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Abstract

Fluctuations of the chemical composition of the hadronic system produced in nuclear collisions are discussed using the
@-measure which has been earlier applied to study the transverse momentum fluctuations. The measure is expressed through
the moments of the multiplicity distribution and then the properties of @ are discussed within a few models of multiparticle
production. A special attention is paid to the fluctuations in the equilibrium ideal quantum gas. The system of kaons and
pions, which is particularly interesting from the experimental point of view, is discussed in detail. © 1999 Published by

Elsevier Science B.V. All rights reserved.
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There are many sorts of hadrons produced in high
energy collisions. The ratios of multiplicities of par-
ticles of given species to the total particle number
characterize the chemical composition of the colli-
sion fina state. The composition is expected to
reflect the collisions dynamics. Generation of the
guark-gluon plasma in heavy-ion collisions was ar-
gued long ago [1] to enhance the strange particle
production. While the significant strangeness yield
enhancement has been experimentally observed in
the central nucleus-nucleus collisions at CERN SPS
(see the data compilation [2] and the recent review
[3D), it is a matter of hot debate whether the observa-
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tion can be indeed treated as a plasma signal. The
strange hadron abundance is naturally described
within the models assuming the plasma occurrence at
the early collision stage (see e.g. [4,5) but the
models, which neglect such a possibility (see e.g.
[6,7] or the review [8]), can be also tuned to agree
with the experimental data. Thus, it would be desir-
able to go beyond the average particle numbers and
see whether the strangeness enhancement in the cen-
tral heavy-ion collisions is accompanied with the
qualitative change of the strangeness yield fluctua-
tions. The equilibrium quark-gluon plasma scenario
is obviously expected to lead to the smaller fluctua-
tions than the nonequilibrium cascade-like hadron
models but the specific calculations are needed to
quantify such a prediction. Anyhow, it seems to be
really interesting to study the strangeness yield fluc-
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tuations on the event-by-event basis. However, we
immediately face the difficulty how to quantitatively
measure the fluctuations in the events of very differ-
ent multiplicity. The problem appears to be of more
general nature.

There are several interesting proposals to use
fluctuations as a potential source of valuable infor-
mation on the collision dynamics. If the hadronic
system produced in the collision is in the thermody-
namical equilibrium, the temperature and multiplicity
fluctuations have been argued to determine, respec-
tively, the heat capacity [9,10] and compressibility
[11] of the hadronic matter at freeze-out. An exten-
sive discussion of the equilibrium fluctuations can be
found in [12]. In the experimental realization of such
ideas one has to disentangle however the ‘dynami-
cal’ fluctuations of interest from the ‘trivial’ geomet-
rical ones due to the impact parameter variation. The
latter fluctuations are very sizable and dominate the
fluctuations of all extensive event characteristics such
as multiplicity or transverse energy. The variation of
the impact parameter can also influence the fluctua
tions of the intensive quantities e.g. the temperature.

A specific solution to the problem was given in
our paper [13], where we introduced the measure of
fluctuations or correlations which has been later
caled @. It is constructed in such a way that @ is
exactly the same for nucleon-nucleon (N-N) and
nucleus-nucleus (A—A) collisions if the A—A colli-
sion is a simple superposition of N—N interactions.
On the other hand, @ equals zero when the correla
tions are absent in the collision final state. The
method proposed in [13] has been recently applied to
the NA49 experimental data. The fluctuations of
transverse momentum found in the central Pb—Pb
collisions at 158 GeV per nucleon have appeared to
be surprisingly small [14,15]. It has been also claimed
[15] that the correlations, which are of short range in
the momentum space, are responsible for the nonzero
positive value of &, being observed. Our calcula-
tions of @, in the equmbnum ideal gas show [16]
that &, is positive for bosons, negative for fermions
and zero for classical particles. When the hadronic
system at freeze-out is identified with the pion gas,
the calculated @,  slightly overestimates the experi-
mental value [15] but the inclusion of the pions
which come from the resonance decays removes the
discrepancy. An interesting analysis of the p;-

fluctuations within the so-called non-extensive statis-
ticsis given in [17].

