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The neutron-proton correlations and deuteron formation m nuclear colhslons both appear due to the final state interactions 
Thus, we suggest simultaneous measurements of the neutron-proton correlation function and the deuteron formation rate We 
calculate in parallel the two quantmes and express them through the space-rime parameters of the particle source created in 
nucleus-nucleus colhslons 

The measurements  of  two-part icle  correlat ions are 
well known to provide  re format ion  about  space - t ime  
characterist ics  o f  part icle  sources m nuclear  colh- 
slons for bombard ing  energies from tens of  MeV [ 1 ] 
to hundreds  of  GeV [ 2 ] One usually deals  with pairs 
of  ldent~cal particles,  protons  at lower energies and 
plons at h~gher ones However,  the correlat ions o f  
non- ident ical  part icles [ 3 ] and  the p robab i lmes  of  
bound  state format ions  [ 4 ] (see also ref  [ 5 ] ) deter-  
mine  the space - t ime  size o f  part icle  sources as well 
The neutron and proton are of  part icular  interest here 
since one can study the two-part icle  correlat ion and 
bound  state format ion  with the same part icles It  is 
impor tan t  to stress that  the correlat ion between neu- 
t ron and proton with small  relat ive m o m e n t u m  and 
the deuteron fo rmat ion  both  appear  due to the final 
state interact ion [ 6 -8  ] 

The recent successful measurements  o f  the neu- 
t r on -neu t ron  correlat ions [ 9 ] and  the very first da ta  
on the neu t ron-pro ton  ( n - p )  correlations [ 10] show 
that  the n - p  correlat ion funct ion can be precisely 
measured We suggest to s tudy this quant i ty  s imulta-  
neously with the p robab lh ty  of  the deuteron produc-  
tion, which can be easily measured  at present  The 
analysis of  such da ta  would p rowde ,  m part icular ,  a 
valuable test of  the method  which uses the two-par-  
ticle correlat ions to de te rmine  the space - t ime  struc- 
ture of  part icle  sources If  the method  ~s indeed ac- 
curate the n - p  pair  in a scattering state and the 
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deuteron should provide exactly the same space- t ime 
size of  a source The der iva t ion  o f  the main  formula  
of  the method  shows that  it  holds under  ra ther  re- 
strictive condmons ,  which might  be not  always ful- 
filled in nuclear  colhslons (see e g ref  [8] ) 

The a im of  this paper  is to der ive s imple formulas,  
which can be used m the analysis o f  s imultaneous 
measurements  o f  the n - p  correlat ton and deuteron 
product ion  ~ The n - p  correlat ion function and the 
deuteron format ion  rate, which relates the deuteron 
product ion  cross section to the cross section of  the n -  
p pair  production,  were calculated in ref  [ 3 ] and refs 
[ 4 -7  ], respecUvely The calculat ions [ 4 -7  ] assumed 
the s imultaneous emission o f  the neutron and pro ton  
which further form a deuteron,  while the analysis o f  
two-part icle  correlat ions usually takes into account 
nonlns tantaneous  part icle emission Thus, we der ive 
here the deuteron format ion  rate for nonlnstanta-  
neous emission to make the two processes compara-  
ble The authors  o f  ref  [ 3 ], where the n - p  correla- 
t ton functton was calculated were interested m 
relat ivist ic  systems and for this reason they used a 
rather  comphca ted  fo rmahsm of  the Bethe-Salpe te r  
amphtudes  ins tead o f  wave functions. However,  the 
n - p  correlat ion function can be measured  at present  
only for nonrelatlvlst~c neutrons Thus, we calculate 
the n - p  correlat ion function using the famil iar  lan- 
guage ofnonrelat~v~st~c wave functions We then f ind 

#1 The CHIC Collaboration led by Bo Jakobsson indeed plans 
such measurements 
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that the correlation functions o f  the n -p  pairs in a 
singlet and triplet state are qualitatively different from 
each other for sufficiently large sources We briefly 
discuss how this observation can be used to study the 
spin o f  a particle source 

