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Simplest collisional processes

The lecture is devoted to a discussion of two simplest collisional processes: the binary interaction of real
bosons and electron scattering on a Coulomb field.

Binary collisions of scalar bosons
We are going to compute the cross section of binary collision of self-interacting scalar bosons.

Perturbative expansion

e« As we remember the S operator in the interaction picture is

=1 - Z/v dt 1nt _Z / dtl / dtQ 1nt ) mt (t2) +. (1)

and the interaction Hamiltonian of self-interacting real scalar field is

Alnt ’m ¢4( ) (2)

o Assuming that the coupling constant A is small that is A < 1, we approximate the operator (28) as

Nn—zf/d‘*w (3)
which gives
Te—i(§—1)~ _% /d% $(x). (4)
e The field qg is treated as the free one.
States

o A single particle state and its conjugate are

1 1
— 1l — 5
= a 0), = Ola s )
p) Wiz (p)[0) (pl Wiz (Ola(p) (5)
where V' is the normalization volume introduced to satisfy the normalization condition
(plp) = 1. (6)

e To understand the origin of V' let us consider the scalar product
| PP
(pla) = 3 (Ola(p)a’(a)0), (7)

e Using the commutation relation
la(k), a' (k)] = (2m)*6? (k — k), (8)

and the property a(q)|0) = 0, one finds

(pla) = 1> (20)**(p — a), Q

which for p = q equals (27)36®®) (p = 0)/V. As already explained, (27)30®) (p = 0) = V.
e The two-particle state is
1

[P1.p2) = 3 @ (p1) af (p2)[0), (10)

We assume here that p; # po.
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¢ One finds that

(P1,P2la1,q2) = V12 (0a(p1) a(p2) a'(ar) a' (q2)[0) (11)
)6
= (2‘/2) (5(3)(P1 —d1) 0¥ (p2 — q2) + 6@ (p1 — q2) 0¥ (pa — Q1)>a

which equals unity if p; = q; and ps = q2 or p; = q2 and ps = q1. So, the two-particle state is properly
normalized.

Amplitude

o The transition amplitude of the binary process p1, p2 — P}, p5 is

A ~
Ty = (py, PolT|p1, p2) = 4,/d4 (P}, 2|6 (2)|p1, P2), (12)

where the operator 7' is given by Eq. (4). All momenta p1, p2, P}, p5 are assumed to be different from each
other.

e Substituting the field decomposed into plane waves

. &3k "
_ —ikz 4k ZkIAf k 13
) = [ e [l + e 1) (13)
into Eq. (12) and using the two-particles states (10), the amplitude (12) equals
T = /d4 / dSkI d3k2 d3k3 d3kj4 (14>
A 4' V2 27)3 /2w, (2)3/2an, (27)3 /2o, (27)3\/ Zione,

X

(0/a(p}) a(ps) e~ alr) + er7al ()] [e e alky) + a1 ()]
x e alic) + el ()] e a() + el ()]0l (p1) 4 (92)]0).

e The computation of the amplitude (14) using solely the commutation relations satisfied by the creation and
annihilation operators and the fact that a(p)|0) = 0 is elementary but very tedious. A few observations
greatly simplify the the problem.

o There are 2* = 16 terms of the amplitude (14) but only those of equal number of creation and annihilation
operators contribute. So, we take into account only 6 terms with 4 creation and 4 annihilation operators.

o We call the operators, which depend on py, p2, p}, P, as external and those which depend on ki, ko, k3, ky
as internal. The vacuum expectation value is nonzero if each external creation (annihilation) operator is
paired with the internal annihilation (creation) operator.

e Since the creation and annihilation operators of different momenta commute with each other and can be
interchanged there are 6 identical terms which contribute to the amplitude (14). The terms give

T, /d4 / d3k1 dgkg d3k3 d3k4 (15)
A 4' V2 2732, (27)3+/ 21, (27)3/ 2w, (27)3 /201,

x  ellhthabemhin(0]a(py) a(ph) a' (ki) a' (ko) a(ks) a(ka) @' (p1) ' (p2)]0).

