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Abstract
In this work we study the pseudorapidity spectra of charged particles produced in proton +
proton and proton + antiproton interactions in a wide energy range using the non-extensive
Tsallis approach. We evaluate the inelasticity coefficients of the discussed reactions which remain
approximately independent of the collision energy.

1. Introduction

The concept of inelasticity in proton + proton interactions:

K =

∫ 1

0

x

σ

dσ

dx
=

W√
s
, (1)

where x is the Feynman variable, σ is the cross-section and
√

s is the center-of-mass energy of colliding
protons, defines the amount of energy W used effectively for the production of secondaries and plays an
important role in understanding multiparticle production processes. It tells us that in the collisions only a
fraction W = K

√
s of the whole invariant energy

√
s is spent for production of new particles while the rest

is taken by leading particles to the forward and backward phase-space regions. Inelasticity K as a dynamical
variable was introduced for the first time in cosmic rays experiments1 where it is crucial for the
understanding and proper interpretation of the development of cosmic ray cascades [1–3]. With an increase
of energies attainable in accelerators, experimentalists rediscovered the importance of the leading particle
effect [4–6]. The importance of the ISR results obtained by the Bologna–CERN–Frascati Collaboration
with respect to the effective energy and its pendant, the leading particle effect was rightly emphasized by
Zichichi [7].

Apart from cosmic ray physics, the notion of inelasticity is natural in statistical and hydrodynamical
models of multiparticle production in which K is the main and essential input [8, 9]. It also seems justified
to expect these concepts to be explained by non-perturbative QCD. As a matter of fact, the inelasticity and
in particular its energy dependence has been by now the subject of several QCD-inspired theoretical studies
[10–13]. The energy dependence of inelasticity has a long story. While initially the inelasticity was
introduced as a constant parameter, K ∼= 0.5, later it was found in cosmic ray and accelerator experiments
that K decreases with increase of energy [14] 2. Recently decreasing inelasticity was advocated in [15]. In
models the energy dependence of inelasticity is an open problem. The decrease of inelasticity with increase
of energy was advocated by some authors while the others proposed that inelasticity in an increasing
function of energy [14, 16].

1 Leading particle effect was discovered in the late 1940s by Zatsepin in his nuclear cascade process [1, 2]. Among others, Cocconi also
discussed extensively the inelasticity already in his 1958 model for nucleon-nucleon collisions [3].
2 Development of cosmic ray cascades is governed by the attenuation length Λ = λ/

(
1 − 〈(1 − K)α〉

)
, where K is the inelasticity,

λ ∼ 1/σ is the interaction length of hadrons in the air and α is the spectral index for the integral energy spectrum. Model used in [14]
overestimates cross-section σ measured at LHC energies, resulting in lower values of inelasticity. Due to such relationship between K
and σ cosmic ray data show that energy dependence of K is upper-bounded by K = const., i.e. inelasticity cannot increase with increase
of energy.
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In this paper, the inelasticity in proton + proton (proton + antiproton) collisions in the energy range
17–8000 GeV has been estimated from rapidity spectra analysis. The article is organized as follows. In
section 2 we briefly describe the methodology used for description of rapidity spectra, and discuss the
resultant fits to them. Section 3 describes the procedure of extraction of inelasticity coefficient from the
rapidity spectra together with discussion of the energy dependence of the obtained inelasticities. Finally, in
section 4 we come to our summary.

2. Pseudorapidity distributions

In the description of multiparticle production processes one often uses statistical methods and concepts
which follow the classical Boltzmann–Gibbs (BG) approach. However, as demonstrated recently, to account
for some intrinsic fluctuations in the hadronizing system one should rather use the non-extensive Tsallis
statistics [17–19], in which one new parameter q describes summarily the possible departure from the usual
BG case (which is recovered in the q → 1 limit) [20]. Here we shall provide a detailed description of the
pseudorapidity spectra of particles (mostly pions) produced in proton + proton (proton + antiproton)
collisions using Tsallis statistics approach to this problem and in this way accounting for their
non-equilibrium character.

