [2,2]-representation, we are not
aware of other Landau potentials involving an eight-component order parameter and exhibiting
an IR-stable fixed point. Also a systematic investigation for point groups did not reveal any
[44]. We therefore report on a novel universality class associated with an eight-component order
parameter.

Extending the vectors involved in the potential (6.84) to general N-component vectors, g — (Z) =
(¢1,...,0n)T, d1 > @ = (o1,...,0n)7T
order parameter,

, we obtain a Landau potential involving a 2/N-component

U=r(¢"+3*) +g1(6* + @) + 92(d- ) + g3(8* + ¢°)% + 94(¢* + &*) (6 ©)? | (6.97)
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where we also included higher-order terms since marginal eigenvalues occur at quartic order.
In the following we focus on the case N = 4. Before considering the general case, one should
first clarify to which centralizer the potential corresponds in order to decide about its physical

relevance. For N =4 we obtain the following flow equations for the rescaled couplings:

kO = —27, - 2K p 2Tt T (6.98)

ROBE = (D = 4)gy g + 2K p 2 0 20 Bt D300 01) (6.99)

K222k = (D - d)gy , + 16K p 222 Uitindes) 2010 (20 (6.100)

kz% _ 8K, (.‘72,k(3§S,k+§4,(k1):22§;)’§(66§3,k+§4,k) - 272g§,k+12g2&,£§2,;:)ig;kgl,ng,k) ’ (6.101)
k200 = Iy (T2nndon s 900 k0 Bo0nndur _ Hnn (nn G ) COountdar) ) (6.102)

Apart from several IR-unstable fixed points, we find the following IR-stable fixed point:
(7 =-0.10976,7; = 0.16497, g2 = 0.65987, g3 = 0.07749, g4 = 0.92983) .
The associated stability-matrix eigenvalues read

{12.9187,6.53046, 1.33533,0.344539, -1.50401} .
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Chapter 7

Effective Models for QCD at

nonzero temperature

7.1 General remarks

As we have pointed out earlier, a study in the framework of dimensional reduction is limited in
several respects calling for a finite-temperature approach where temperature is a tunable variable
(see the discussion in Secs. 4.3.2 and 4.3.1, respectively). A fixed-point study, in particular, can
merely either rule out or confirm the possible existence of a second-order phase transition and
predict its universality class. As we observed in our fixed-point studies, however, several predic-
tions remain inconclusive and require a crosscheck from a complementary approach. Extending
the study to finite temperature is a first step towards clarification, which remains incomplete up
to date. Further investigations are required particularly concerning the truncation dependence
of results.

We successively improved our numerical routines by comparing to results stated in the literature.
Having started with simple differential equations, we proceeded with FRG-flow equations. For
example, we reproduced Fig. 5.3 of Ref. [149]. We also reproduced the results for the quark-
meson model of Ref. [150], which we present in Sec. 7.3. We are currently crosschecking our
numerical results for the linear sigma model (see Sec. 7.2) with those of other collaborations.
First comparison of our routines provided in App. C with an independent code has been success-
ful for certain initial values. We hope that this will be also the case for the rest of our results.
We emphasize, however, the preliminary character of the numerical studies presented in section
7.2.

7.2 Linear sigma model

In this chapter we discuss preliminary numerical results for the linear sigma model at nonzero
temperature in presence (SU(2) 4 xU(2)y) and in absence (U(2) 4 xU(2)v) of the axial anomaly.
The FRG flow is inferred from Eq. (4.21) and is hence of nonperturbative nature. The dimen-

sionally reduced theories are discussed in Secs. 6.6 and 6.5, respectively. In the presence of the
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anomaly we use the truncation

Up =V (1) + W(p1)pa + A(p1)e3 + B(e1)7 - (7.1)

where the fields are defined in Eq. (6.44). The functions V(¢1), W (1), A(p1), and B(¢1),
respectively, will be fixed in the UV such that certain physical values are produced in the IR.
We note that the functions are therefore not hampered by any expansion in the variable (.
Since only the sigma field, o, is expected to acquire a nonvanishing vacuum expectation value,
the expansion in ¢y and 7, respectively, is reasonable. We do not claim, however, that the
truncation order is sufficient. Further investigations are desirable. In the absence of the anomaly

we use the truncation (compare with Ref. [87])

Ua =V (p) +W(p)E (7.2)

where the fields are defined in Eq. (6.42). Again, V() and W () are arbitrary functions which
will be appropriately fitted in the UV.

Since we work in terms of the invariants defined in Eqgs. (6.44) and (6.42), respectively, we have
to apply the chain rule in order to bring the mass matrix (4.20), entering the flow equation via

its eigenvalues, into a form suited for our numerical approach. For example,

ou, ., ) dp ¢
5= V@) WO 37 e W (o)

and similar for the second derivative and for Up, respectively. As in Secs. 6.5 and 6.6, respectively,

we need to keep only some of the fields ¢; nonzero after having calculated the mass matrix. In
the absence of the anomaly we can for instance keep o and a1, whereas in the presence of the
anomaly we can keep in addition 7.

Our preliminary results in the presence of the anomaly can be summarized as follows. In the UV
we use functions of the form

Viea (1) = (01 = 65)% . Wiea(91) = D wnl , Apea(p1) = Y anel s Bioa(p1) = Y. bag!

We investigate the scale evolution of Uy with k and evaluate the result in ¢;-direction, i.e., at
2 =& =0 (since only the sigma field is assumed to take a nonzero vacuum expectation value).
Note that we take account of ps # 0 and £ # 0 during the evolution, of course. Whereas a local
maximum evolves near the origin under the evolution of the potential for some UV parameters,
we do not find one for others. This indicates that the phase transition (which occurs when tuning
the temperature T towards a critical value) is of first order for some UV parameters, whereas
it is of second order for others. As already mentioned, different UV parameters yield different
physical observables (in this case the meson masses and the pion decay constant) in the IR limit.
We checked that all the masses are positive semidefinite in the IR but we did not adjust them
to their physical values, yet, because we wanted to understand the variable order of the phase
transition first. In order to further investigate this issue we studied the evolution of the potential
for different values of ¢g and T. We stopped the integration at a certain k = kg below which
the position of the nontrivial local minimum, ¢q x, does not change significantly anymore. For
each ¢y and T we adjusted r such that both local minima are at the same height in the IR limit,
Uk=ko (¢ = ¢0.10) ® Ukeio (¢ = 0). For simplicity we used a relatively small cutoff of A = 500
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MeV. Typical evolutions are shown for 7' = 30 MeV and varying ¢¢ in Figs. 7.1-7.5. In Fig. 7.1
we observe a pronounced local maximum which is characteristic for a first-order phase transi-
tion, and we find that the nontrivial minimum does not change significantly below kg ~ 2 MeV.
Decreasing ¢, in Figs. 7.2 and 7.3 we observe that the local maximum becomes less and less
pronounced. Furthermore, ¢¢ 1, decreases and settles for smaller ky. Finally, for ¢g ~ 174 - 179
MeV we reach the restored phase (see Figs. 7.3 and 7.5). Interestingly, for ¢o < 179 MeV we can
obtain an evolution where no local maximum occurs by choosing r only a little bit larger than
described above. In this way it seems that we can turn an evolution characteristic for a first-order
transition (Fig. 7.3) into one characteristic of a second-order transition (Fig. 7.4). We note that
we were not able to reach lower values than k£ ~ 6.36 MeV in Fig. 7.4 due to numerical problems.
Accordingly, we cannot be sure that the potential becomes flat in the IR limit. This is the case,
however, for the parameter set in Fig. 7.6 where we show a second-order (or extremely weak
first-order) transition occuring at roughly 7. ~ 125 MeV. We note that such transitions might
occur only for unphysical ratios T./A > 1/7'. More elaborated parameter studies are necessary
to decide for which regime of UV values the phase transition is of second-order or, respectively,

a very weak first-order.

250+

200+

U-u(0)

Figure 7.1: SU(2)a x U(2)y-model. Wy_p = 10, Ag_p = 0, Br-p = 0.8. A =500 MeV. T = 30
MeV, ¢g = 191 MeV, r = 0.0125594. Evolution from k = 6.7 MeV to k& = 0.7 MeV. Ak =1 MeV

between each line.

If we had found an IR-stable fixed point associated to physical masses in the dimensionally re-
duced theory, the occurence of a second-order phase transition at finite temperature would be

easily understood as follows. UV parameters yielding a first-order transition should be associ-

IWe thank Mario Mitter, Jan M. Pawlowski, and Bernd-Jochen Schaefer for discussions about this issue, and
for pointing out the existence of a maximal temperature above which the predictions of the dimensionally reduced
theory could fail.
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Figure 7.2: SU(2)a x U(2)y-model. Wy_p = 10, Ag_p = 0, Br-p = 0.8. A =500 MeV, T = 30
MeV, ¢ = 183 MeV, r = 0.0139854. Evolution from k = 6.43 MeV to k =0.43 MeV. Ak =1 MeV

between each line.
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Figure 7.3: SU(2)a x U(2)y-model. Wy_p = 10, Agp = 0, Br-p = 0.8. A =500 MeV, T = 30
MeV, ¢g =179 MeV, r = 0.0147909. Evolution from k =6.26 MeV to k£ =0.26 MeV. Ak =1 MeV

between each line.
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Figure 7.4: SU(2)a x U(2)y-model. Wy_p =10, Ag_p = 0, Br-p = 0.8. A =500 MeV, T = 30
MeV, ¢g = 179 MeV, r = 1/60. Curves correspond to k =70 MeV, k=9 MeV, k=8 MeV, k=7
MeV, and k = 6.36 MeV, respectively

120

Figure 7.5: SU(2)a x U(2)y-model. Wy_p = 10, Ag-p = 0, Br-p = 0.8. A =500 MeV, T = 30
MeV, ¢g =174 MeV, r =0.0159019. Curves correspond to k=50 MeV, k =30 MeV, k =10 MeV,
k=8 MeV, k=2.28 MeV, and k = 0.28 MeV, respectively
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ated with UV parameters in the dimensionally reduced theory which do not lie in the basin of
attraction for the IR-stable fixed point. Since we were not able to confirm the existence of such
a physically stable IR fixed point (see Sec. 6.6), the possibility of a second-order transition is

somehow unexpected.
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Figure 7.6: SU(2) 4 xU(2)y-model. Wy_p =12992, Ax_p =0, Bg-p = 0.2. A =500 MeV, ¢ =110
MeV, r = 1/3. From left to right, top to bottom: T = 0.1 MeV, evolution from k = 52.3 MeV to
k=37.3 MeV; T =10 MeV, evolution from k = 24.45 MeV to 9.45 MeV; T = 50 MeV, evolution
from k£ = 19.2 MeV to 4.2 MeV; T = 100 MeV, evolution from k£ = 18 MeV to 3 MeV; T = 120
MeV, evolution from k = 24.92 MeV to 9.92 MeV; T = 125 MeV, evolution from k = 18.6 MeV to
3.6 MeV. Ak =3 MeV between each line.

Before dialing up the cutoff and fitting the UV potential to physical observables we would like to
clarify the above issue. For this purpose we went one step back to the U(2) 4 x U(2)y-model. A
similar situation is observed in this case (we refrain from showing the preliminary results here).
Further work is in progress. Finally, we want to point out the strategy? for further investigations
in presence of the anomaly. We plan to fit our UV parameters such that at T'= 0 the nonstrange
contributions to the meson masses (with focus on eta and sigma), as well as the pion decay con-

stant in vacuum, are reproduced in the IR. From this one can determine the instanton density

2We thank Rob Pisarski for pointing out the possibility of fitting to the instanton density.
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in dependence of T, the quark masses, and the instanton scale size p [compare with Eq. (3.8)].
Since the anomaly strength is proportional to the instanton density, one can now use this as

input in the UV for studies at nonzero temperature.

7.3 Quark-meson model

In Sec. 4.4 we discussed how the quark-meson model, defined in Eq. (4.47), arises as an effective
theory for QCD. We focus on the two-flavor case, take into account the sigma meson and the
pions, and assume three colors. Neglecting the flow for the Yukawa coupling ¢ and assuming
that only the sigma field acquires a nonzero vacuum expectation value, the derivation of a flow
equation within the proper-time RG approach has been discussed in Ref. [150]. The result reads

! E 1 E 12 B, - E,
ov_ k icoth(—ﬁ)+—co‘uh(—0)——{t3mh( 4 u)+tanh( q+H)} . (7.3)
ok 12n2 | E, 2T L, 2T K, 2T 2T

where E, = \/m, the prime denotes the derivative with respect to ¢ = 02 + 72, E, =
VE2+2U'(¢) +4pU" (), and E, = \/k2 + g2¢. It turns out that the result can be obtained as
well using the FRG method (for details we refer to Ref. [151]).