« Since the operators of different momenta act independently from each other on the vacuum state the vacuum
expectation value can be written as

(0la(p}) a(ph) &t (ki) af (ko) a(ks) a(ks) &t (p1) af (p2)|0) (16)

+ (0fa(py) ' (k2)[0) (0la(py) af (k1)[0)(0la(ka) a' (p1)[0)(0]a(ks) a'

where the 4 terms correspond 4 possible pairings of the external and internal operators.
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e Since

| e 0t 0010) = [ o ol 0p) + (2~ K00) =
@m2ae P R RCHV P P " V2o

and all terms in the right-hand-side of Eq. (16) give the same contribution, the amplitude (15) equals

P 7Ai d4xei(l7'1+:0'2*:01*p2)x _ A (271.)45(4)(291 + po fpll fp/Z) an
fi 922 V2 ElEgEiEé 22V2 /ElEigEiEé ’

where Ey = /m? + p? and F», E, E) are analogously defined. The energy-momentum conservation has
appeared automatically.

o The amplitude M y;, which is defined as
My

Ty = 2m)6W (P, — P 7 18
i = (2m)° 0 2 V"2 E, BB\ B, . B, (18)
equals
A
My = — (19)

o The combinatorial factor which comes from Eqs. (15) and (16) is 6-4 = 4!. It explains why A is traditionally
divided by 4! in the Lagrangian.

Cross section

o Substituting the amplitude (19) into the cross-section formula

(2m)*6™ (P; — P,)
\/(pl 'p2)2 - (m1m2)2

cpy dPph

d =
7 (2m)3E} (27)°E}

|Mpil®

we get
(2m)*6W (p1 +p2 — Pt —pb) N> dpy dPph
(p1-p2)? —m? 24 (2m)3E] (2m)3Ey’

do =

which is, as expected, the Lorentz scalar.

e In the center-of-mass frame, where all particles from the initial and final states have the same energy F,

the cross section equals
do A2

aQ ~ BmE?
dSQ is the element of the solid scattering angle but actually there is no angular dependence — the scattering
is isotropic.

(22)

Exercise: Derive the formula (22) from Eq. (21).

e Due to no angular dependence of the differential cross section (22) the total cross section is found performing
trivial angular integration. However, due to indistinguishability of final state bosons the final result must
be divided by 2. Effectively we find the total cross section multiplying the differential cross section (22) by
27. Thus, we get

)\2
7= e (23)
o The cross section (22) expressed through the Mandelstam invariant is
d A2
A N— (24)

dt — 2%ms(s —4m?)’
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o The total cross section is

1 max do )\2
== dt — = 25
772 /t it ~ s’ (25)
where the ¢y, = 0 and it occurs when p’ = p = (E,p) and tpax = —p? = —s + 4m? when in the

center-of-mass frame p’ = (E, —p). The cross sections (23) and (25) are obviously equal to each other.

Mott scattering

Mott scattering is a scattering of electron in the Coulomb field generated by atomic nucleus of charge —Ze.
The nucleus is assumed to be infinitely heavy.

e Assuming that the nucleus is at x = 0, the Coulomb potential is

Ze

A%(x) = — ) 26
@)=~ (26)
e The Hamiltonian density equals
AT 2~ ul Ze2 ~ 04
Hi(z) = ep(x)v"d(2)Au(z) = "I Y(z)y P () (27)
e Since the fine structure constant o = % = ﬁ is small, the series
S =1 —1i / dt H1 (1) dtl dtz THE (t1) HL (t2) + . .. (28)
— 00
can be approximated as
S~ L~ / dt FL, (1) (29)
and the reaction operator equals
A oA Ze2 d*z =~ A
T=—i(S—1)~ —— [ = (@) "d(x). (30)
4 |x]|
e We write the single electron state of momentum p and spin s as
p. ) = ——dl (p.5)|0) (31)
yS) = —F=2a y S )
P N P
where V' is the normalization volume.
o The states |p,s), |p’,s’) are orthonormal that is
1 /
(s,p|p’,s") = v (27)36%5 6 (p — p'). (32)
o The transition amplitude of the process |p, s) — |p’,s’) is
- Ze? [ dx ES A
Ty = (s, P'|TIp,s) = - — (s',p'[(x)y () |p, 5)- (33)

x|

« Substituting the fields ¢)(x) and @(Jj) decomposed into plane waves as

A d3 m o

Y@ = / G\ B €8 ulpss) + B (b, ) v(p, ) (34)
- d3p m —ipx] — ipT A —

v = % / e\ T €I 8) 0pss) + €70l () )| (35)
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into Eq. (33), one finds

Ze? 1 d3p1 d3po m m
Ty = [ i(pi—p2)z
! Ar v \x| ZZ/ Cr3 \VE \E € (36)

X a(p1,51) 7 u(pa, 52) (0la(p’, ¢) &' (p1, 51) a(pa, s2) @' (p, 5)[0),
where Ey = \/m? + p? and F» = /m? + p3.