Let us start our considerations with discussing in 
parallel the cross sections of  deuteron production and 
n -p  emission These cross sections can be written as 

da  d dt~np 
d3 P ----- ~¢ d3 ( ½P)d 3 ( ½p),  ( 1 a) 

do-np dt~np 

d3pl d3p2 -- ~ (jlT1, P2 ) d3pl d3p2, ( l b )  

where dOnp/d3pm d3p2 is the n - p  cross section produc- 
tion which neglects particle correlations due to the 
final state interactions In the reference frame where 
a particle source is at rest, the deuteron formation rate 
~¢ and the n - p  correlation function ~ are expressed 
in the nonrelatlvlStlC limit as 

~¢=~(27t)3 f d3rldtl f dSr2dt2 
× ~ ( r l ,  t l )~ ( r2 ,  tE)l~(r'l ,r '2)l 2 , (2a) 

~ ( P l  ,P2 ) = 1"~ s(ffl ,P2 ) "4- ~ t ( p  1 ,P2 ) 

with 

~s't(pl,P2)= f d3rldt, f d3r2dt2 

X ~(rl ,  t l)~(r2, t2) l s,t , ~U~p(rl, r~ ) 12 (2b) 

where the source function ~ ( r ,  t), which is normal- 
1Ted as f dSr ~ ( r ,  t) = 1, gwes the probability to emit 
a nucleon from a space-t ime point (r, t) ~2 ~Ud, ~r~,p 
and ~U':p are the wave functions o f  a deuteron, o f  an 
n - p  pair In a slnglet state and in a triplet state, re- 
spectively, r', -- r, - (p, / m)  t,, l = 1, 2 with m being the 
nucleon mass The emitted nucleons are assumed un- 
polarized and consequently, the correlation function 
9~ IS a sum of  the smglet and triplet correlation func- 
tions 9~ ~'' with weight coefficients ¼ and ~, respec- 
tively The origin o f  the coefficient ] in eq (2a) is 
similar The correlation function 9~ and the deuteron 
formation rate ~¢ have been discussed separately in 
numerous papers, see the review [ 1 ] for .~ and refs 
[4,5] for ~¢ The form of  9~ expressed by eq (2b) 

#2 It should be understood here that the coordinates (t, t) deter- 
mine the position of a nucleon wave-package center 

has been written for the first time in ref [ 11 ] for p -  
p correlations The modification of  (2b),  which is 
now frequently used in data analysis, is described in 
ref [ 12] Simultaneous discussion of  the particle 
correlations and bound state formation, which 
stresses common character o f  both phenomena,  IS 
present in refs [6 -8 ]  Ref  [8] provides the most  
systematic derivation ofeqs  ( 1 ) and (2) in the non- 
relativistic hmlt  One also finds in ref [ 8 ] the dis- 
cussion of  assumptions and approximations which 
leads to these equations 

Let us choose the following gausslan parametrlza- 
tlon o f  a source 

~(r,  t) = (27tr~)-3/2(2ztz2) -1/2 

xexp  2rg ~-~2 , (3) 

which gives the mean radius (life t ime) squared of  a 
source as ( r  E) = 3rg and ( t  2) = 3z 2 The parametrl- 
zatlon (3)  allows one to factorize the integrals over 
the center-of-mass and relative coordinates, which are 
defined as R=½(rl+rD, r=rl-r2,  T=l ( t l+ t : ) ,  
t =  tl -- t2, P = P l  +P: ,  q = ½ (/71 - P 2 )  The wave func- 
tions are written down in the form 

~/,(rl, rE) = exp(tPR)¢,(r) ,  (4) 

where the index z labels the wave functions o f  the 
deuteron, the n - p  pair in a slnglet state and the n -p  
pair in triplet state, respectively 

Substituting eqs (3) and (4) into eqs (2) one gets, 
after integration over R and T 

~¢=l (2n)3~d3rd t~r ( r , t ) l~a(r ' ) l  2 , (5a) 

f s,t , ~,s , t (q ,p)= dSrdt~r(r,t)l(~np(r )12, (5b) 

where r' = r -  vt with v being the center-of-mass ve- 
locity equal to P/2m and 

Dr(r, t) = (4ztr~)-3/2 (47t"t'2) -1/2 

X exp 4ro2 4-~2 (6) 