The UV potential, Ui_p, should be chosen such that one obtains the following physical values
in the IR limit £ = 0. The position of the minimum in the IR and for 7" = p = 0 shall be
equal to the pion decay constant in the vacuum, /@ = fr ~ 90 MeV. The mass of the sigma

field in the IR and for T' = p = 0 shall be equal to the vacuum mass of the sigma particle,
M, =/2U'(¢0) +4pU"(¢0) ~ 500 MeV. The Yukawa coupling shall be chosen such that one
obtains a meaningful constituent quark mass, mq = g\/@o. Consistent with Ref. [150] we choose
Uk=p = ggpz, A =500 MeV, and g = 3.2. In Fig. 7.7 we show the evolution of the potential for
T = =0 in the regime where the position of the minimum settles. The evolution can be stopped

as soon as the position of the minimum does not change anymore. We infer from the potential at

25

226%10°

225%x10°} ' 1

0 20 40 60 80 100

Figure 7.7: T =0 MeV, p = 0 MeV. Evolution from k& = 60 MeV to k = 25 MeV. Ak =5 MeV
between each line.
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k=25 MeV: \/pg ~ 85.5 MeV, M, ~ 265 MeV, my ~ 273.5 MeV. The phase diagram as inferred
from the evolution at different values for T and p has been presented in Fig. 1 of Ref. [150]. We
reproduced Figs. 3 and 4 of Ref. [150] using a similar routine to the ones provided in App. C.
Fig. 3 of Ref. [150] corresponds to our Fig. 7.9, whereas Fig. 4 of Ref. [150] corresponds to our
Figs. 7.11 and 7.13. In order to illustrate the evolution of the potential at larger k, we include
Figs. 7.8, 7.10, and 7.12, showing the regime 200 MeV> k > 60.

2.28%10°
227x10°F

2.26x%10°

0 20 40 60 g0 100

Figure 7.8: T'=6 MeV, p =254 MeV. Evolution from k£ = 200 MeV to k =60 MeV. Ak =20 MeV

between each line.
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Figure 7.9: T =6 MeV, u =254 MeV. Lowest line k = 8 MeV, highest line k =20 MeV, Ak =1

MeV between each line.
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Figure 7.10: T =45.1 MeV, u = 253.9 MeV. Evolution from k = 200 MeV to k =60 MeV. Ak =20

MeV between each line.
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Figure 7.11: T = 45.1 MeV, p = 253.9 MeV. Lowest line & = 2 MeV, highest line k£ = 14 MeV,
Ak =1 MeV between each line.
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Figure 7.12: T = 100 MeV, p = 0 MeV. Evolution from k = 200 MeV to k = 60 MeV. Ak = 20

MeV between each line.
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Figure 7.13: T =100 MeV, p =0 MeV. Lowest line k = 2 MeV, highest line k£ =20 MeV, Ak =1

MeV between each line.
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Mit dem Wissen wdchst der Zweifel
(Johann Wolfgang von Goethe)

Chapter 8

Conclusions and Outlook

With our work we address the question of which order the chiral phase transition of two-flavor
QCD is. The framework of our studies is that of effective models for the order parameter and the
functional renormalization group (FRG) method. A crucial ingredient substantiating the mean-
ing behind our approach is the universality hypothesis, the validity of which is therefore another
central topic of our thesis. In this context we systematically reinvestigated a large amount of
most general Landau potentials invariant under certain symmetries from the FRG approach in
local-potential approximation (LPA), which enabled us to obtain a deeper understanding of the
method and to point out several limitations of effective approaches towards QCD.

Whereas there is not much room for speculation about the symmetry of the effective theory
for the order parameter (which necessarily corresponds to a subgroup G ¢ U(2)4 x U(2)y), the
identification of the components of the order parameter with the relevant mesonic degrees of
freedom is highly nontrivial. This choice, which corresponds to the choice of the representation
of G, cannot be definitely inferred from QCD at the moment and has to be made a priori. It
is, however, guided by observations in collider experiments, lattice calculations, and plausibility
considerations. Nevertheless, it is indispensable to test out several possible choices. A well-known
choice consists in assigning the pion and its chiral partner, the sigma meson, to the O(4) repre-
sentation of SU(2) 4 xSU(2)y, which allows for a second-order phase transition. This scenario is
meaningful only if all other mesons remain heavy near the critical temperature. Considering the
two-flavor case this requires the axial anomaly to be sufficiently strong. At intermediate anomaly
strength, taking into account the eta and the ay meson in addition, our FRG fixed-point study
of the dimensionally reduced theory for the order parameter cannot confirm the existence of a
second-order phase transition. Our results favor a fluctuation-induced first-order scenario. In
general, the existence of a second-order phase transition is unlikely due to the existence of two
quadratic invariants, which rule out a second-order phase transition at mean-field level. There
is, however, still a hypothetical chance that the unphysical IR-stable SU(2) 4 x U(2)y-symmetric
fixed point, encountered in the truncation up to naive scaling dimension six, could become phys-
ical at higher truncation order. This leads us to our (preliminary) FRG studies at nonzero
temperature, which are dicussed next.

Whereas a fixed-point analysis of the dimensionally reduced theory (where temperature is not an

explicit parameter anymore) is of great value to predict or to rule out, respectively, a second-order
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chiral phase transition, it is not practical to judge the strength of a first-order chiral phase tran-
sition since the latter depends on the observables (meson masses and the pion decay constant in
vacuum) to which one has to fit at zero temperature. Our (preliminary) FRG studies at nonzero
temperature allow for both, either an extremely weak first-order transition, or a pronounced
one, respectively, depending on the chosen value for the cutoff and on the above mentioned
parameters. There is even evidence for a second-order phase transition for certain parameter
choices, but it might be as well an extremely weak first-order phase transition. It is not clear,
yet, if these parameter values are consistent with the region of validity for the dimensionally
reduced theory, and if they are in some way related to the occurence of the unphysical IR-stable
SU(2) 4 x U(2)y-symmetric fixed point. Before we can draw reliable conclusions further investi-
gations are required.

Very recently (end of September 2013) the existence of a U(2)4 x U(2)y-symmetric stable IR
fixed point (associated with an anomalous dimension 1 ~ 0.12) has been stated in the literature by
Pelissetto and Vicari. This result is very surprising since the first-order nature of the two-flavor
case has been widely accepted and verified. Apparently, one- and higher-loop e-expansions failed
because for D =3 (e = 1) only fixed points can be found which also exist near D =4 (small €). The
RG approach of the above mentioned authors circumvents the e-expansion and works directly
in D = 3. Inspired by their important finding, we performed an FRG calculation taking into
account invariants up to naive scaling dimension ten. At sixth order we find two U(2)4 xU(2)y-
symmetric fixed points, and a single U(2) 4 x U(2)y-symmetric fixed point at eighth and tenth
order, respectively. The stability analysis remains inconclusive because the Gaussian fixed point
aquires marginal eigenvalues. We believe that this is different beyond the local-potential approx-
imation which assumes 7 = 0. Investigations in this direction are in progress.

In any case, the current results point out the limitations of both the local-potential approximation
and the e-expansion, on which most fixed-point studies (and investigations of the universality
hypothesis) are based. In case of a sufficiently large value for the anomalous dimension the fixed-
point structure can change significantly, and with it the conclusion whether a second-order phase
transition can exist and to which universality class it belongs. Systematic investigations of the
fixed-point structure for models with NV < 8 order-parameter components were performed in the
literature in the framework of the e-expansion. We were able to verify most of their predictions
from FRG in the local-potential approximation. Some of them, however, are questioned by the
occurence of marginal stability-matrix eigenvalues. The former predictions are reliable, if i is suf-
ficiently small in the corresponding experiment. The latter ones call for additional investigations
taking n properly into account. Such studies would also be relevant to refine the current version
of the universality hypothesis. Apart from (possible) violations reported in the literature, we
presented our own studies which give cause for serious concern. We plan further investigations
in this direction.

In our conclusions concerning the linear sigma model corresponding to the representation [2,2]®
[2,2] we only took into account the lightest scalar and pseudoscalar mesons, so far. We also in-
vestigated, however, the [3,1]@[1, 3] representation as well as the SO(3) ® SO(3) representation.
In the first case we found an IR-stable fixed point (defining, to our knowledge, a new universality
class) indicating the existence of a second-order phase transition, whereas in the second case the

phase transition is predicted to be of first order. Neglecting the Lorentz indices of the vector and
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axial-vector mesons in the framework of a toy model, we can consider the following scenarios. If
the rho and the a; meson fields are the components of the order parameter we can assign them
to the [3,1] @ [1, 3] representation concluding that the phase transition is of second order. This
scenario is very unlikely since the pion as the (approximate) Goldstone boson should be part of
the order-parameter field. Alternatively one could exchange one of the mesons with the pion.
One can simultaneously account for all three mesons (which play the central role in several stud-
ies featuring hidden local symmetry) by assigning them to the SO(3) ® SO(3) representation.
That is, if the pion, the rho, and the a; meson fields are components of the order parameter
the phase transition is of first order. Although we neglected the Lorentz indices, our results can
be regarded as a first estimate and hopefully serve as a guide for more refined studies. We also
emphasize that the new [3,1]®[1, 3] universality class might be relevant in other areas of physics.
We also pointed out that the coupling between the order parameter and other degrees of freedom
can affect the order of the phase transition. In QCD the inclusion of gauge-field fluctuations
should lead to a fluctuation-induced first-order transition. It would be therefore interesting to
investigate the linear sigma model coupled to gauge fields from FRG. Fermions, on the other
hand, should not affect universality since their lowest Matsubara mode acts like a thermal mass
rendering them heavy.

In total, the existence of two new universality classes is proposed in this thesis: (i) the class char-
acterized by the [3,1] @ [1, 3] representation of SU(2)4 x SU(2)y, (ii) a class (or maybe classes)
of yet undetermined symmetry arising from a generalization of the Landau potential associated
to the first mentioned class. Furthermore we discussed the existence of the U(2)4 x U(2)y uni-
versality class in the framework of the FRG method. Speculations concerning the existence of a
SU(2)a x U(2)y universality class are inconclusive, yet.

Furthermore, we developed a practical brute-force algorithm for the systematic construction of all
linearly independent polynomial invariants of a given order using Mathematica. The knowledge
of such complete sets is of crucial importance for model building and RG fixed-point studies.
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Appendix A

Group-theoretical details

In this appendix we outline our understanding of certain group-theoretical issues relevant for our

work.

A.1 Aspects of representation theory

In the following we summarize certain aspects of representation theory as inferred from Refs. [152,
153]. In general, for a group G one can distinguish the following kinds of matrix representations
I'(G) involving N order-parameter components ®; € R. In the following, summation over identical

indices is implied.

e A vector representation is given by pxp matrices acting on the carrier space ¢ = (¢!, ..., o")T
as 't = Uijgoj. Short: ¢" = Uy'. By a tiny upper (lower) dot we indicate column (row)
tuples involving components with upper (lower) indices. Note that the matrices form a
matrix representation which acts on vectors and is therefore called vector representation.
In general, U depends on a set of parameters &, and the components ¢° consist of alge-
braic combinations of the order-parameter components ®;. For faithful representations of
continuous groups, for example, the matrices are in one-to-one correspondence with the
(infinite set of) group elements, so that & is a continuous variable unambiguously labeling
the group elements. Rotations in two-dimensional space, for instance, can be described by
a 2 x 2-matrix U(«) involving an angle «, acting on a two-dimensional vector (z,y)7,

(x:) _ (Cf)SOz —sina) (z) 7 (A1)
Yy sinae cosa |\y

forming a faithful representation of the group O(2). For finite representations of finite
groups, on the other hand, the parameters are not continuous. Regarding the ambiguous
dependence of the ¢’ on the components of physical space (here the spatial coordinates)

consider for example the equivalent representation

v’ +y") [ cosa sina)[z+y (A2)
-y ] \-sina cosa)\z-y] " '
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Equivalent representations are related by a change of basis, i.e., a similarity transformation,

and they are usually defined to be identical. Inequivalent representations are given for

example by
x! cosa —sina 0\ [z
y'|=|sina cosa O]|y (A.3)
k4 0 0 1/\z
and
' +iy’ e 0 0 T+iy
2 =10 1 0 z , (A4)
=iy 0 0 eiof\z-iy
respectively.

If ' € C the matrices are usually also complex-valued and one has a complex vector
representation. Then one obtains another representation by taking the complex conjugate
of the above equation, i.e., ¢'** = (Uij)* Pi* = (UT)]Z_ ©7*. By convention we can distinguish
between upper (covariant) indices and lower (contravariant) indices defining ¢; = ¢’*.
Accordingly, ¢} = (UT)Ji @;. Short: (¢")' = (¢)TU*, which can be rewritten as ¢ =oUt
denoting ¢. = (¢1,...,¢p). The matrices Ut define the conjugate vector representation

associated with the carrier space ..

Tensor representations can be constructed by forming outer tensor products,

iy Py M = Sﬁgll:-.-%f ’
which are consequently tensors transforming as
rjiiM k1 eV g j Iyl
Pligin = (U ) i (U ) in U 111"'U lljvff‘:pkll..-ljcva : (A.5)

We note that Eq. (A.5) can be rewritten in terms of the Kronecker product ® defined for

matrices. Consider for example a transformation of the form
dij = AiBjicg - (A.6)

Eq. (A.6) is equivalent to each of the following relations. Denoting

A= Au - Ar and B = Bu Bz , (A7)
Agl AQQ BZl B22

we can rewrite

C1C3 C11

C1 Cc3 C1C4 C12
® = = . (A.9)

C2 Cq C2C3 C21

C2C4 C22
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Alternatively we can introduce the matrix

c= (C” C”) (A.10)

C21 €22

and obtain

¢ = AcBT . (A.11)

ol ) e

A.2 Chiral symmetry

Furthermore:

Quark fields ¥ consist of components W, ¢, carrying N, color indices, Ny flavor indices, and
four Dirac indices. Accordingly they are Kronecker products of tuples in color space, ¥, tuples
in flavor space (the subspace for Ny = 2 is called strong isospin), ¥, and tuples in Dirac (i.e.,

spin) space, ¥p. Namely
V=TUo@Urelp, (A.13)

where ® denotes the Kronecker product. Quark fields ¥z belong to the irreducible representation
[N¢] of SU(Ny), antiquark fields ¥ to the irreducible representation [N;]. For Ny = 2, the
generators of SU(2) in the representation [2] are given by half the Pauli matrices. Hence, from

(3.4) we obtain the following infinitesimal transformations for this representation:

3
SUQ2)y: ¥ — (1+i Zo&,%)\lf : (A.14)
a=1
3 g,
SU(2)a: \1/_>(1+175Za37“)\11, (A.15)
a=1
Uy: U — (1+ia%%)\ll : (A.16)
UL)a: ¥ — (1+i75a104%)\11 . (A.17)

QCD describes mesons as quark-antiquark pairs. The mesonic fields can be identified with

currents
YO | (A.18)

where the operator O determines their transformation properties under spin (J), parity (P),
strong isospin (I), and Lorentz symmetry (see Tab. A.1). We can derive the behavior of the
mesonic fields under infinitesimal continuous transformations (A.14)—(A.17) by plugging in the

respective transformation into the expressions of Tab. A.1 | keeping only terms up to linear order
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Table A.1:

‘ Jre ‘ 1 ‘ @) ‘ resonance ‘ abbreviation for VOW¥ ‘ transforms as Lorentz...