« A non-zero contribution to the amplitude (36) comes only from the components of fields ¢ (x) and 1(z)
which contain spinors u and u. The components with v and v do not contribute to the amplitude because
the Hamiltonian is normally ordered.

« Using the anticommutation relations of a(p, s) and af(p, s), one finds
(0la(p', s') 4t (p1, 51) a(pa, 52) &t (p, $)[0) = (2m)%6* 6@ (p — p1) (2m)%6*°6P) (p —po).  (37)

o Using the result (37), the amplitude (36) becomes

i — P pz 0 ! 0
= V\f\/;/le v’ 8) 7 ulp, 5), (38)

where E = y/m? + p? and E' = \/m?2 + p’? is the initial and final electron energy, respectively.
e Performing the integral
/ dzg e’ P ~F)0 — or §(E — E'), (39)

we find that the electron energy is conserved.

o The integral over x gives
dx . i
7|x| e ax — —q2 s (40)

where q = p’ — p is the momentum transfer.

o Substituting the results (39, 40) into Eq. (38) and using the amplitude V7; related to T';

we find 762
1
Vii= 1 e g 100 up.). (42)

e Since the cross section of scattering on infinitely heavy target is

\% Vd3p
do = — 2w 6(E — E") |Vy|? , 43
7 = 1 27O~ B Vil s (43)
where v is the projectile velocity, the amplitude (42) provides
1 2264 m2 d3p/
do = —2n6(E - E' — lu(p’,s")7° 2 —— 44
0= |V| u ( ) (qg)g E2 |u(p ) S )'Y u(p7 S)| (27(')37 ( )

where the normalization volume V' has disappeared, as it should be.

o Writing down d3p’ as dQ2d|p’|p’? and performing the integral over |p’|, we get rid of the Dirac delta and
the cross section equals
do  4Z%0*m? | _
Q- (@ la(p’, ") 1 u(p, s)|?, (45)

2
where o = —4
vy
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e Assuming that the initial electron is not polarized and that the polarization of final-state electron is not
measured, we sum the cross section over the initial polarizations and average over final polarization . Then,

do 1 4a’m?
=3 Z 17 lu(p’, s") You(p, s)|*. (46)
e Now we compute
ola@, s ulp, o) = > [a(p’,s) 1 ulp, $)]"a(p’,s") 1 *u(p, s) (47)

= ) (P, 5)10sus(P’, 8) Uy (P 8) V5us (P, 5),

ss’
where we have taken into account that 4 = uf4° and (1)t =40,

e Using the completeness relation
— Y-p+m
> ua(p ) s, 5) = (T ) (48)
+s «

one finds

_ v-p'+m yy-p+m 1
[P ) ulp s)|? = Ty L0 T ey p )y p )], (49)

ss’

where the trace is taken over the spinor indices.

Traces of gamma matrices

Using the anticommutation relation

{Vs W} = 290, (50)
one proves the following formulas
Trlv] = 0, (51)
Trlyn] = 49w, (52)
Trlvumy,] = 0, (53)
Ty Yo ¥el = 4940 Gvo — 4910 Gvo + 4940 Gpo- (54)

Exercise: Derive the relations (51, 52, 53, 54).

 Using the relations (52, 53, 54), one obtains
Te[y"(y - p' +m)7°(y - p+m)| = 4m® + 8EE" — 4(p' - p). (55)
o Substituting the result (55) in Eq. (49), Eq. (46) gives the well-known Mott cross section

dj B 27202
dQ (q?)?

(m*+ E*+p - p), (56)

where p’ -p=E? —p’ - p.
o The formula (56) can be rewritten as

do 47202 E? ( 7q72)
Q- (@) 4E?)
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e Defining the scattering angle 6 as the angle between p and p’ and keeping in mind that v = %‘, the Mott
cross section is written as

do Z%a? 1 0
A N 1_2«%). 58
dQ ~ 4sin' § v?p? ( vsmE g (58)

Exercise: Derive the Mott cross section given as (57) and (58), starting with the formula (56).

« In non-relativistic approximation v? < 1, the Mott cross section changes into the famous Rutherford cross
section. -
do Z a 1
== 17 51 (59)
dQ  4sin* § m2v?
o The cross section (58), similarly to (59), has a strong maximum as 6 — 0. Actually it is singular at § =0
and the total cross section is infinite which reflects an infinite range of electromagnetic interactions.

e In reality the Coulomb potential of a nucleus is screened by electrons beyond the atomic radius and conse-
quently the differential cross section is not singular at # = 0 and the total cross section is finite.