We first aim to relate the experimental pseudorapidity spectra to the Lorentz-invariant particle
distribution

E
d3N

dp3
= E

d3N

πdp‖d2pT
=

d3N

πd2pTdy
= f (E) g

(
pT

)
, (2)

where g
(
pT

)
is transverse momentum cut-off observed in data. As the intrinsic distribution f (E) we

consider the well-known Tsallis non-extensive formula [17–19] 3:

f (E) = expq

(
− E

T

)
=

[
1 +

(
q − 1

) E

T

]1/(1−q)
(3)

with parameter T denoting the longitudinal temperature of the system. The expq (x) in the limit of q → 1
becomes standard exponential function: limq→1 expq (x) = exp (x).

Using the mean value theorem for definite integrals, integration of equation (2) over pT results in

dN = N0 expq

(
−E

(
y
)

T

)
dy, (4)

where N0 is the normalization constant and E
(

y
)

is the energy of the produced particle expressed in terms
of particle rapidity, y:

E
(
y
)
= μT cosh y, (5)

with μT =
√

p2
T + m2 being the particle mean transverse mass expressed by its mean transverse momentum

pT and mass m. 4

Due to some problems with particle identification many high-energy physics experiments focus on
measurements of particle’s pseudorapidity instead of rapidity. Thus it is sometimes convenient to express
particle production in terms of pseudorapidity, η [21]. Then, the particle energy equals:

E (η) =
√

m2 + p2
T cosh2 η, (6)

and the particle velocity β = p/E is:

β (η) =
cosh η√

cosh2 η + m2p−2
T

. (7)

Using dy = βdη in (4) we have

dN = N0 expq

(
−E (η)

T

)
β (η) dη. (8)

In the approach presented in this paper we substitute the transverse momentum of secondary particles by
their average transverse momentum which depends on the energy of colliding protons [22]:

pT (s) = A + B ln s + C ln2 s, (9)

3 For an updated bibliography on this subject, see https://tsallis.cat.cbpf .br/biblio.htm.
4 For the purpose of the present study we always assume pion mass, m = 0.14 GeV/c2 for all produced particles.

2

https://tsallis.cat.cbpf.br/biblio.htm


New J. Phys. 22 (2020) 113002 M Rybczyński and Z Włodarczyk

Figure 1. Pseudorapidity distributions of charged hadrons produced in proton + proton (proton + antiproton) interactions
and registered by the NA49 [25], UA5 [26], UA7 [27], and CMS and TOTEM [28] experiments. With lines we show our fits
obtained using equation (8).

Table 1. The values of normalization constant N0, total charged multiplicity N, and temperature T extracted from the fits to the
experimental pseudorapidity spectra given by equation (8). The fits are shown in figure 1. Their goodness have been determined by the
values of χ2 per number of degrees of freedom.

√
s (GeV) N0 N T (GeV) χ2/ dof

17.3 1.8 ± 0.2 5.7 ± 0.3 1.4 ± 0.1 0.90
53 2.1 ± 0.25 10.8 ± 0.5 4.15 ± 0.3 0.95
200 2.6 ± 0.3 18.7 ± 0.8 12.1 ± 0.8 1.70
546 3.25 ± 0.4 26.4 ± 1.2 20.2 ± 0.6 1.17
630 3.6 ± 0.4 29.3 ± 1.2 20.0 ± 1.2 0.97
900 3.55 ± 0.5 30.7 ± 1.2 27.0 ± 1.5 1.65
8000 5.8 ± 0.5 68.5 ± 2.0 151.0 ± 4.0 0.22

where A = 0.413, B = −0.0171, and C = 0.001 43.
Multiplicity distributions of secondary particles may be well described by the negative binomial

distribution. The non-extensivity parameter q is strongly connected with fluctuations of multiplicities [23]:

q − 1 =
1

k
=

Var (N)

〈N〉2
− 1

〈N〉 . (10)