0+ 0|1 f0(500) or fo(1370) | o scalar

0+t 1|7 a0(980) or ap(1450) | do = (a1,as2,a3) scalar

0~ 0| ivs 7 n pseudoscalar

- | 1| ivs7 79, 1 7 = (m, T2, T3) pseudoscalar

17O o | 4 w(782) wh vector

O 11| 47 | p(770) p" = (ol ph ) vector

¥4 10 | s | f1(1285) m axial vector

17| 1| Afys7 | an(1260) ay = (afy,al 5,0l 5) axial vector

in the angles f -, and rearranging matrices according to the relations

VY5 = =V5 Vs (A.19)
3
[ai,aj] =00 —0;0;= 21 Z €ijkOk ’i,j = 1,2,3 5 (AQO)
k=1
{O—iao—j}:o—io—j+o—jo—i:25ij12 s i,j:1,2,3 . (A21)

Also note that the gamma matrices commute with the Pauli matrices 7 = (01, 02, 03) for the trivial
reason that they act on distinct subspaces, Dirac space ¥p and flavor space ¥, respectively,
As an example consider the invariance of the combination (¥7V¥)2 — (U7y5W¥)? under U(1)4

transformations (A.17). Denoting for simplicity a%l—; = a4, One obtains

- _ U(1) - . _ .
(T7T)2 - (D750 )2 —4 Z [\If(l +iaavys)m(1+ 1aA'y5)\If] [\Il(l +iaavys)mi(1+ 1aA'y5)\If]

_ Z [\Il(l +iaavys)mivs(1+ iaA'y5)\If] [\If(l +iaavys)mivs(1+ iaA'y5)\If]
= Z [@Ti\I/\I/’Ti\I/ + \i/Ti\I/\PQiOZA")%TZ'\I/ + \112104,47571-\11\1/77\11]
- Z [\IITi'yg)\If\i/Ti%\If + @Ti’}/5\11\i/2104ATi\I/ + \IIQiaATi\I/\IITi%\II]
= (V70)° - (V795 0)* (A.22)

where terms of order a? have been dropped in the calculation. Similarly one derives the following

transformation rules under infinitesimal vector and axial-vector transformations:

SU(2)v sU@a . Uy U()a 0
c————0, 0———>0+Qa T, O——>0, 0———>0+Q,1n, (A.23)
SU2)v sU@a . Uy U(1)a o
N———>n, N———N-aa-a, 1——>0, NN—1-0y0, (A-24)
. SU(Q)V . . . . SU(Q)A . N . U(l)v . . U(I)A . 0 -
T————T+0ay X7, T ———>>T—0Gy0, T ——>7, T—>T 400, (A.25)
. SU(2)v . . . . SU(2)a . . . U(l)v . . U(1)a . 0 =
g —— Go + Gy xdg , Gy ———> Go + QAN , Go —>Gog , G4 ——> d+ay7, (A.26)
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ﬁuwﬁﬁb_@vxﬁﬂ, ﬁ“wﬁ“_@AxaT, ﬁ“%ﬁ”, ﬁ”%ﬁ“, (A.27)
it SO G qar an 20O g an YOV e g Y04 Gu (4 99
w“ww#, w“ww#, w“&w#, w“&w#, (A.29)
fluwf{‘, flﬂwﬁ, f{‘&f}”, f{‘&f{‘. (A.30)

We proceed with further group-theoretical aspects. More details can be found for example in
Refs. [97, 141, 154, 155] Irreducible representations of SU(2) can be labeled by [2j + 1], where
j =0, %, 1,..., or in a different notation by [j]. Each of them is in one-to-one correspondence
with a multiplet consisting of 2j + 1 states, and the generators of SU(2) in the representation
[27 + 1] are (generally complex-valued) (25 + 1) x (27 + 1)-matrices. Hence, the elements of the
group in the representation [2j + 1] are (generally complex-valued) (25 + 1) x (25 + 1)-matrices
acting on a carrier space of the representation, which is spanned by a (generally complex-valued)
(27 + 1)-dimensional tuple. For instance, the carrier space of the representation [2] is given by
a two-dimensional, complex-valued spinor 1 = (u,d)”. Conjugate irreducible representations are
labeled by [2j + 1] (or [], respectively). The carrier space of the representation [2] is given by
a two-dimensional, complex-valued spinor ¢ = (u*,d*).

Consistent with Eq. (A.5) the spinor ¢ transforms according to
Y =U (A.31)

where ¥! = u, ¢? = d, and U is an arbitrary unitary 2 x 2 matrix with determinant 1, i.e.,
an arbitrary element of SU(2) in the fundamental representation. The spinor 1 transforms
according to

Y= (UT)ji v; (A.32)

where ¥1 = u*, 19 = d*. Accordingly, the outer tensor product 1/1{ = ;107 transforms as

Wi =U (Ut (A.33)

where ] = uu*, 3 = ud*, V3 = du*, 3 = dd*. With Eq. (A.11), for A= B* = U, we can rewrite
the transformation (A.33) as

v =UwUt, (A.34)

Loyl vy, Ul ut)' (Ut
where ¥ = (zé g), U= ( ! 22 ,and Ut = ( ) 1 ( )22 . Alternatively, according to

1 2 U21 U2
(o) o

Eq. (A.8):

ul o ulx— - U'l1 U12 o (Ull) (U12)
d’ d'* - U2 U2 (U2 )* (U2 )*
1 2 1 2
The above defined representation associated with W relates to the fundamental representation of

O(4), which can seen as follows. All invariants under the transformation (A.34) which can be
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constructed from W are given, up to quartic order in the fields, by

VIr¥ U = (Rew)? + (Imu)? + (Red)? + (Imd)? , (A.36)
Trw U =/Tr (T yf = ((Reu)? + (Imu)? + (Red)? + (Im d)?)” . (A.37)

Identifying ¢1 = Reu, ¢2 = Imu, ¢35 = Red, and ¢4 = Imd, we recognize that the basic invariant
is that of O(4) in the fundamental representation, ¢? + ¢3 + ¢2 + ¢3.

Taking account of their flavor content, mesonic fields can be identified with linear combinations
of the components 1/1; as follows.

1 1
o=z —(uu*+dd") , af zud' = —=(a;-iaz) , A.38
\/5( ) 0 \/5( 1 2) ( )
1 1
ag =du* = — (a1 +ias) , ad=—=(uwu*-dd*)=as, A.39
0 \/5( 1+iaz) . ag 2( ) = as (A.39)

where o denotes the sigma-meson field, and (ag, ag,a3) denotes the ag-meson field (dg = (a1, a2,a3)

denotes an equivalent parameterization).

1
n= —(uu +dd*), 7t =ud* = —(m —im) , (A.40)
V2 V2
7 =dut = —=(m +im), 7= L (vu* —dd*) =73 , (A.41)

S

V2

where 7 denotes the eta-meson field, and (7*,77,7") denotes the pion field (7 = (7,72, 73)

2

denotes an equivalent parameterization).

wh = T(uu +dd*), pT*=ud" = \/Lﬁ( -iph), (A.42)
p P =du’ = \}i(pl +iph) "= T(uu —dd*) = pf | (A.43)

where w denotes the omega-meson field, and (p™*, p~*, p®*) denotes the rho-meson field (5" =

(py. Py, ph) denotes an equivalent parameterization).

1
= —(uu” +dd” a;t zud = —(d} | -ia A44
= et vl (ot -ial) (.49
* 1 1 * *
a”t = du* = E(ail +iak,), o= E(uu —dd*)=ay;, (A.45)
where f/* denotes the fi-meson field, and (a*,a;", a2") denotes the a;-meson field (@} =

Bl H - -~
(@} 1,a) 5,a} 3) denotes an equivalent parameterization).

U can now be parameterized in terms of the mesonic fields. We can either use the scalar fields,

1 oc+a3z ap—ias
U=S=— (clo+dg-7)=— A .46
\/_( 2 0 ) ﬂ(a1+ia2 U—ag) ( )
the pseudoscalar fields,
T=p 1 (nls +7-7) 1 n+m3  mp—imy (A.47)
=P=— T-T)=— .
- 2 72 \/5 T +imy -3
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the vector-meson fields,

U=Vt=—"(wls+p" 7) , (A.48)
or the axial-vector meson fields,

U=A"=—(fLy+ad)-7) . (A.49)

We can now consider a representation associated with the direct sum S @ P, which can be
identified with

d=S+iP, (A.50)

taking account of scalar and pseudoscalar mesons. From Egs. (A.23)-(A.30) we can verify the

transformation laws for the different fields under axial and axial-vector transformations:

SU(Q)V SU(Q)A U(l)v U(I)A

o ——— UV@L{‘T, , ® UaPUy , @ —>L{V<I>Ll ;O —SUSDULY (A5
R 2O o madt, o 2O g pgd - re YOV 40 g0t o PO 040 prggt
(A.52)
R 2O v redt o 2O oy R EO 0 pat e YO 00 Ly,
(A.53)
where we defined
R =VI+ AN LF=VH - A", (A.54)
Uy /a = exp (%am ~?) ¢ SU(2) (A.55)
denotes an arbitrary element of SU(2) (in the fundamental representation), and
UV/A—eXp( on/Alg) eU(1) (A.56)

denotes an arbitrary element of U(1) (in two-dimensional representation).
The representation associated with (A.50) is known as [2,2] @ [2,2] representation of SU(2) x
SU(2). Similarly, matrix fields associated with the three-dimensional irreducible representations
[3,1] and [1,3], respectively, are for instance given by

PH =

(p-7), A'= (@ -7) . (A.57)

&\H
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Appendix B

Brute-force algorithms for the

construction of invariants

In this appendix we provide Mathematica notebooks implementing a straightforward construc-
tion of polynomial invariants for a given order. As example for a finite group we choose the
representation I'®)(C},), for which we already constructed the invariants from the projection
operator method in Sec. 5.2. As example for a continuous group we choose SU(2)4 x SU(2)y in
the [2,2] ® [2,2] representation and consider infinitesimal SU(2) 4 transformations.

In contrast to output and comments, input is set in boldface.

B.1 Two-dimensional irreducible representation of Cy,

(o f)

w1 7)
M3=(_01 —01)
M4=(_01 (1))
M5=((1) —01)
(5 1)
M7=(-01 _01)
(2]
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Do | vp; = Dot M,-,( z ) ,{i,1,8)
y

Do [sz = Vpi[[17 1]];ypi = Vpi[[27 1]]a {ia 178}]

sys =
Table[a*xz+b*y2+c*x*y==a*xpi2+b*ypi2+C*XPi*ypi,

{i,1,8}]

SolveAlways|sys, {z,y}]
{{a—b,c—0}}

sys=Table[ax 2t +bxa® xy+cxa? xy2 +dxary®+ fryt ==
a*X 4 b 3 2 2 d 3 4
pi" +b*Xp;” *yp; + c*Xp;” *yp;” +d *xp; *yp;° + f *yp;”,

{i,1,8}]

sol = SolveAlways[sys, {z,y}]

{{b-0,d->0,a— f}}

arxt+br 23 xy+cra?ry? +draxryd+ fryt/s0l
{fm4+cx2y2+fy4}

B.2 Two-flavor linear sigma model

e Infinitesimal SU(2)4 transformations are given by:
op =0 +al * pi; + a2 * piy + a3 * piz

pilp=pi; —al *o

pi2p=pi, —a2x*0o

pi3p=piz—ad*o

np=n-al+al-a2+a2-a3x*al

alp=al+alx*n

a2p=a2+a2x*n

adp=ad3+ad*n

e Terms of order O(a?) will be set to zero:
alsq = Expand [(al + a2 + a3)?]