The theoretica analysis of the result [14,15] has
provided a new insight into the collision dynamics. It
has been argued [18] within the UrQMD model that
the secondary scatterings are responsible for the
dramatic correlation loss in the central collisions of
heavy-ions. This conclusion however seems to con-
tradict the results of the analysis [19] where the
LUCIAE event generator has been used and the
rescatterings are shown to reduce insignificantly the
p;-correlations measured by @. While the effect of
the secondary interactions needs to be clarified, the
smallness of the fluctuations observed in the central
heavy-ion collisions [14,15] is a very restrictive test
of the collision models. The so-called random walk
model is ruled out because it gives much stronger
correlations in A—A than N—N case [20]. The same
holds [19] for the LUCIAE event generator when the
jet production and/or the string clustering is taken
into account even at a rather moderate rate. On the
other hand, the quark-gluon string model seems to
pass the test successfully [21].

As argued in [22], the measure ¢ can be aso
applied to study the fluctuations of chemical compo-
sition of the hadronic system produced in the nuclear
collisions. The chemical fluctuations seem to be even
more interesting than those of the kinematical vari-
ables such as p;. Thefinal state momentum distribu-
tion of hadrons characterizes the system at the mo-
ment of freeze-out, while the system chemical com-
position is fixed at the earlier evolution stage — the
chemical freeze-out when the secondary inelastic
interactions are no longer effective. The total
strangeness yield presumably saturates even earlier
and the subsequent interactions are mostly responsi-
ble for the strangeness redistribution among hadron
Species.

The NA49 Collaboration plans to study the chem-
ical fluctuations in heavy-ion collisions at CERN
SPS [23]. Since the ®-measure will be used in these
studies, it is desirable to better understand the prop-
erties of @ when applied to the chemica fluctua-
tions. This is the aim of our note. At the beginning
we express @ through the commonly used moments
of the multiplicity distribution and analyze the result
within several models of the distribution. Then, we
compute the &-measure for case of the two-compo-
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nent ideal quantum gas in eguilibrium. The system of
kaons and pions is discussed in detail. In particular,
the role of resonances is analysed.

Let us first introduce the measure @ which de-
scribes the correlations (or fluctuations) of a single
particle variable x such as the particle energy or
transverse momentum. As observed in [22], x can
also characterize the particle sort. Then, x =1 if the
particle is of the sort of interest, say the particle is
strange, and x = O if the particleis not of this sort, it
is a non-strange particle. We define the single-par-
ticle variable z=""x — x with the overline denoting
averaging over a single particle inclusive distribu-
tion. In the case of the chemical fluctuations, X is
the probability (averaged over events and particles)
that a produced particle is of the sort of interest, say
it is strange. One easily observesthat z= 0. We now
introduce the event variable Z, which is a multiparti-
cle andog of z defined as Z=%YN ,(x, — ),
where the summation runs over particles from a
given event. By construction (Z) =0, where {...)
represents averaging over events. Finaly, the &-
measure is defined in the following way

2

We compute @ for the system of particles of two
sorts, a and b, e.g. strange and non-strange hadrons.
X; = 1 when i-th particle is of the a type and x; =0
otherwise. The inclusive average of x and x? read

x= Y xP,=P,, x’= Y x’P,=P,,
x=0,1 x=0,1

where P, is the probability (averaged over particles
and events) that a produced particle is of the a sort.
Thus,

o (N
LN (N

with N, and N, being the numbers of particles a
and b, respectively, in a single event. One immedi-
ately finds that z= 0 while

_ (N (N
22=P1—P12=T>2b1 (2)

where N =N, + N, isthe multiplicity of all particles
a and b in asingle event.