Further, we calculate separately the deuteron forma- 
tion rate and the correlation function 

( 1 ) The deuteronformatton rate After changing the 
variables (r, t)-- ,(r-vt ,  t) in eq (5a),  one easily 
performs the integration over time and then the in- 
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tegratton over polar and aztmuthal angles assummg 
that the deuteron wave function is spherically sym- 
metrtc The results reads 

c o  

3/t  3 f ~ =  _ drrlCd(r)12 exp - erf i(ar)  
rover d ~ ' 

0 

(7) 

where r =  Irl and 

gr erfi (x)  = dt exp(t  2) 
a -  2rox/~o + v2z z ' - ~  o 

We use m further calculattons the deuteron wave 
function in the Hulth6n form 

_ (  afl( a + fl) ] 1/2 e x p ( - a r ) - e x p ( - f i r )  
¢d(r)  --  k , 2 ; g ( o t _  f l )2.]  r ' 

(8) 

w l t h a = 0 2 3 f m  - l a n d f l = 1 6 1 f m  -~ [13] Thecal -  
culatlon o f  the integral (7)  wtth the wave functton 
(8) has been performed numerically and the forma- 
tion rate sd as a function o f  the source size parameter 
ro ~s presented in fig 1 for several values of  the pa- 
rameter gr Let us stress here the source hfe-tlme pa- 
rameter z and the deuteron velocity v enter the for- 
matlon rate ~ '  only as a product  vz Physically it 
means that the formation rate (the correlation func- 
t ion) does not depend directly on the source life time 
but on the distance the particle pair traverses during 
the source hfe time 

. . . .  I 
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F~g 1 The deuteron formatmn rate as a functmn of  r0 for several 
values of  vz The value of vz increases from the highest hne (vz = 0) 
to the lowest line (vr=  5 fm)  

The function d ( r o ,  v'r) shown in fig 1 manifests 
speofic mathemahcal  properties Namely, 

~¢ (ro-~ 0, trr= 0) - - '6 / [3  ] ~d ( r = 0 )  12 -- 37r2afl(a + fl) 

d ( ro- - ,0 ,  vz> 0 ) - . 0  

These limits are useful to check numerical 
calculations 

I f  the size o f  a particle source ts comparable with 
~ts life time, ro is much greater than z in the nonrela- 
tlViStic hmit, where v<< 1 Then, one can well ap- 
proximate the deuteron formation rate (7) by its 
value at v ' r=0 In thts case, one can perform a com- 
pletely analytic calculation and the result IS 

3;¢ 2 afl(a+fl) 
a/o= 2r 2 ( a _ f l ) 2  

× [F(Zaro)-ZF((a+f l )ro)+F(Zf lro)] ,  (9) 

where 

F(x)  - e x p ( x  2) erfc(x)  , 

e r f c ( x ) -  ~ d t e x p ( - t  2) 
x 

(2) The correlauonfuncUon We calculate the cor- 
relation function ~ following ref [ 3 ], where the re- 
lativistic system has been considered 

I f  the source radius ~s significantly greater than the 
n -p  mteractlon range, the wave function of  the n - p  
pair (in a scattering state) can be approximated by 
its asymptotic form which is 

exp (Iqr) 
¢~t (r) =exp( lq r )  +fs,t(q) - - ,  (10) 

r 

where q -  I q [ and fs,t (q) ts the scattermg amplitude 
The correction due to the nonasymptotlc  states of  the 
n -p  pairs are commented on at the end of  our paper 
The scattering amplitude is chosen as 

_ a  s t  

f~,t(q) = 1 - ~dS,taS,tq2+tqa s,t' ( 11 ) 

where a s,t ( d  s t )  lS the scattenng length (effective 
range) o f  the n - p  scattering, aS= - 2 3  7 fm, dS=2 7 
fm and a ' = 5  4 fm, d t = l  7 fm [14] ~3 The ampli- 
tude ( 11 ) takes mto account only the s-wave scatter- 