- alsq[[4]] ;
vl = Table (alsq[[i]]/.{alil,a2—>1,a3—>l}) -0, {1, l,Length[alsq]}]

alsq = Expand [(al +02+ a3)3]

- alsq[[4]] ;
v2 = Table (alsq[[i]]/.{alil,a2—>1,a3—>l}) -0, {1, l,Length[alsq]}]
alsq = Expand [(al +02+ a3)4]

v3 = Table [ (alsal[Z]] /.{lesi[l[i]x]2—>1,a3—>l}) -0,{i,1, Length[alsq]}]

e Construction of the quartic invariants:

qua = Expand [(al + a2 + a3 + 1+ o + pi; + pi, + piz) *]

mon =
Table[
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quaf[]]/
(qua[[i]]/{al—>1,a2 > 1,a3 > 1, > 1,0 > 1,

pil - ]-api‘.) -> lapi3 - 1}) ’ {7’1 l,Length[qua.]}]

monp =
Table[FullSimplify [
Expand[
(qua[[Z]]/-{al —» alp,a2 — a2p, a3 — a3p,
n = np,0 — op, pi; — pilp, pi; — pi2p,
piz — pi3p})/
(qua[[i]]/{al—>1,a2 > 1,a3 > 1,n > 1,
o - 1,pi; - 1,piy - 1,pig - 1})] /.v1/.v2/.
v3],{i,1,Length[qua]}]

Dol

eq; = Sum [Coefficient [¢; * monp[[7]],
o Exponent[mon[[5]],0] pilExponent[mon[[j]],Pil] *

pi, Exponent[mon{[111,pis]  pi, Exponentlmon([i]],pis]
nExponent[mon[[j]],n] % a'lExponent[mon[[j]],al]>(_
a'2Exponen1:[mon[[j]],a2] " a'?,)Exponent[mon[[j]],a.3]] ,

{i,1, Length[monp]}]
,{4,1,Length[mon]}]

sys = Table[eq; == ¢;, {4, 1, Length[mon]}]
solal = SolveAlways[sys, {al,a2,a3}]

in = Expand [Sum [¢; * mon[[i]]/.{solal[[1]]},

{i,1, Length[mon]}]]

allegs +2a1%a22ca5 + a2 cys +2a1%a3 a5+ 2a22a3% ca5 + a3t g5 + 201202 c35 + 222202 c35 + 2232 1% 35 +
774035 - a12770c229 — 322770c229 - a327700229 - 77300229 + 772020300 +al?0%cgps +a220%cs0s +a3%0%c504 —
7703 €325 +U40330+a130229p11 +a1a220229pi1 +ala3d? C229D1 +a1n2 C229pi —2alnocsgopi; +2alnocspapi; +
a1020325p11 + a120300pi% + 3220304})1% + a320304pi% + 7’]20304pi% - 7]0'0325pi% + 20’20330})1% + alc325pi‘;’ +
0330pi11 + a12a20229pi2 + a230229pi2 + a2a320229pi2 + a21720229pi2 — 2a2noc3ooply + 2a2n0c304Pls +
a202 325 iy +2ala2¢300i; Piy — 2a1a2¢304 Pi; Piy +a2¢305Pispiy +a22 e300 pis +al?c304pis +a3% c30apis +
n?c304pi5 — 10 ¢35 Pi3 + 207 C330pi5 + alcazspiy pis + 2¢330PiTpis +a2cs25Pls + CazoPis +al*adcazopis +
a22a30229pi3+a330229pi3+a37720229pi3—2a37700300pi3+2a37700304p13+a3020325pi3+2a1a30300pilpis—
2aladcspapipig + a30325pi%pi3 + 2a2a3c300PiyPis — 2a2a3c304Pigpig + a30325pi§pi3 + a320300pi§ +
a120304pi§ +a2? 0304pi§ +n2 6304pi§ —7700325pi§ +20’26330pi§ +alcsos pilpig + 26330pi%pi§ +a2C325p12pi§ +

.2 .2 .3 4
2c330piapi3 + adc325piz + €330Pig

inv1l = Coefficient [in[[1]], cs5]

al? +2a1%a2% + a2* + 2a1%a3? + 2a2%a3? + a3* + 2a1%n? + 2a2%n? + 2a3%n? + n*

inv2 = Coefficient [in[[1]], c220]

—al?no-a2?no—a3*no-nlo+ a13pi1 + alau22pi1 + 3L1a32pi1 +aln?pi, + 3L123L2pi2 + a23pi2 + a2a32pi2 +
a2n?pi, + a12a3pi3 + a22a3pi3 + a33pi3 + a3n2pi3

inv3 = Coefficient [in[[1]], ¢s00]
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n?0? - 2alnopi, + a12pi% —2a2nopi, +2ala2pi; piy + a22pi§ —2a3nopis +2alaldpi; piz + 2a2a3pi,pisg +
212

a3 pis

inv4 = Coefficient [in[[1]], c304]

al?0?+a220% +a3202% + 2alnopi, +a22pis +a3’pis +n?pi +2a2nopi, - 2ala2pi, piy +al?pis +a3’pis +

772pi§ + 2adnopis — 2aladpi, piy — 2a2a3dpi,pis + a12pi§ + a22pi§ + 772pi§

inv5 = Coefficient [in[[1]], c325 ]

—7703 + a102p11 - napi% + alpi? + a202pi2 + a2pi%p12 - napig + alpilpig + a2pi§ + a302pi3 + a3pi%pi3 +

a3pi§pi3 - napig + alpilpi§ + a2p12pi§ + aSpig

inv6 = Coefficient [in[[1]], c330]

ot +202pi? + pit + 20%piZ + 2piZpis + piy + 20°piz + 2pispia + 2pispiz + pij

known1 = (o2 + pi,? + piy? + piz?)

known2 = (n? + al® + a2 + a3?)

known3 = (o * ) — pi; * al — pi, * a2 — piz * a3) 2
known4 = ¢ * ) — pi; * al — pi, * a2 — piz * a3

FullSimplify[inv1]

(al® +a2? +a3” + 772)2

FullSimplify[inv2]

(al? +a2? + a3% + ) (-no + alpi, + a2pi, + a3piy)
FullSimplify[inv3]

(-no +alpi, +a2pi, + a3piz)?

FullSimplify[inv4]

(a12 +a2% + a32) o+ (a22 +a3%+ 172) pi% + (a12 +a3%+ 772) pig + 2a3nopis + (a12 +a2%+ 772) pig +
2a2pi, (no — a3pis) + 2alpiy (no — a2pi, — a3piy)
SolveAlways[

cl *» knownl1”2 + ¢2 * known2"2 + ¢3 * known4"2+

c4 * knownl * known2 + ¢5 * knownl * known4+

¢6 * known2 * known4 == inv4,

{o,n,piy, piy, pig, al,a2,a3}]

{{c1 >0,¢2>0,¢3 > -1,¢4 > 1,¢5>0,¢6 > 0}}
FullSimplify[-1 * known4*2 + 1 * known1 * known2 — inv4]
0

FullSimplify[inv5]

- (no —alpi; — a2pi, — a3pis) (02 +pii + pis + pij)
FullSimplify[inv6]

(02 + pi? + pig + pi%) 2

e Construction of the quadratic invariants:

qua = Expand [(al + a2 + a3 + 1+ o + pi; + pi, + piz) ?]
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mon =
Table[
quaf[:]]/
(qua[[i]]/{al—>1,a2 > 1,a3 > 1,n > 1,0 > 1,
pi; ~ 1,piy > 1,piz > 1}),{i, 1, Length[qua]}]
monp =
Table[FullSimplify [
Expand[
(qua[[Z]]/-{al —» alp,a2 — a2p, a3 — a3p,
n — np,0 — op, pi; — pilp, pi; — pi2p,
piz — pidp})/
(qua[[i]]/{al—>1,a2 > 1,a3 > 1,n > 1,
o - 1,pi; - 1,piy - 1,pig - 1})] /.v1/.v2/.
v3],{%,1,Length[qua]}]
Do[

eq; = Sum [Coefficient [¢; * monp([[i]],
ogExponent[mon[[j]],0] pilExponent[mon[[j]],pil] *

pi2Exponent[mon[[j]],pi,] * pi3Exponent[mon[[j]],pi3] *
nExponent[mon[[j]],n] * a‘lExponent[mon[[j]],al] %
a2]*3xpom—mt[mon[[j]],a2] % a‘?’Exl.aonent[mon[[j]],a3]] ,
{i,1,Length[monp]}]

;{4,1, Length[mon]}]

sys = Table[eq; == ¢;, {4, 1, Length[mon]}]

solal = SolveAlways[sys, {al, a2, a3}]

in = Expand [Sum [¢; * mon[[i]]/.{solal[[1]]},
{i,1,Length[mon]}]]

{a1206 + a2206 + a3206 + 17206 —nocsy + o02ea6 + alesipi; + 036pif +a2c31piy + 036pi§ +adc31pis + 036pi§}
inv1l = Coefficient [in[[1]], cs]

al? +a2? +a3? + n?

inv2 = Coefficient [in[[1]], c36]

o+ pi% + pig + pig

inv3 = Coefficient [in[[1]], cs1]

-no +alpi; +a2pi, + adpis
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Appendix C

Numerical methods

We basically use two independent numerical approaches for our calculations at finite temperature.
Both are based on discretizing the field variable 2z = ¢ (in the usual terminology of differential
equations we refer to it as spatial variable in the following, which should not be confused with
the spatial dimension D) on a one-dimensional grid. The first one is based on approximating the
spatial derivatives U () = U(n)z by appropriate finite-difference formulas (usually 4th order
turns out to be good enough, sometimes we use higher-order ones, however). In the following
we refer to this method as Finite-Difference Method. We became aware of its practical use by
the master thesis of Eirik Eik Svanes who kindly provides a Mathlab code within his work [149].
We decided to use this method, since it is well documented by Eirik Eik Svanes in his master
thesis. Our implementation, however, is different. The second method is what we refer to as
Taylor Method. Tt is described on page 5 in Ref. [156]. We thank Mario Mitter for pointing out
this reference to us. We also want to thank him and Bernd-Jochen Schaefer for useful discussions
about certain numerical details.

Applying either of the above methods yields a system of coupled ordinary differential equations
in the RG scale k. We solve this systems using different versions of the Runge-Kutta method.
Preferable is the Cash-Karp method with adaptive stepsize control (which is described in Ref.
[157]). We also made good experiences with the built-in option IDA of Mathematica’s NDSolve.
All of the methods described can be implemented in Mathematica. We provide notebooks for
the Finite-Difference Method as well as for the Taylor method. For both cases we choose the
FRG-flow equation (in LPA) of the U(2) x U(2) model in the truncation (7.2).

C.1 Finite-Difference Method

_ 1576,
T=55s
diff = 5;
sqxmin = 230;

4.
amp = 7455

xmin = sqxmin”2;
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vv[x_] = amp * (z — xmin)"2
13

ww(x-] = 155

vk, p_, v_, vX_, VXX_, W_, WX_, WXX_| =
2 VX W
ot YT ] k‘Coth[—W
+ +

3n2vVk2+2vx 6m2\/k2+2vx+2wep

k2 +2vx+2vxxp+weo—/ (2vxx-w)2 o2
k4Coth|:\/ = v

+
127r2\/k2+2vx+2vxxzp+wzp—\/(2vxx—'w)24p2

4 \/k2+2vx+2vxx¢p+wtp+\/(2vxx—w)2qp2
k*Coth >T

1272 \/k2 +2vx+2vxxp+we+y/(2vxx—w)2p2 ’
fwlk_, -, v_, VX_, VXX_, W_, WX_, WXX_]| =

(k4Csch [—\/’“;;W]S

(((2k% - 372 + 4vx) w? + 272 (k2 + 2vx) wx)
Cosh [—‘/'“;;',W] +

T (3w2 -2 (k2 + 2vx) WX)
(TCosh [—3‘/’%] +

2/ vssinh [ V5] )/
487272 (k2 + 2vx)” 2) -

—~

k*(w + wxg)Csch [—“'“;;',2""]2
VA2 +2vx + TSinh [ YE2x])) /
12727 (k2 + 2vx)*/? (p) ¥
2
2 +2vx+2w
k*(w - wxp)Csch [@

VEZ +2(vx + wy) + TSinh [@]))/

1272Tp (k2 +2(vx + w<p))3/2) +

Kt (3w2 +4wx2p? — Bwxy/(-2vxx + w)2p2 -

wxxpy/ (—2vxx + w)2p? + wp(8wx — wxxp)+

Py |

2vxx (6w + p(4wx + wxxp))) \
\/ k2+2vx+2vxxpt+wp—/(-2vxx+w)2p?
Csch [ =T

(\/k"’ + 2V + 2vxxp + wp — \/ (-2vxx + w)2p2+
T
Sinh[
\/k'*'+2vx+2vxx<,a+w<p—\/(—2vxx+'w)2<p2 ]))/
T
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(2471'2T\ /(—2vxx + w)2p2

3/2
(k2 + 2vX + 2vxxp + wp — \/ (-2vxx + w)2<p2) ) -
(k4 (3w2 +4wx2@? + bwxy/(—2vxx + w) 22+

wxxpy/ (—2vxx + w)2p? + wp(8wx — wxxp)+
2vxx (6w + p(4wx + wxxp)))
Csch [ \/Is:2+2vx+2vxx<,a+‘121.v’1<,?+\/(—2vxx+'w)“’4p2 ]2

(\/k2 + 2vX + 2vxxp + wp + \/ (-2vxx + w)2p2+
T
Sinh|[
\/k‘"+2vx+2vxx<,a+w<,o+\/(—2vxx+'w)24p2 ]))/
T
(2471'2T\ /(—2vxx + w)2(p2
3/2
(k2 + 2vX + 2vxxp + wp + \/ (-2vxx + w)2<p2) ) ;

kL = 500;
kR = 5;

nx = 180;
nfine = 80;

dx = 3*xmin—=Tyfine .
nx-1 !