The negative binomial distribution shape parameter k is always positive (thus q > 1) and depends on the
energy of colliding protons as [24]:

k−1 = a + b ln
√

s, (11)

where a = −0.104 ± 0.004 and b = 0.058 ± 0.001.
We show in figure 1 our results of fitting the experimental data on pseudorapidity distributions of

secondaries produced in proton + proton (proton + antiproton) collisions [25–28] by using formula (8) 5.
The values of normalization constant N0, total charged multiplicity N, and temperature T are listed in
table 1. As seen in figure 1, a good agreement with data, determined by the small values of χ2 per number
of degrees of freedom has been obtained with apparently four parameters: the normalization constant N0,
the ‘longitudinal temperature’ T, mean transverse mass μT and parameter q—all dependent on the energy
of reaction

√
s. However, after closer inspection it turns out that parameter q, which can be regarded as a

measure of fluctuations existing in the physical system under consideration, follows essentially the
fluctuations of multiplicity of particles produced at given energy. Similarly, parameter μT is closely
connected with the average transverse momentum known from experimental data. This shows that the only
parameters which are entirely ‘free’ is the longitudinal temperature T and normalization constant N0.
Therefore we can say that what we are proposing here is essentially two-parameter fit successfully describing
data on pseudorapidity distributions.

The concept of longitudinal temperature has a long history [29]. If we decide to treat the longitudinal
and the transverse motion independently, there is no reason to insist that the two temperatures associated
with these motions should be equal. Such a picture would rather naturally lead to an effective longitudinal
temperature T being about γ =

√
s/
(
2Mp

)
(Mp denotes proton mass) times larger than transverse

temperature T⊥. We only have to assume that, in most cases, the collision time is so short that a thermal
equilibrium (T ∼= T⊥) cannot be reached. The simple model described in [30] shows that the fraction of

5 Rapidity spectra dN/dy from the NA49 experiment was recalculated to dN/dη = βdN/dy.
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Figure 2. Energy dependence of the longitudinal temperature parameter extracted from the fits presented in figure 1. With the
line we show the fit to the points done using equation (14).

collisions in which thermal equilibrium may be reached, is about 1/γ2 of all inelastic ones, i.e., in nearly all
collisions the thermal equilibrium is not reached and the longitudinal and transverse temperatures can be
different. Then the above treatment would be justified. In figure 2 we show the evaluated energy
dependence of longitudinal temperature. In discussing the energy dependence of longitudinal temperature
we (following the emitting center model [31]) consider emitting source aligned on the rapidity axis.

In the nucleon collision a fireball is created at the collision point through the deposited energy by
nucleons. The fireball is made of a partonic gas of high initial temperature, T0 = K

√
s/2 and expands along

the collision axis. The temperature of the gas decreases through the expansion and the constituent particles
transmute into the produced hadrons of mainly pions (hadronization) when the density of the constituent
particles of the gas arrives at a certain fixed value. Assuming adiabatic expansion of the gas (temperature
changes with volume V as T ∝ Vκ−1), the temperature at hadronization is

T = T0

(
4πR3

0/3

πR2
0L

)κ−1

, (12)

where R0 is the nucleon radius and κ = cp/cV is the specific heat ratio. The length of the gas (of a
cylindrical shape) in the final state, L = R0ξ is assumed to be proportional to the average multiplicity
〈N

(√
s
)
〉, i.e. ξ = 4

3ξ0〈N〉. The evaluated energy dependence of multiplicity

N
(√

s
)
= 2.73

(√
s
)0.36

(13)

and temperature

T
(√

s
)
= 0.16

(√
s
)0.77

(14)

(shown in table 1) lead to 4
3ξ0 = 0.98 and κ = 1.64. The value of the specific heat ratio is near κ = 5/3 for

a mono-atomic gas in a classical limit [32].

3. Inelasticity

The inelasticity K of hadronic reactions, understood as the fraction of the incident beam energy used for the
production of secondary particles can be calculated as [33]:

K =
2√

s

∫ ηmax

0

3

2

dN

dη
E (η) dη, (15)

with ηmax = ln
(√

s/μT

)
.

In figure 3 we show the total inelasticity K = K
(√

s
)

obtained by integrating spectra given by
equation (8) with parameters from the fit to the corresponding pseudorapidity distributions as a function
of the reaction energy,

√
s.