~3 The authors o f re f  [ 3 ] use the opposite sign conventmn of  the 
scattermg lengths 
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lng This is justified as long as "small" relative mo- 
menta are considered 

Substituting the wave function (10) into eq (5b) 
and chang0ng the variables (r, t) ~ ( r - a ,  t) one finds 

#~s,t(e, P) = 1 +2  Re(f~t (q)  

X f d3rdtr-'~r(r",t)exp(-lqr+lqr)) 

+ If~'t(q) 12 f d3r dt r-2~r(r ", t) , (12) 

where r"-r+ vt The computation of the third term 
on the right-hand-side of eq (12) is rather straight- 
forward, whtle before calculation of the second term 
on the right-hand-side of eq (12) we should choose 
the physical observables When vz=0, the correla- 
tion functton depends only on the magmtude of the 
vector q In the general case when ~ >  0, the correla- 
tion function (12) depends on the magnitudes of two 
vectors q and P and their relative orientatton Thus, 
we choose as arguments of the correlation function 
the pair velocity v, the relative longitudinal momen- 
tum qL parallel to P and the transverse moment qx 
perpendicular to P We then introduce cylindrical co- 
ordinates (p, z, ~) with the z-axis parallel to P, and 
perform the integration over time and azimuthal an- 
gle Then, one finds 

~s't (qL, qT, V) = 1 + (2X/~ r 2 %//~o+vET 2 )--1 

Xj dpp dz(p2+z 2) -l/2Jo(qTp) 
0 --oo 

Xexp( P: + z2 v2zEz2 "~ 
4r~oo + 4r2o(r~+vzr2)] 

X [RefS"(q)  Cos(qLz--qX/p2+z 2 ) 

+Imf~¢(q)  s m ( q L z - - q ~  )] 

+ [ f ~ ( q ) 1 2 ~ l  arcsh N/r  V 2 T 2  
zrovz 2 + vZz2, (13) 

where q-= Iql = ~  and Jo is the Bessel func- 
tion, which appears due to the integration over azi- 
muthal angle At q= 0, the correlatmn function (13) 
can be computed analytically, and the result is 

aS, t w / ~  + v2T2 + v,t- 
 s,t(q=0, v ) = l -  In + _ 

(aS't) 2 N /  r2+vEzZ vet2 + 2r-~o-o-~ arcsh (14) 

In the general case when q#  0 the integrations in eq 
(13) have to be performed numerically Examples of 
such calculations are displayed in figs 2 and 3 

As expected, the n-p correlation function mare- 
rests a prominent peak at zero relative momentum 
In fact, this peak appears because the slnglet correla- 
tion function gives a dommant contribution to the 
spin average correlation function As we show below, 
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Fig 2 The n-p  correlation funcUon versus qT at qL = 0 for several 
values of v'r and ro = 3 fm The value of trr increases from the high- 
est hne to the lowest line 
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Flg 3 The n-p  correlation function versus qL at qT = 0 for several 
values ofvr  and r0= 3 fm The value of er increases from the high- 
est line to the lowest line 
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the triplet correlation function has a min imum at q =  0 
for sufficiently large sources Let us also observe here 
that the qT- and qL-dependences o f  ~ are rather sim- 
ilar to each other It is not  surprising since these de- 
pendences are exactly identical when ~ =  0 

When ro >> trr, one can well approximate the cor- 
relation function (13) by the function at v z = 0  In 
this case, the correlation function depends only on q 
and the computat ion can be performed analytically 
using spherical coordinates The result xs 

l 
~gt (q)  = 1 + RefS ' t (q )  2rg q 

Xexp( - -4 rEq  2) erfi(2roq ) 

1 
- - I m f  s't(q) 2-~o2q [1 - -exp(  --4rEq 2) ] 

+ l f ~ ' ( q ) l  2 1--~ 2ro2 (15) 