Do|[z; = (35) "2+ (i —1)"2,{i, 1, nfine} ]
Do[

Zip = x; +dx

,{i,nfine,nx —1,1}]

grid:=Table [z}, {j,1,nx}]

(*FiniteDifferenceFormulaforspatialderivativesvx,
vxxatthespatialgridpoints*)

vhelp[k_] = Table [v;[k],{j,1,nx}];

(* derivatives for left boundary and middle points *)
D1v = NDSolveFiniteDifferenceDerivative[1, grid,
vhelp[ k], "DifferenceOrder" — diff];

D2v = NDSolvéeFiniteDifferenceDerivative[2, grid,
vhelp[ k], "DifferenceOrder" — diff];
(*computeboundaryconditions,

note : D1[[nx]]islastpoint*)
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Do [vx; = D1v[[j]],{4,1,nx}];
Do [vxx; = D2v[[5]], {3, 1,nx}];

whelp[k_] = Table [w;[k],{j,1,nx}];

(* derivatives for left boundary and middle points *)
D1w = NDSolveFiniteDifferenceDerivative[1, grid,
whelp[k], "DifferenceOrder" — diff];

D2w = NDSolveFiniteDifferenceDerivative[2, grid,
whelp[k], "DifferenceOrder" — diff];
(*computeboundaryconditions,

note : D1[[nx]]islastpoint*)

Do wx; = DIw[[j1], {j 1,mx} ;

Do [wsx; = D2w([5], {j, L, x} ;

sys =

Join[

Table [D [’Uj [k], k] ==fv [k, Zj,v4 [k],VXj,VXXj,
wj[k], wxj, wxx;], {4, 1,nx}],

Table [ D [w;[k], k] == ftw [k, z;,v;[k], vx;, vxx;,

’LUj[k],WXj,WXXj] {4, 1,0x}]];

initc = Join [Table [v;[kL] == vv[z;], {j,1,nx}],
Table [w;[kL] == ww [z;],{j, 1,nx}]];

sysin = Join[sys, initc];
vars = Join [Table [vj, {j,1,nx}], Table [w;, {j,1,nx}]]

sol = NDSolve[sysin, vars, {k,kL,kR}]

ListPlot [Table [{,/Z;, Re[sol[[1,4,2]1[¢]]} , {4, 1,39}] /.t > 16, PlotStyle - Black]
~1.25834 510° | '
—1.25034 107 |
~1.2503410% |
~1.25834 5107 |
—1.25034x10% |

—125034 x10° |

C.2 Taylor Method

_ 1576.
T= 10 ?

116



fV[k—1 O, V_, VX_, VXX_, W_, WX_, WXX. _] _
k“Coth[@] k“th[@]

3n2vVk2+2vx 6m2\/k2 +2vx+2wep.

[ \/k +2vx+2vxx¢+w¢—\/(2vxx—w)2(p2
2T

k*Coth

+
1272 \/Is:2 +2vx+2vxxp+wp—/(2vxx-w)2p2

\/k2 +2vx+2vxx¢p+w¢p+\/(2vxx—w)2 @2
2T

k“Coth[

12‘lr"’\/1‘72+2vx+2vxxzp+'wzp+\/(2vxx—'w)“’4p2
fwlk_, -, v_, VX_, VXX_, W_, WX_, WXX_]| =

k*Csch [—\/’“;;W]S
(((2k? - 372 + 4vx) w? + 2T (k? + 2vx) wx)
Cosh [@] +
T (3w -2 (k2 + 2vx) wx)
(TCosh [%] +

o o [5751) )
487272 (k2 + 2vx)”/ 2)

k*(w + wxy)Csch [@]2
VR T + 7Sk [ V5]
12227 (k2 + 2vx) /2 (p) ¥

k*(w - wxp)Csch [3@]2

VEZ +2(vx + wy) + TSinh [@]))/

127%Tp (k? +2(vx + w¢p))3/2) +

Kt (3w2 +4wx2p? — Bwxy/(—2vxx + w) 22—

wxxpy/ (—2vxx + w)2p? + wp(8wx — wxxp)+

P e — —

2vxx (6w + p(4wx + wxxp))) \
\/ k2+2vx+2vxxpt+wp—/(—2vxx+w)2p2?
Csch [ =T

(\/k"’ + 2V + 2vxxp + wp — \/ (-2vxx + w)2p2+
T

Sinh[
\/k'*'+2vx+2vxx<,a+w<,o—\/(—2vxx+'w)2<p2 ]))/
T
(2471‘2T\ /(—2vxx + w)2p?
3/2
(k2 + 2vX + 2vxxp + wp — \/ (-2vxx + w)2<p2) ) -
(k4 (3w2 +4wx2@? + bwxy/(—2vxx + w) 22+

wxxpy/ (—2vxx + w)2p? + wp(8wx — wxxp)+
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2vxx (6w + p(4wx + wxxp))) \
k2+2vx+2vxxpt+wp+/(—2vxx+w)2p?
Csch v >T ]

(\/k"’ + 2vxX + 2vxxp + wp + \/ (-2vxx + w)2p2+
T
Sinh[
\/k'*'+2vx+2vxxa,a+'mn,a+\/(-2vxx+'w)24p2 ]))/
T
(2471'2T\ /(—2vxx + w)2p?
3/2
(k2 +2vx + 2vxxp + wp + \/ (-2vxx + 'w)2<p2) ) ;

nx = 22;
DO[ Ti= (10)A2+(11%5(? _1))/\27{171’“}]7
listl =
A
Table [sz +Vpp; * _Hli +Vppp; * (Ti+1;.zi) 2,
i i)"3
vpppD; * % ==
A

i+1—L4 i+1 L4 2

VPis1 — VPDiyy * ZH3EL + vppp,; + (it 2_

1 1 3
VDPPP;41 * %’ {7” l,DX - 1}] )
list2 = Table [vpp; + vppp; * Z44=2 + vpppp; *

VDDiy1 — VPPPiyq * T2 4+ vpppp;,, # Ez) 2
{i,1,nx-1}];

list3 = {vppp, + vpppp; * 5L == vppp, + Vpppp, * L1722,
VPPPnx-1 + VPPPPpx-1 * % ==

VDDDyy + VPPPPyy * Zexi=Tax }

alg = Join[list1, list2, list3];

va = Join [Table [vppp;, {%,1,nx}],

Table [vpppp;, {4, 1,nx}]];

truncv = Solve[alg, va][[1]];

(zir1-2:)"2
8.

listl =

Table [Wpi +Wpp; * =21 4 wppp; * (zi+l;.$i),\2+
wpppp; * &nzza)’d __

WDjs1 ~ WPDjy * TH5=EL + WDDD;,g * —(I“l;.zi)l\z—

WPPDD;,q + ZE)S £ 1 nx 1}]

(zis1-z:)"2

list2 = Table [pri +Wppp; * +Wpppp; * ~— g ==
(zis1-z:)"2

WPPjy1 ~ WPPPjyq * T3~ + WPPPP;yy * g,
{3,1,nx - 1}];

Li41—Ti
2.
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list3 = {wppp, + Wpppp; * 2% == wppp, + Wpppp; * L1522,
WDPDPPpy—1 + WPPPPpy_1 * Zgex=l ==

WDDDyy + WPPPPyy * Z2xi=Znx 1
alg = Join[list1, list2, list3];

wa = Join [Table [wppp;, {,1,nx}],
Table [wpppp;, {i,1,nx}]];

truncw = Solve[alg, wa][[1]];

trunc = Join[truncv, truncw]

Do [fj =fv[k,xj,vj,vpj,vppj,wj,ij,wppj],{j,l,nx}];

Do[

fj+nx =

(D[tv[k,z,v[z],v [z], v [2], w[z],w [2],w” [2]],
z]/. {v[x] - v;,v'[z] > vp;,v” [z] - VDD,
v®[z] - vppp;, v [] > vpppDP;, w(z] - w;,
w'[z] - wp;, w” [z] > wpp,, w®[x] - wppp;,
w®[z] - wpppp;, = - z;}) /.trunc, {j,1,nx} | ;

Dol

fj+2*nx =

(D[D[tv[k,z,v[z],v'[z],v" [z], w[z], w'[z],
w”[z]],z],z]/.

{v[z] - v;,v'[z] - vp;,v"[z] > vDD;,

v®[z] > vppp;, v [x] - vpppp;, w[z] - w;,
w'[z] - wp;, w” [z] > wpp,, w®[x] - wppp;,
w®[z] - wpppp;, 2 > z;}) /.trunc, {j,1,nx}];

(*f1 = D[v1,s], ..., fax = D[vnx, 8], fax+1 = D[vpl, s], ...,
f2nx = D[VPDX, S]) f2nx+1 = D[VPPI,S], eeey f3nx = D[vppnx, 5]*)

Do [fj+3*nx = fw [k,-'lf'j,’UjaVPj,VPPj,wjaWPj,WPPj] )
{4,1,nx}];

Do[

fj+4x-nx =
(D[fw[k, z,v[z],v"[z],v" [z], w[z], w'[z], w”[x]],
z]/.{vlz] - v;,v'[z] = vp;,v”[z] - vpP;,
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v®[z] - vppp;, v [x] > vpppp;, w[z] - wj,
w'[z] - wp;, w” [z] > wpp,, w®[z] - wppp;,
w®[z] - wpppp;, z > z;}) /.trunc, {j,1,nx}];

Do[

fj+5*nx =

(D[D[tw[k, z,v[z],v'[z],v" [z], w[z], w'[z],
w”[z]],z],z]/.

{v[z] » v;,v'[x] - vp;,v” [z] > vPD;,

v®[z] - vppp;, v [x] > vpppp;, w[z] - wj,
w'[z] - wp;, w” [z] > wpp,, w®[x] - wppp;,
w®[z] - wpppp;, z > z;}) /.trunc, {j,1,nx}];

(*f3nx+1 = D[W17 3]) ceey f4nx = D[wnx, S], f4nx+1 = D[Wpla S]a ceey
fsnx = D[wWpnx, 5], fonx+1 = D[wppL, s], ..., fenx = D[wppnx, s]*)

(*Cash — KarpCoefficients : *)

a2=1;a3=3:ad=3;a5=1;a6=1;

= 1. = 3. =3. = =l1.
o1 - 3 i 3

= %9%43 - Q.i(:ég - —_701.(1;63 - ﬁ

27 110592? 4096 378°

c2=0;c3 = 239: ¢4 = £22;¢5 = 0;¢6 = 173 ;
oS1 = 282552 = 0;.cS3 = 18575, cgy — 13525
¢S5 = %;c86= %;

helpp = Join[Table[v[j,% + 1], {j, 1,nx}],
Table[vp[4,i +1],{j,1,nx}],
Table[vpp[j,i + l]a {.7’ lanx}]’
Table[w[j,i + 1], {4,1,nx}],
Table[wp[j, i +1], {j,1,nx}],
Table[wpp[j,i + 1], {j,1,nx}]]

help = Join[Table[v[,],{j,1,nx}],

Table[vp[j, ], {j,1,nx}], Table[vpp[j, ], {j, 1,nx}],
Table[w[j,], {4, 1,nx}], Table[wp[j, 1], {j, 1,nx}],
Table[wpp[3, ], {4, 1,nx}]]

helppS = Join[ Table[vS[j,% + 1], {4, 1,nx}],
Table[vpS[j,i +1],{j,1,nx}],
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Table[vppS[j,i + 1], {4, 1,nx}],
Table[wS[j,i + 1], {j,1,nx}],
Table[wpS[j,i + 1], {j, 1,nx}],
Ta.ble[wppS[j,i + 1]’ {.77 1, IlX}]]

vv[x] = 535 * (z — 230"2)"2;
vvx[x_] = D[vv[z],z];

vvxx[x-] = D[vvx[z],z];

Do [v[j,1] = vv[z;],{J,1,nx}];

Do [vp[j, 1] = vvx [z;],{j,1,nx}];
Do [vpp[j,1] = vvxx[z;],{j,1,nx}];

3.
100°

wwx[x ] = D[ww[z], z];

ww[x_] =

wwxx[x_] = D[wwx[z], z];

Do [w[j,1] = ww [;],{j,1,nx}];

Do [Wp[Ji 1] =wwx [1’3] ) {Ja 17DX}] )
Do [pr[j7 1] = WWXX [1’3] ) {Ja 17DX}] )

adaptivestepsizeCashKarp :

Join [{k}, Table [v;,{j,1,nx}], Table [vp;,{j,1,n0x}],
Table [vppj, {3,1, nx}] , Table [wj, {j,1,nx}],

Table [ij, {3,1, nx}] , Table [prj, {5,1, nx}]]
Withorwithout(dependsonwhichblockcommentedout)
Adaptivestep — size, takeonlyv, vp, vpp,
wforerrorintoaccount :

eps=8

kh; =500
h=-0.05

com = Join [{{k, Real}}, Table[{v;, Real}, {j,1,nx}],
Table [{vpj, _Real} , {4, l,nx}] ,

Table [{vppj, _Real} ,{4,1, nx}] ,

Table [{w;, Real},{j,1,nx}],

Table [{ij, _Real} ,{5,1, nx}] ,

Table [{wppj, _Real} ,{5,1, nx}]]
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Do [fcpj = Compile [Evaluate[com], Evaluate [ f;]],
{4,1,6 » nx}]

1=1

Do[

k =kh;; Do [vj = ’U[j,’i], {Ja 17DX}] >

Do [ij = Vp[j7 7:]1 {.77 1,I]X}] >

Do [vpp; = vpp[j,i], {4, 1,nx}];

Do [w; = w[j,4], {4, 1,nx}]; Do [wp; = wp[j,i], {4, 1,nx}];
Do [wpp; = wpp[j,i], {4, 1,0x}];

Dol

k1; = h  fcp; [k, v1,v2,v3,v4, V5, V6, V7, V8, Vo,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,
V21,V22,VP1, VP2, VP3, VP4, VP5, VD6, VP7, VD3,