The overall tendency is such that inelasticity is essentially constant with energy and equal to K ∼= 0.5,
which agrees with first estimates made in [3] and with first estimates based on the analysis of the leading
particle effect provided in [4, 5]. Over the energy range 17.3–8000 GeV, the evaluated inelasticity coefficient
varies with dispersion σ = 0.05, and we have 〈K〉 = 0.50 ± 0.02. The highest energy data (coming from
CMS and TOTEM experiments) do not contradict the results from lower energy data [33].
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Figure 3. Energy dependence of the inelasticity coefficient calculated using fits presented in figure 1.

4. Concluding remarks

Our investigation was aimed at the phenomenological, maximally model independent description, which
would eventually result in estimates of inelasticities and their energy dependence. Data for rapidity
distributions can be fitted with two free parameters—the longitudinal temperature and the normalization
constant. The non-extensivity parameter q comes from multiplicity distributions (responsible for dynamical
fluctuations existing in hadronizing systems and showing up in the characteristic negative binomial form of
the measured multiplicity distributions) and transverse mass was evaluated from the observed energy
dependence of transverse momenta. This means therefore, that in collider data for proton + antiproton
collisions and for fixed target proton + proton data analyzed in the same way, there is no additional
information to the one used here. From our analysis we can conclude that inelasticity is constant when the
collision energy changes by three orders of magnitude.
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Maciej Rybczyński https://orcid.org/0000-0002-3638-3766
Zbigniew Włodarczyk https://orcid.org/0000-0002-5602-9692

References

[1] Zatsepin G 1949 J. Exp. Theor. Phys. 19 1104
[2] Ginzburg V et al 1987 Sov. Phys. - Usp. 30 442
[3] Cocconi G 1958 Phys. Rev. 111 1699–706
[4] Basile M et al 1980 Phys. Lett. B 92 367
[5] Basile M G et al 1980 Phys. Lett. B 95 311–2
[6] Cara Romeo M et al 1983 Nuovo Cimento A 73 329
[7] Zichichi A 2011 CERN Courier 51 39–42
[8] Carruthers P and Duong-Van M 1983 Phys. Rev. D 28 130
[9] Shuryak E V 1984 Phys. Rep. 115 151

[10] Fowler G N, Friedl̈ander E M, Plümer M and Weiner R M 1984 Phys. Lett. B 145 407–10
[11] Fowler G N, Weiner R M and Wilk G 1985 Phys. Rev. Lett. 55 173–6
[12] Fowler G N, Vourdas A, Weiner R M and Wilk G 1987 Phys. Rev. D 35 870–4
[13] Fowler G N, Friedlander E M, Navarra F S, Pottag F W, Weiner R M and Wilk G 1990 J. Phys. G: Nucl. Part. Phys. 16 1439–46
[14] Wlodarczyk Z 1995 J. Phys. G: Nucl. Part. Phys. 21 281–305
[15] Beggio P and Coriolano F 2020 Eur. Phys. J. C 80 437
[16] Shabelski Y M, Weiner R M, Wilk G and Wlodarczyk Z 1992 J. Phys. G: Nucl. Part. Phys. 18 1281–90
[17] Tsallis C 1988 J. Stat. Phys. 52 479–87
[18] Tsallis C 2009 Eur. Phys. J. A 40 257–66
[19] Tsallis C 2009 Introduction to Nonextensive Statistical Mechanics: Approaching a Complex World (Berlin: Springer)
[20] Wilk G and Włodarczyk Z 2000 Phys. Rev. Lett. 84 2770
[21] Liu F H, Chen Y H, Gao Y Q and Wang E Q 2013 Adv. High Energy Phys. 2013 710534
[22] Khachatryan V et al (CMS) 2010 Phys. Rev. Lett. 105 022002
[23] Wilk G and Włodarczyk Z 2007 Physica A 376 279–88
[24] Geich-Gimbel C 1989 Int. J. Mod. Phys. A 04 1527
[25] Alt C et al (NA49) 2006 Eur. Phys. J. C 45 343–81