The correlation function (15) is shown in figs 4 -6  
In figs 5 and 6 we present not only the spin average 
correlatmn function but also the correlauon func- 
nons o f n - p  pairs in smglet ( S = 0 )  and triplet ( S =  1 ) 
states One sees that for large source radn these func- 
Uons are quahtaUvely different from each other 
While the smglet correlation functmn has a maxi- 
m u m  at q = 0 ,  the triplet function has a min imum 
there In the channel S =  1 there are two phymcal phe- 
nomena which compete with each other These are 
the scattering on attractive potential and the deu- 
teron formation The first mechanism leads to the 
poslUve correlation, while the formation of  deuter- 

. . . .  i . . . .  

r 0 = 2  fm 
r0 = 3 fm 

i0 ~ t o -  5 fm 

I 

50 i00 
q [MeV/c] 

F~g 4 The  n - p  co r r e l aUon  funcUon  ve r sus  q a t / r r =  0 for  severa l  

values of ro The value of ro increases from the highest hne to the 
lowest line 
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Fig 5 T h e  slnglet ,  t r ip le t  a n d  sp in  ave rage  n - p  co r re l a t ion  func-  

t m n s  versus  q a t  gr  = 0 a n d  ro = 3 f m  

100 

10 

r0 = 6 fm 

" "  s 1 

q [M.V/c] 
i00 

Fig  6 The  slnglet ,  t r ip le t  a n d  sp in  ave rage  n - p  co r re l a t ion  func-  

Uons  versus  q a t  v z =  0 a n d  ro = 6 f m  

ons depletes the sample o f  n -p  pairs and effectively 
leads to the negative correlation It appears that for 
large source radn, the n - p  correlation function is 
dominated by the deuteron formaUon The relative 
contribution of  the first mechanism grows as the 
source radius goes to zero At ro--- 3 5 fm, both mech- 
amsms cancel each other, and no correlation is seen 
When the radius decreases further the scattering 
mechanism dominates and the triplet correlation is 
positive as m the stagier case Since the singlet inter- 
action o f  an n -p  pair is much stronger than the triplet 
one, the behavlour of  the average correlation func- 
non  is always dominated by the stagier one 

In the case o f  a spinning source, the number  of  ri- 
p pairs in a triplet state (parallel spins) is expected 
to be larger than ~ of  all pairs Consequently, the cor- 
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relation function averaged over spin might be signif- 
icantly changed when compared to that of a splnless 
source The simultaneous measurements of the n-p 
correlation function and the deuteron formation rate, 
which is also sensitive to the fraction of n-p pairs in 
the triplet state, allows one, at least in principle, to 
determine the source spin This issue, however, de- 
mands further studies 

In our derivation of the n-p  correlation function, 
the asymptotic form of the n-p pair wave function 
has been used for all separations of proton and neu- 
tron The correction due to the nonasymptotic states 
has been discussed in ref [ 3 ] It was found there that 
the term of the correlation function, which is propor- 
tional to ]fs,t(q) 12, should be multlphed by the factor 

1 d s't 

1 -  2x/% ro 

to correct the correlation function 
Our calculations of the deuteron formation rate and 

n-p correlation function neglect the Coulomb inter- 
action between the proton and the charged source 
This can be important for slow protons or/and sources 
with large charges The role of the Coulomb effects 
has been recently studied In ref [ 15 ] 

Let us briefly summarize our considerations Re- 
cent measurements of the n-n  and n-p correlations 
[ 9,10 ] show that the n-p correlation function can be 
determined very precisely Since the n-p correlations 
and the deuteron formation both appear due to final 
state interactions, we suggest simultaneous analysis 
of these phenomena We have calculated the deu- 
teron formation rate ~¢ and the n-p correlation func- 
tion ~ expressing them both through the particle 

source parameters When r0 >> vz, 1 e the source ra- 
dius is much greater than the product of the source 
life time and nucleon velocity in the source rest frame, 
d and ~t can be well approximated by the analytic 
expressions (9) and (15), respectively, found for 
er= 0 The qualitatively different behavlour of the 
slnglet and triplet correlation functions opens the 
possibility to study the spin characteristics of particle 
sources In nuclear colhslons 
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