VP9, VP10> VP115 VP12, VP13, VP14, VP15, VP16> VP175
VP18;VP19; VP20, VP21, VP22, VPP1, VPP2, VPP3,

VPP4, VPPs5, VPPg; VPP7, VPPg; VPPg, VPP19; VPP115
VPP12, VPP13, VPP14, VPP15,; VPP16) VPP17, VPP18,
VPP19; VPP2¢; VPP21, VPP22, W1, W2, W3, W4, W5, We,
wr,Wws, Wy, W10, W11, W12, W13, W14, W15, W16, W17, W18,
W19, W20, W21, W22, WPy, WP2, WP3, WDy, WP5, WDg, WD7,
WDPg; WPg, WP10> WP11, WP12, WP13, WP14, WP15, WP16>
WP17, WP18; WP19, WP20) WP21, WP22, WPP1, WPD2, WDPDP3,
WDPP4, WPPs5; WPPg, WPP7, WPPg, WPPg, WPP10; WPP11,
WDP12; WPP13; WPP14; WPP15, WPP16, WPP17, WPP18)
WPD19, WPPag; WPPa1, WPP22] , {4, 1,6 * nx}];

k =kh; + a2 x h; Do [v; = v[j,] + b21 » k1;,{j,1,nx}];
Do [vp; = vp[j,i] + b21 * KLjsnx, {4, 1,nx}];

Do [Vppj = vpp[j,i] + b21 * k1;,04nx, {31, nx}] 5

Do [w; = w[j,7] + b21 * k1;434nx, {J,1,0x}];

Do [wp; = wp[4, ] + b21 * k1j,4unx, {j, 1,0x}];

Do [wpp; = wpp[j, i] + b21 * k1s5unx, {4, 1, nx}];
Dol

k2; = h * fcp; [k, v1,v2,v3,v4, V5, V6, V7, V8, Vo,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,
V21,V22,VP1, VP2, VP3, VD4, VP5, VD¢, VP7, VD3,

VP9, VP10> VP115 VP12, VP13: VP14, VP15, VP16> VP175
VP18;VP19; VP20, VP21, VP22, VPP1, VPP2, VPP3,

VPDPy4, VPPs, VPDPg; VPP7, VPPg, VPPg, VPP19; VPP115
VPP12, VPP13, VPP14, VPP15,; VPP165 VPP17, VPP18,
VPP19; VPP2¢; VPP21, VPP22, W1, W2, W3, W4, W5, We,
wr,Wws, Wy, W10, W11, W12, W13, W14, W15, W16, W17, W18,
W19, W20, W21, W22, WPy, WP2, WP3, WDy, WP5, WPg, WP7,
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WDg; WPg, WP10> WP11, WP12, WP13, WP14, WP15, WP16,

WP17, WDP18, WP19, WP20, WP21, WP22, WPP1, WPP2, WPP3,

WDPD4, WDPDs5, WPPg, WPDP7, WPPg, WPPg, WPDP10, WPP11,

WPP12, WPP13, WPP14; WPP15, WPP16> WPP17, WPP13,

WPP19, WPP2g, WPP21, WPP22 ], {4, 1,6 * nx}];

k =kh; + a3 = h; Do [v; = v[4,7] + b31 » k1; + b32 x k2;,

{j,1,0x}]; Do [vp; = vp[4,i] + b31 * k1j,nx + b32 % K2j.ny,

{ja 1, nx}],

Do [vpp, = vpp[j,i] + b31 * k1,24nx + b32 * k2j424nx, {j, 1, nx}];
Do [w; = w[jF,7] + b31 * k1;434nx + D32 * k2j.3.4nx, {J,1,0x}];

Do [wp; = wp[4,i] + b31 * K1, 4enx + b32 * K2j4 genx, {4, 1, 0x} ] ;
Do [wpp; = wpp[j,i] + b31 * k1j,54nx + b32 * K2j.54nx, {j, 1, 0x} ] 5
Do[

k3; = h  fcp; [k, v1,v2,v3,v4, V5, V6, V7, V8, Vo,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

V21,22, VP1, VP2, VP3, VD4, VP5, VD¢, VP7, VPg,

VPg; VP105 VP11 VP125 VP13: VP145 VP15, VP165 VP175

VP18 VP19; VP20 VP21, VP22, VPP1, VPP2, VPD3,

VPP4, VPPs5, VPP, VPP7, VPPg; VPPg, VPP10; VPP11,

VPP12,VPP13; VPP14; VPP15, VPP165 VPP175 VPP18>

VPP19; VPP2¢; VPP21, VPP22, W1, W2, W3, W4, W5, We,

Wy, Ws, W, W10, W11, W12, W13, W14, W15, W16, W17, W18,

W19, W20, W21, W22, WPy, WP, WP3, WPy, WP5, WPg, WP7,

WPg, WPg, WP10) WP11, WP125 WP13, WP14, WP15, WP16)

WP17, WP18, WP19, WP20, WP21, WP22, WPP1, WPP2, WPP3,

WDPD4, WPP5, WPDPg; WPP7, WPPg, WPPg, WPP19; WPP11,

WDPP12; WPP13; WPP14; WPP15, WPP16) WPP17, WPP138)

WDP1g, WPP2g, WPPa1, WPP22] , {4, 1,6 * nx}];

k =kh; + a4 + h; Do [v; = v[j,7] + b41 » k1; + b42 x k2; + b43 * k3;,
{7,1,nx}];

Do [vp; = vp[j,i] + b4l # k1 jynx + b42 * k2j,ny + b43 * k3jsnx,

{ja 1, nx}],

Do [vpp; = vDP[j, 1] + b4l * k1j,2.nx + b42 % k2j,24nx+

b43 * k3;124nx, {J, 1, nx}];

Do [w; = w[j,7] + b41 * k1;.34nx + D42 * k2;,34nx + D43 * k3;134nx,
{ja 1, nx}],

Do [wp; = wp[4,i] + b41 * K1, 4enx + D42 * K2j, genx + D43 * k31 4unx,
{7,1,nx}];

Do [wpp; = wpp[j,i] + b4l * k1j,54nx + b42 * K2j.54nx + b43 * k3j.54nx,
{ja 1, nx}],

Do[

k4; = h * fcp; [k, v1,v2,v3,v4, V5, V6, V7, V8, Vo,

10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

123



V21,V22,VP1, VP2, VP3, VP4, VP5, VD6, VP7, VD3,

VP9, VP10> VP11, VP125 VP13, VP14, VP15, VP16> VP175
VP18;VP19; VP20, VP21, VP22, VPP1, VPP2, VPP3,

VPP4, VPPs5, VPPg» VPP7; VPPg,; VPPg, VPP19; VPP11,
VPP12; VPP13; VPP14, VPP15,; VPP16; VPP17, VPP13,

VPP19; VPP2g; VPP21; VPP22, W1, W2, W3, W4, W5, We,
wr,Wws, Wy, W10, W11, W12, W13, W14, W15, W16, W17, W18,
W19, W20, W21, W22, WPy, WP, WP3, WPy, WP5, WPg, WP7,
WDPg; WPg, WP10; WP11, WP12, WP13, WP14, WP15, WP16>
WDP17, WP18; WP19, WP20, WP21, WP22, WPP1, WPD2, WDPD3,
WDPD4, WDPDs5, WPPg, WPP7, WPPg, WPPg, WPDP10, WPDP11,
WDP12; WPP13; WPP14; WPP15, WPP16) WPP17, WPP18)
WPP19, WPP2g, WPPa1, WPP22 ], {4, 1,6 * nx}];

k =kh; + a5 h;

Do [vj = v[j,%] + b51 + k1; + b52 % k2; + b53 + k3; + b54 * k4;,
{7,1,nx}];

Do [vp; = vp[j,i] + b51 % k1jinx + b52 # k2jinx + b53 % k3jnx+
b54 * kd;inx, {j, 1,nx}];

Do [vpp, = vpp[j,i] + b51 * k1j,24nx + b52 * k2j,24nx+
b53 * k3j+2*nx +bb4 * k4j+2*nx, {], 1, IIX}] N

Do [wj = w[j,7] + b51 * k1;43.nx + D52 * k2, 34nx + D53 * k3jig4nx+
b54 * kd;434nx, {J, 1,0x}];

Do [wp; = wp[j,i] + b51 * k1, 4enx + 52 * k2, gunx+
b53 * k3j+4>mx +bb4 * k4j+4*nx, {], 1, nx}] )

Do [wppj = wpp[J,i] + b51 * k1;.5.nx + D52 * k2 5.nx+
b53 * k3;454nx + b54 * kd;i54nx, {J, 1,0x}];

Do[

k5; = h  fcp; [k, v1,v2,v3,v4, V5,6, V7, V8, Vo,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,
V21,22, VP1, VP2, VP3, VD4, VP5, VD¢, VP7, VPg,

VP9, VP10> VP11 VP12, VP13: VP14, VP15, VP165 VP175

VP18; VP19 VP20, VP21 VP22, VPP1, VPP2, VPD3,

VPP4, VPPs5; VPPgs VPP7, VPPg; VPPg, VPP10s VPP11)5
VPP12, VPP13, VPP14, VPP15, VPP16, VPP17, VPP13,

VPP19; VPP2¢; VPP21, VPP22, W1, W2, W3, W4, W5, We,

wr, Wy, Wy, W10, W11, W12, W13, W14, W15, W16, W17, W18,
W19, W20, W21, W22, WPy, WP2, WP3, WDy, WP5, WPg, WP7,
WPg, WPg, WP10, WP11, WP12, WP13, WP14, WP15, WP16)
WP17, WDP18, WP19, WP20, WP21, WP22, WPP1, WPP2, WPP3,
WDPDP4; WPP5; WPPg, WPP7; WPPg; WPPg, WPP10; WPP11,
WDPP12; WPP13; WPP14; WPDP15;, WPP16; WPP17, WPP138)

WDP19; WPP2g; WPP21, WPP22] , {7, 1,6 * nx}];
k = kh; + a6 * h;
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Do [vj = v[j,%] + b61 * k1; + b62 » k2; + b63 * k3; + b64 * k4, +
b65 = k5;, {7,1,nx}];

Do [vp; = vp[j,i] + b61 * K1 jinx + D62 * k2j.ny + b63 % k34nx+
b64 * kd;,nx + b65 * k5jinx, {j, 1,nx}];

Do [vpp; = vpp[j,i] + b61 * k1,24nx + b62 * k2j,24nx+

b63 * k3;j124nx + b64 * kd;j,24nx + D65 * k5j124nx, {J, 1,0x}];
Do [wj = ’w[], ’L] + b61 * k1j+3*nx +b62 * k2j+3*nx +b63 * k3j+3>t-nx+
b64 = k4j+3>(-nx + b65 * k5j+3x-nx, {J, 1, IlX}] )

Do [wp; = wp[j,i] + b61 * k1, 4unx + D62 * k2, gunx+

b63 * k3j+4*nx +b64 * k4j+4x-nx +b65 * k5j+4*nx, {J, 1, le}] )
Do [wppj = wpp[J, ] + b61 % k1,5.nx + D62 % k2, 5.nx+
b63 * k3;j454nx + D64 * k4, 54nx + D65 * k5ji54nx, {J, 1,0x}];
Do[

k6; = h  fcp; [k, v1,v2,v3,v4, V5, V6, V7, V8, Vo,

V10, V11, V12, V13, V14, V15, V16, V17, V18, V19, V20,

V21,22, VP1, VP2, VP3, VP4, VP5, VD¢, VP7, VPg,

VP9, VP10) VP115 VP12, VP13, VP14) VP15, VP165 VP17,

VP18, VP19, VP20, VP21, VP22, VPP1, VPP2, VPDP3,

VPP4; VPPs5; VPP, VPP7, VPPs; VPPg; VPP10; VPP115

VPPi12, VPP13, VPP14, VPP15, VPP16, VPP17, VPP13,

VPP19; VPP2¢; VPP21, VPP22, W1, W2, W3, W4, W5, We,

wr, W, We, W10, W11, W12, W13, W14, W15, W16, W17, W18,

W19, W20, W21, W22, WPy, WP, WP3, WPy, WP5, WDg, WP7,

WDPgs WPg, WP10; WP11, WP12; WP13, WP14, WP15, WP16,

WP17, WDP18, WP19, WP20, WP21, WP22, WPP1, WPP2, WPP3,
WDPPy4, WDPP5; WPDg, WPP7, WPPg, WPPg, WPP19; WPP11,

WPP12; WPP13, WPP14; WPP15; WPP16, WPP17, WPP13,

WDP1g, WPP2g, WPPa1, WPP22] , {4, 1,6 * nx}];
Do[Evaluate[helpp[[7]]] =

(Evaluate[help[[j]]] + c1 * k1; + c2 * k2; + ¢3 + k3;+

cd * k4; +c5 » k5; + c6 + k6,),{7,1,6 » nx}];

Do[Evaluate[helppS[[j]]] =

(Evaluate[help[[7]]] + ¢S1 * k1, + ¢S2 * k2; + ¢S3 * k3, +
¢S4 » k4 + ¢S5 * k5, +¢S6 * k6;) , {4,1,6 » nx}];
(*trickdescribedbelow(16.2.8)inNumerical

Recipes*)

(*AO : desirederrorforcurrentstep,

Al : errorestimateforcurrentstep*)

(*Al; = Abs[helpp[[;]] - helppS[[;]]],

A0; = 107°P* * yscal;*)
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Do [yscal; = Abs[help[[j]]] + Abs[helpp[[]] - help[[5]]],
{3,1,6 * nx}];
(*Do[yscal; = Abs[helpp[[5]] - help[[5]]], {5, 1,6 * nx}] ; *)