5

https://orcid.org/0000-0002-3638-3766
https://orcid.org/0000-0002-3638-3766
https://orcid.org/0000-0002-5602-9692
https://orcid.org/0000-0002-5602-9692
https://doi.org/10.1070/pu1987v030n05abeh002921
https://doi.org/10.1070/pu1987v030n05abeh002921
https://doi.org/10.1103/physrev.111.1699
https://doi.org/10.1103/physrev.111.1699
https://doi.org/10.1103/physrev.111.1699
https://doi.org/10.1103/physrev.111.1699
https://doi.org/10.1016/0370-2693(80)90493-1
https://doi.org/10.1016/0370-2693(80)90493-1
https://doi.org/10.1016/0370-2693(80)90493-1
https://doi.org/10.1016/0370-2693(80)90493-1
https://doi.org/10.1007/bf02724233
https://doi.org/10.1007/bf02724233
https://doi.org/10.1103/physrevd.28.130
https://doi.org/10.1103/physrevd.28.130
https://doi.org/10.1016/0370-1573(84)90037-1
https://doi.org/10.1016/0370-1573(84)90037-1
https://doi.org/10.1016/0370-2693(84)90069-8
https://doi.org/10.1016/0370-2693(84)90069-8
https://doi.org/10.1016/0370-2693(84)90069-8
https://doi.org/10.1016/0370-2693(84)90069-8
https://doi.org/10.1103/physrevlett.55.173
https://doi.org/10.1103/physrevlett.55.173
https://doi.org/10.1103/physrevlett.55.173
https://doi.org/10.1103/physrevlett.55.173
https://doi.org/10.1103/physrevd.35.870
https://doi.org/10.1103/physrevd.35.870
https://doi.org/10.1103/physrevd.35.870
https://doi.org/10.1103/physrevd.35.870
https://doi.org/10.1088/0954-3899/16/10/007
https://doi.org/10.1088/0954-3899/16/10/007
https://doi.org/10.1088/0954-3899/16/10/007
https://doi.org/10.1088/0954-3899/16/10/007
https://doi.org/10.1088/0954-3899/21/3/005
https://doi.org/10.1088/0954-3899/21/3/005
https://doi.org/10.1088/0954-3899/21/3/005
https://doi.org/10.1088/0954-3899/21/3/005
https://doi.org/10.1140/epjc/s10052-020-7919-5
https://doi.org/10.1140/epjc/s10052-020-7919-5
https://doi.org/10.1088/0954-3899/18/7/015
https://doi.org/10.1088/0954-3899/18/7/015
https://doi.org/10.1088/0954-3899/18/7/015
https://doi.org/10.1088/0954-3899/18/7/015
https://doi.org/10.1007/bf01016429
https://doi.org/10.1007/bf01016429
https://doi.org/10.1007/bf01016429
https://doi.org/10.1007/bf01016429
https://doi.org/10.1140/epja/i2009-10799-0
https://doi.org/10.1140/epja/i2009-10799-0
https://doi.org/10.1140/epja/i2009-10799-0
https://doi.org/10.1140/epja/i2009-10799-0
https://doi.org/10.1103/physrevlett.84.2770
https://doi.org/10.1103/physrevlett.84.2770
https://doi.org/10.1155/2013/710534
https://doi.org/10.1155/2013/710534
https://doi.org/10.1103/PhysRevLett.105.022002
https://doi.org/10.1103/PhysRevLett.105.022002
https://doi.org/10.1016/j.physa.2006.10.042
https://doi.org/10.1016/j.physa.2006.10.042
https://doi.org/10.1016/j.physa.2006.10.042
https://doi.org/10.1016/j.physa.2006.10.042
https://doi.org/10.1142/s0217751x89000662
https://doi.org/10.1142/s0217751x89000662
https://doi.org/10.1140/epjc/s2005-02391-9
https://doi.org/10.1140/epjc/s2005-02391-9
https://doi.org/10.1140/epjc/s2005-02391-9
https://doi.org/10.1140/epjc/s2005-02391-9


New J. Phys. 22 (2020) 113002 M Rybczyński and Z Włodarczyk
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