(*If [z == 1, Print [Ta.ble [ysca.lj, {7,1,6 % nx}]]] ;%)

err = Max [Table [Abs [_[_[[_1]_[[_111Abs helpp[[j]]-helppS[[j ] ,

10-°Psxyscal;
{4,1,4 * nx}]];

(* Adaptive step size BEGIN*)

pos =
Position [Table [Abs [ﬁ“‘e—l{’&mﬂ_ﬂ%ﬁﬂﬂﬂ] ’
{4,1,4 % nx}], err][[1,1]];

worstdiff = Abs[helpp[[pos]] — helppS[[pos]]];

worstscal = yscal,,;

worst2 = Abs [ Absltelppllposll-herposilpesl] |,

(*(16.2.10)stepsizeadjustment*)

Ifferr > 1

,DO[’U[j,’i + 1]='a {.7’ lanx}];

DO[V‘p[j,i + 1]=" {.7’ lanx}];

DO[V‘pp[j,i + 1]=" {.7’ lanx}];

Do[w[j,i +1]=.,{J,1,nx}];

DO[Wp[j,’i + 1]='a {.77 lanx}];

DO[pr[j’i + 1]='a {.77 lanx}];

Do[vS[j,i + 1]=.,{j,1,nx}];

DO[VPS[J’/L + 1]=" {.7’ lanx}];

DO[VppS[j,’i + 1]='a {.77 lanx}];

Do[wS[j,i + 1]=.,{j,1,nx}];

DO[WPS[J’/L + 1]=" {.7’ lanx}];

Do[wppS[j,i +1]=., {j, 1,nx}]; mess = "do again";
Print[i,err,mess]; A = 0.9 * h * err i

,4 =1+ 1;kh; = kh;_; + h;mess = "accepted";
Print [{i — 1,kh;_;, h, err, mess, pos, worstdiff,
worstscal, worst2}];h = 0.9 * h * err'%] ;

(*Adaptive step size END¥*)
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(*
(*Fixed Stepsize BEGIN*)

i =1+ 1;kh; = kh; ; + h; mess = "accepted";
Print [{i - 1,kh;_1, h,err,mess}];

(*Fixed Stepsize END*)

*)

If[kh; < 9,Break[]];

,{ih,1,100000}]
ListPlot [ Table [{,/Z;, v[4, 7001}, {3, 1,20}]]

aEx10f
—4 w108
422108 F

—44x108
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Appendix D
O(N) fixed points

For convenience we provide a simple Mathematica notebook which allows for a quick calculation
of the stability-matrix eigenvalues for the O(n) models (up to quartic coupling) from FRG in

local-potential approximation. n can be chosen arbitrarily without further modifications.

n = §;

phi = Sum [a;"2, {i,1,n}];

U =11 « (phi) + 55 * AL * (phi)?;

v = Table[a; - 0,{%,2,n}];

Do[

Mip i = With [{i = ih, j = ih}, FullSimplify [D [D [U, a;] ,a;] /-v]]
»{ih,1,n}];

diag = Table [Mih,ih + kA2, {ih, 1, n}] ;

SUM = Tr[FullSimplify [Inverse[ DiagonalMatrix[diag]]]];

RHSr1 = SeriesCoefficient [SUM, {a;, 0, 2}];

RHSr1s = FullSimplify [RHSr1/. {r1 - rls » k2, A1 - k*~¢ x Als}];
Brls = -2 *rls + K » (FullSimplify [RHSr1s  k¢]) ;

RHSA1 = 24 * SeriesCoefficient [SUM, {a;,0,4}];

RHSA1s = FullSimplify [RHSA1/. {r1 - rls * k2, \1 - k%~ » A1s}];
BAls = (d - 4) * As + K * (FullSimplify [RHSA1s * k24-2]) ;

d=3;
d
— 2xmw2 1 .
K= d*Gamma[%] * (2%m)d?

sol = NSolve[{8rls == 0, BA1s == 0}, {r1s, A\1s}];

1 e D[Brls,r1s] D[pBrls, \1s] ) )
Table [{sol[[z]],Elgenvalues [( D[AAls.rls] D[BAlsAs] ) /.sol[[z]]l},{z,l,Length[sol]}]

{{{rls > -0.0675676, A1s — 3.59143}, {~1.71971,1.34471}}, { {rls - 0., X1s > 0.}, {~2., -1.}}}
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Appendix E

Fixed-point planes, SU(2) 4 xU(2)y

For illustrational purposes we show here the flow in the vicinity of some of the fixed points of

Tab. 6.3. Note the change in notation (I; = g;, r;

= m?)

The following graphs comprise all fixed-point planes for one of the IR-unstable O(4) fixed points

(F'Ps). Note that in each plane the remaining couplings are set to their fixed-point values.
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The following graphs show all fixed-point planes involving a relevant direction for one of the

unphysical IR-stable fixed points (FPy).
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Deutschsprachige

Zusammenfassung

Die Untersuchung der Natur auf extrem kleinen und extrem grossen Léngenskalen hat seit je-
her zu bahnbrechenden wissenschaftlichen Einsichten und Innovationen gefiithrt. Insbesondere zu
unserem heutigen Versténdnis, dass Nukleonen (Protonen und Neutronen) aus Quarks zusam-
mengesetzt sind, die infolge der starken Wechselwirkung, vermittelt durch Gluonenaustausch,
gebunden sind. Mit dem Aufkommen des Quarkmodells von Gell-Mann wurde bald die Quan-
tenchromodynamik (QCD) erfolgreich in der Beschreibung vieler Eigenschaften der starken Wech-
selwirkung, die im Experiment gemessen wurden. Um es mit Goethe zu sagen: mit den moder-
nen Hochenergie-Beschleuniger-Experimenten versuchen Physiker auf dem ganzen Globus unser
Verstéandnis davon zu verbessern, was die Welt im Innersten zusammenhélt. Am Large Hadron
Collider (LHC) werden beispielsweise Protonen derart beschleunigt und miteinander zur Kollision
gebracht, dass bislang unerreichte Energiedichten auftreten. Wahrend die hochste erreichbare
Kollisionsenergie von 14 TeV lediglich der Energie entspricht, die beim In-die-Hande-Klatschen
auftritt, sind die erzeugten Energiedichten unglaublich hoch verglichen mit denen des Alltags.
Infolge der enormen Energiedichte nehmen Temperatur, 7', und baryochemisches Potential, pp,
Werte an, die mit denen des frithen Universums vergleichbar sind. Es gibt sowohl theoretische als
auch experimentelle Hinweise darauf, dass hadronische Materie mit zunehmendem T und/oder
pup einen Phasentiibergang durchlauft, hin zu einem exotischen Zustand, der als Quark-Gluon-
Plasma bekannt ist. Dieser Ubergang wird begleitet von einem sogenannten chiralen Ubergang.
Es ist eine wichtige Frage, ob bei diesem chiralen Ubergang latente Warme auftritt oder nicht,
d.h., ob es sich um einen echten Phasentibergang (von erster bzw. zweiter Ordnung) handelt oder
ob ein sogenannter crossover vorliegt. Einige Resultate deuten auf einen crossover fir pup =0
und einen Phaseniibergang erster Ordnung fiir 7" = 0 hin, lassen jedoch noch keinen endgiiltigen
Schluss zu, ob dies tatsachlich der Realitat entspricht. Wenn ja, so liegt die Annahme nahe, dass
ein kritischer Endpunkt, (7. # 0,up # 0), existiert, an dem der chirale Ubergang von zweiter
Ordnung ist, was als Grenzfall zwischen einem Phaseniibergang erster Ordnung und einem kon-
tinuierlichen crossover angesehen werden kann. In der Tat existiert ein kritischer Endpunkt
in einigen theoretischen Zugéngen zur Beschreibung des chiralen Phaseniibergangs, deren Aus-
sagekraft seit jeher lebhaft diskutiert wird. Ein zentrales Ziel des zukiinftigen CBM-Experiments
an der GSI in Darmstadt ist es, die Existenz im Experiment zu iiberpriifen.

In der Nihe des QCD-(Phasen)iibergangs ist es die Abwesenheit jeglicher perturbativer Entwick-

lungsparameter (infolge der Stirke der Wechselwirkung), die exakte analytische Berechnungen so
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gut wie unmoglich macht. Das gleiche gilt fiir realistische effektive Modelle fiir QCD. Nichtper-
turbative Methoden sind daher unverzichtbar fiir die Untersuchung des QCD-Phasendiagramms.
Zu den popularsten dieser Zugange gehoren Gitter-QCD, Resummierungsverfahren, der Dyson-
Schwinger-Formalismus, sowie die Funktionale Renormierungsgruppe (FRG). All diese Methoden
ergéanzen sich gegenseitig und werden zum Teil auch miteinander kombiniert. Eine der Stdrken
der FRG-Methode ist, dass sie nicht nur erfolgreich auf effektive Modelle angewendet werden
kann, sondern auch auf QCD selbst. Fiir letztere Ab-Initio-Rechnungen sind die aus effektiven
Modellen fiir QCD gewonnenen Resultate von grossem Wert.

Der Schwerpunkt der vorliegenden Arbeit liegt auf der Fragestellung von welcher Ordnung der
chirale QCD-Phaseniibergang im Fall von genau zwei leichten Quarksorten (up und down) ist.
Problemstellungen wie die Suche nach einer Antwort auf die Frage nach den Bedingungen fiir
die Existenz eines Phasentibergangs zweiter Ordnung, die Bestimmung der Universalitatsklasse
in diesem Fall etc. erfordern Wissen und Techniken aus verschiedenen Gebieten.

Kapitel 1 besteht aus einer allgemeinen Einleitung, welche (gemeinsam mit Kapitel 8, in dem
unsere Resultate diskutiert werden) zugleich Grundlage dieser Zusammenfassung ist.

In Kapitel 2 werden wir zunéchst einige allgemeine Aspekte von Phaseniibergéingen darstellen, die
von besonderer Relevanz fiir das Verstdndnis des Renormierungsgruppen-Zugangs zu ebendiesen
sind. Unser Fokus liegt hierbei auf einer kritischen Diskussion der Universalitdtshypothese, einem
entscheidenden Baustein bei der Konstruktion effektiver Theorien fiir Ordnungsparameter, deren
Glaubwiirdigkeit haufig stark von Universalitdtsbetrachtungen abhangt. Insbesondere die Recht-
fertigung des linearen Sigma-Modells als effektive Theorie fiir den chiralen Ordnungsparameter
beruht auf der Giiltigkeit der Universalitatshypothese. Wir diskutieren ausfithrlich verschiedene
Formulierungen letzterer, angefangen bei einer Aufzéhlung derjenigen Eigenschaften einer The-
orie, von denen die kritischen Exponenten mafigeblich abhéngen, hin zu Versuchen, die Univer-
salitdtshypothese préziser zu formulieren als dies iiblicherweise erfolgt, ndmlich durch Angabe
hinreichender Bedingungen fiir die Zugehorigkeit zu einer bestimmten Universalitdtsklasse. In
diesem Zusammenhang weisen wir auch auf solche Resultate hin, welche die uneingeschrinkte
Giiltigkeit der Universalitatshypothese in Frage stellen.

Kapitel 3 beschaftigt sich mit dem chiralen Phaseniibergang von einem allgemeinen Standpunkt
aus. Wir ergénzen wohlbekannte Fakten durch eine detaillierte Diskussion der sogenannten O(4)-
Hypothese, die ihren Ursprung ebenfalls in Universalitiitsbetrachtungen hat. Die Uberpriifung
der Giiltigkeit selbiger wird schlielich in Kapitel 6 und 7 in Angriff genommen.

In Kapitel 4 stellen wir die von uns benutzte nichtperturbative Methode vor, die oben bereits
erwahnte FRG-Methode. Im Rahmen dieser Arbeit beschrinken wir uns auf die sogenannte
lokale Potential-Naherung (LPA). Auflerdem diskutieren wir den Zusammenhang zwischen effek-
tiven Theorien fiir QCD und der zugrundeliegenden fundamentalen Theorie unter Ausnutzung
der FRG-eigenen Perspektive.

Kapitel 5 behandelt ein mathematisches Thema, das fiir alle unserer Untersuchungen unabding-
bar ist, ndmlich die systematische Konstruktion polynomialer Invarianten zu einer gegebenen
Symmetrie. An dieser Stelle sei betont, dass diese Thematik von sehr allgemeinem Interesse
ist und in all jenen Forschungsgebieten Relevanz besitzt, in denen Symmetriebetrachtungen
eine Rolle spielen. Im Rahmen dieser Arbeit weisen wir auf die Bedeutung im Kontext der

Hochenergie-Physik hin und hoffen, das Interesse in systematische Methoden zur Ableitung von
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Invarianten fiir kontinuierliche Symmetriegruppen zu verstirken. Wir préisentieren einen ein-
fachen, jedoch neuartigen, Algorithmus fiir die praktische Konstruktion von Invarianten einer
gegebenen polynomialen Ordnung.

Kapitel 6 widmet sich Renormierungsgruppen-Studien einer Reihe dimensional reduzierter Theo-
rien, welche das Potential besitzen, die mogliche Existenz eines Phaseniibergangs zweiter Ordnung
vorherzusagen bzw. auszuschlieSen. Von zentralem Interesse ist hierbei das lineare Sigma-Modell,
insbesondere in Anwesenheit der axialen Anomalie. Es stellt sich heraus, dass die Fixpunkt-
Struktur des letzteren vergleichsweise kompliziert ist und ein tieferes Versténdnis der zugrun-
deliegenden Methode sowie ihrer Annahmen erfordert. Dies fithrt uns zu einer sorgfiltigen
Analyse der Fixpunkt-Struktur verschiedener Modelle (jeweils definiert durch das allgemein-
ste Landau-Potential invariant unter einer gegebenen Symmetriegruppe) in lokaler Potential-
Néherung, was wiederum unserer Diskussion der Universalitdtshypothese zugutekommt und
dariiberhinaus weitere Spin-off-Effekte hat. Im Zusammenhang mit der Untersuchung des Ein-
flusses von Vektor- und Axial-Vektor-Mesonen beispielsweise stoflen wir auf eine neue Univer-
salitdtsklasse, die eventuell in anderen Bereichen, in denen Chiralitat eine Rolle spielt, von Rel-
evanz sein konnte.

Wihrend wenig Spielraum fiir die Wahl der Symmetriegruppe der effektiven Theorie fiir den chi-
ralen Ordnungsparameter besteht (die Symmetriegruppe ist notwendigerweise eine Untergruppe
GcU(2)axU(2)v), ist die Identifizierung der Ordnungsparameter-Komponenten mit den rel-
evanten mesonischen Freiheitsgraden hochgradig nichttrivial. Diese Wahl entspricht der Wahl
einer Darstellung der Gruppe G und kann zur Zeit nicht eindeutig aus der QCD hergeleitet
werden. Die Entscheidung muss auf der Grundlage von Beschleuniger-Experimenten, Gitter-
QCD-Rechnungen und Plausibilitdtsbetrachtungen getroffen werden. Es ist daher unerlésslich,
verschiedene Moglichkeiten auszutesten. Eine wohlbekannte Wahl besteht darin, das Pion und
seinen chiralen Partner, das Sigma-Meson, der O(4)-Darstellung fiir SU(2) 4 x SU(2)y zuzuord-
nen, welche einen Phasentibergang zweiter Ordnung erlaubt. Dieses Szenario ist jedoch nur dann
sinnvoll, wenn nahe der kritischen Temperatur alle anderen Mesonen entsprechend schwer sind.
Im Fall von genau zwei leichten Quarkmassen (N; = 2) erfordert dies eine hinreichend grofie
Anomaliestérke. Beriicksichtigt man zusétzlich zum Pion und Sigma-Meson auch das Eta-Meson
und das ag-Meson (mittels Wahl der [2,2] @ [2,2]-Darstellung fiir SU(2) 4 x SU(2)v ), liefern un-
sere derzeitigen expliziten Rechnungen keinen Nachweis fiir die Existenz eines Phaseniibergang
zweiter Ordnung. Stattdessen spricht die Abwesenheit eines physikalischen (hinsichtlich der
Massen) infrarot-stabilen Fixpunktes fiir einen fluktuationsinduzierten Phaseniibergang erster
Ordnung. Dieses Ergebnis ist auch zu erwarten (jedoch nicht impliziert), allein durch die Exis-
tenz zweier quadratischer Invarianten. Es besteht jedoch immer noch eine hypothetische Chance
auf einen Phaseniibergang zweiter Ordnung in der SU(2)4 x U(2)y-Universalitatsklasse. Dies
wéare der Fall, wenn der entsprechende von uns gefundene unphysikalische infrarot-stabile Fix-
punkt physikalisch werden sollte in hoherer Trunkierungsordnung. Interessanterweise finden wir
bei endlicher Temperatur (siche unten) fiir gewisse Parameter einen Phaseniibergang zweiter
Ordnung. Es ist noch unklar, ob diese Wahl der Parameter in den Giiltigkeitsbereich der di-
mensional reduzierten Theorie fallt. Moglicherweise handelt es sich aber auch lediglich um einen
extrem schwachen Phaseniibergang erster Ordnung. Es erfordert weitere Untersuchungen, um

die korrekte Erklarung zu finden. Abgesehen davon basieren unsere Resultate auf einer FRG-
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Fixpunkt-Studie der dimensional reduzierten Theorie, die keine Fixpunkte mit zu grosser anoma-
ler Dimension erfasst, was ebenfalls aufbauende Studien motiviert (vgl. unten).

Neben der [2,2] ® [2,2]-Darstellung werden auch die [3,1] @ [1, 3]-Darstellung und die SO(3) ®
SO(3)-Darstellung untersucht. Im Falle von [3,1] @ [1,3] finden wir einen infrarot-stabilen Fix-
punkt, der einen Phaseniibergang zweiter Ordnung erlaubt und, soweit wir wissen, eine neue
Universalitatsklasse definiert. Im Falle von SO(3) ® SO(3) existiert kein infrarot-stabilen Fix-
punkt, also auch kein Phaseniibergang zweiter Ordnung. Vernachlassigt man die Lorentz-Indizes
der Felder fiir Vektor- und Axial-Vektor-Mesonen im Rahmen eines vereinfachten Modells, so
konnen wir zwischen folgenden Szenarien unterscheiden. Falls die Felder des Rho- und des aq-
Mesons als Komponenten des Ordnungsparameters angenommen werden, so konnen wir diese
der [3,1]@[1, 3]-Darstellung zuweisen und die Existenz eines Phaseniibergangs zweiter Ordnung
folgern. Dieses Szenario ist jedoch wenig realistisch, da das Pion als (ndherungsweises) Goldstone-
Boson Teil des Ordnungsparameters sein sollte. Alternativ kénnte man eines der Mesonen durch
das Pion austauschen. Alle drei Mesonen gemeinsam kann man hingegen beriicksichtigen, indem
man sie der SO(3) ® SO(3)-Darstellung zuweist, was einen Phaseniibergang erster Ordnung zur
Folge hat. Diese Wahl macht schon mehr Sinn, da jene drei Mesonen eine zentrale Rolle in eini-
gen Studien zu versteckter lokaler Symmetrie spielen. Obwohl wir mit der Vernachlassigung der
Lorentz-Indizes eine starke Vereinfachung vorgenommen haben, stellen unsere Resultate einen
ersten Schritt hin zu addquateren Studien dar.

Erst vor kurzem (Ende September 2013) wurde die Existenz eines infrarot-stabilen U(2)4 x
U(2)v-symmetrischen Fixpunkts durch Pelissetto und Vicari verifiziert (die zugehorige anomale
Dimension ist mit 7 ~ 0.12 angegeben). Dieses Resultat war sehr iiberraschend, da fir Ny = 2 und
abwesende Anomalie ein Phaseniibergang erster Ordnung relativ gesichert erschien, insbesondere
durch die e-Entwicklung. Offensichtlich versagt letztere jedoch im Limes € = 1, also fir D = 3
raumliche Dimensionen, da lediglich Fixpunkte gefunden werden koénnen, die auch fiir kleines ¢
(also nahe D = 4) existieren. Das von den oben genannten Autoren verwendete Resummierungs-
schema hingegen verzichtet auf eine herkdmmliche e-Entwicklung und arbeitet direkt in D = 3.
Inspiriert durch diesen wichtigen Fund fithren wir eine FRG-Fixpunktstudie in lokaler Potential-
Néaherung und hoher Trunkierungsordnung (bis zu zehnter Ordnung in den Feldern) durch. Fir
die Trunkierung in sechster Ordnung finden wir zwei U(2) 4 x U(2)y-symmetrische Fixpunkte,
sowie einen einzigen solchen bei achter bzw. zehnter Ordnung. Die Stabilitdtsanalyse besitzt je-
doch leider keine Aussagekraft, da die Stabilitdtsmatrix fiir den Gaufischen Fixpunkt marginale
Eigenwerte besitzt. Wir sind iiberzeugt davon, dass dies nicht mehr der Fall ist, wenn man
iiber die lokale Potential-Naherung hinausgeht und eine nichtverschwindende anomale Dimen-
sion, n # 0, zuldsst. Untersuchungen in dieser Richtung sind im Gange. Die bisherigen Resultate
verdeutlichen die Limitierungen der lokalen Potential-Ndherung und der e-Entwicklung, auf de-
nen unsere Untersuchungen zur Universalitdtshypothese in weiten Teilen beruhen. Im Falle einer
entsprechend groflen anomalen Dimension kann sich die Fixpunktstruktur entscheidend dndern
und somit die Schlulfolgerung, ob ein Phaseniibergang zweiter Ordnung existiert bzw. welcher
Universalititsklasse letzterer angehort (auch dann, wenn unter Vernachldssigung des Einflusses
der anomalen Dimension keine marginalen Stabilitdtsmatrix-Eigenwerte auftauchen). System-
atische Untersuchungen der Fixpunktstruktur von Modellen mit N < 8 Ordnungsparameter-

Komponenten wurden in der Literatur im Rahmen der e-Entwicklung in Ein-Schleifen-Naherung

138



durchgefithrt und im Rahmen dieser Dissertation innerhalb der lokalen Potential-Néherung. Die
meisten der Vorhersagen der e-Entwicklung konnten bestétigt werden, einige hingegen werden
in Frage gestellt durch das Auftauchen marginaler Stabilitdtsmatrix-Eigenwerte. Erstere sind
zuverlassig lediglich dann, wenn 7 im Experiment tatsachlich hinreichend klein ist. Letztere
motivieren aufbauende Untersuchungen, die mit dem Hinausgehen iiber die lokale Potential-
Néherung bereits im Gange sind.

Einige wichtige Fragestellungen konnen nicht im Rahmen einer dimensional reduzierten Theo-
rie behandelt werden, da die explizite Temperaturabhangigkeit in diesem Fall eliminiert wurde.
Insbesondere ist es in diesem Fall nicht moéglich, die Stérke eines Phaseniibergangs erster Ord-
nung vorherzusagen, da diese von Observablen (Meson-Massen und die Pion-Zerfallskonstante im
Vakuum) abhéngen, an die man bei verschwindender Temperatur fitten muss. Dieser Umstand
fihrt uns zu solchen FRG-Studien, in denen die Temperatur als expliziter Parameter verbleibt.
Ein betrachtlicher Teil der fiir die vorliegende Dissertation zur Verfiigung stehenden Arbeitszeit
wurde darauf verwendet, eigene Implementierungen geeigneter Algorithmen zur numerischen
Losung der auftretenden partiellen Differentialgleichungen zu finden. Exemplarische Routinen
(welche ausschliefilich wohlbekannte Methoden nutzen) sind in einem Anhang zur Verfiigung
gestellt. Das Hauptziel der vorliegenden Arbeit, die Anwendung auf effektive Modelle fir QCD,
wird in Kapitel 7 prasentiert. Unsere (vorldaufigen) FRG-Studien des linearen Sigma-Modells mit
axialer Anomalie bei nichtverschwindender Temperatur erlauben verschiedene Szenarien. Sowohl
einen extrem schwach ausgepragten, als auch einen sehr deutlichen Phaseniibergang erster Ord-
nung, ganz abhéngig von der Wahl der Ultraviolett-Abschneideskala und oben genannter Para-
meter. Sogar ein Phaseniibergang zweiter Ordnung scheint moglich fiir gewisse Parameterwerte.
Um verléssliche Schlussfolgerungen zu ziehen, sind weitere Untersuchungen nétig und bereits im
Gange. In Kapitel 7 verifizieren wir auflerdem bereits bekannte numerische Resultate fiir das
Quark-Meson-Modell, was zugleich einen guten Test der von uns verwandten Routinen darstellt.
In den Anhéngen A-D stellen wir verschiedene Routinen zur Verfliigung, die im Rahmen der vor-
liegenden Dissertation benutzt wurden. Auflerdem enthalten diese Anhédnge Material auf das wir
uns in den Hauptkapiteln beziehen.

Anhang A erklért einige gruppentheoretische Aspekte, sowohl allgemeiner Art als auch in Bezug
auf die chirale Symmetrie. Anhang B enthélt zwei voll funktionsfahige Mathematica-Routinen,
die unser Rezept zur systematischen Konstruktion polynomialer Invarianten in der Praxis verdeut-
lichen. Anhang C enthélt ebenfalls zwei voll funktionsfihige Mathematica-Routinen. Diese
sind Implementierungen zweier unterschiedlicher (wohlbekannter) Methoden zur Lésung typ-
ischer FRG-Flussgleichungen fiir eine RG-Skala-abhéingige Funktion (in unserem Fall das ef-
fektive Potential) einer skalaren Feldvariablen. Die Finite-Differenzen-Methode basiert darauf,
die partiellen Ableitungen nach der Feldvariablen durch geeignete Finite-Differenzen zu erset-
zen. Die Taylor-Methode hingegen nutzt eine Taylor-Entwicklung der RG-Skala-abhéngigen
Funktion um verschiedene Feld-Gitterpunkte. Die Flussgleichungen fiir die Entwicklungskoef-
fizienten erhélt man durch entsprechendes Ableiten der Flussgleichung fiir die Funktion nach
dem Feld. Mit geeigneter Wahl der Entwicklungspunkte resultiert, wie auch im Fall der Finite-
Differenzen-Methode, ein geschlossenes Gleichungssystem gewohnlicher Differentialgleichungen
in der RG-Skala, welches man mittels Runge-Kutta-Verfahren 16sen kann. Anhang D stellt eine

zweckdienliche Mathematica-Routine zur Verfiigung, welche die Stabilitatsmatrix-Eigenwerte des
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O(N)-symmetrischen Fixpunkts des O(N)-Modells fiir frei wihlbares N berechnet. Es verdeut-
licht zugleich am einfachstmoglichen Beispiel die Herleitung von Flussgleichungen in der lokalen

Potential-Naherung.
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