Since the event variable Z equals N, — XN, one
gets

(Z)=(N,) =x(N) =0,

(Z2) = (N2) = 2%(N,N) + X*(N?).
The latter equation gives

(Z2) (NY? = (NG YONZ) + CNDPONG)

= 2(N.> {Np> CNL N,
which can be rewritten as
iﬁ; - i'::’; ((N2) = (NY?)
+ i:a;z(m@ —(N,?)
—2%(%@ — (N (N)).

(3)
The fluctuation measure @ is completely determined
by Egs. (2) and (3). So, let us consider its properties
within three simple models of the multiplicity distri-
bution.

1) The distributions of particles a and b are
poissonian and independent from each other i.e.
(NZ) = (N =(NDY, (N;Np) = (N (N,

(4)
where i = a,b. One easily notices that @ = 0 in this
case.

2) The particles a and b are assumed to be
correlated in such a way that there are no chemical
fluctuations in the system. The event chemical com-
position, which is fully characterized (for a two
component system) by the ratio N, /N, is assumed to
be dtrictly independent of the event multiplicity.
Then, N, = a N and N, =(1— a) N with « beinga
constant smaller than unity. Since N,, N, and N are
the integer numbers, « has to be a rational fraction.
Then, we have

(N =a(N), (Np=(1-a){N),

(N2 — (N2 = @3({N?) = (N)?),

(NZY = (NpY? = (1 — a)}({N?) = (NY?),
(NGNpY = (N (N> = a(1— ) ((N2) — (N)?).
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Consequently, (Z?) =0 and
(N (N,

)
o= - W=—m- (5)

One sees that the d-measure is negative (but larger
than —1/2) when the chemical fluctuations vanish
in the system.

3) The particles a and b are identified with the
positively and, respectively, negatively charged
hadrons. Then, the charge conservation leads to the
strict correlation of the particle numbers:

N,-N_=Q,

where Q is the electric charge of the system. In this
case we have

(N,>=(N_)+Q,

(N2) = (N, Y =(N2) —=(N_)?,
(NGNC) = (NG CNC Y = (N2) — (N Y2
Therefore,

— (N +Q)(NLD

2

’ Ny

z?y Q@ ,

(5 = G (49~
When Q = 0 we reproduce the result (5) correspond-
ingto a=1/2.

After the illustrative examples let us compute @
for the equilibrium gas which is a mixture of the
particles a and b. Then,

ad
(N) = /\ia—)‘iln E(V, T, 50),

(NGNR» = N CN»
82

= A A ——INZ(V,T,A_,A,),
a ba)\bla/\a ( a b)

9 \2
<N2>_<N>2=(Aia_k) InZ(V.T,A0.4,) . (6)

where Z(V,T,A,,A,) isthe grand canonical partition
function with V, T and A; denoting, respectively, the
system volume, temperature and the fugacity which
is related to the chemical potential w;, as A, = eP#
with B=T71.

When the gas of interest is the mixture of the two
ideal quantum gases, the partition function is [24]
In Z(V,T,A,A)
d3p
= R _BEa
igaV/ L In[1+ A, e P&
dp
+g,V[——=In[1+ A, e PE|, 7
% V] oy ML Av e (M

where g; denotes the number of the particle internal
degrees of freedom; E = m?+ p? is the particle
energy with m; and p being its mass and momen-
tum; the upper sign is for fermions while the lower
one for bosons.

Substituting the ideal gas partition function (7)
into Egs. (6), one easily finds

d®p 1
<Ni>=givf(2ﬂ-)3 A TePE 41
<NaNb>=<Na><Nb>l

dp A lefE
N2) — (NY =gV : ,
(N (NS =g /(277)3 (A 'efE £ 1)°

(8)

where, as previously, the index i labels the particles
of the type a or b. It is worth noting that the system
volume V which enters Egs. (8) cancels out in the
final expression of @. Therefore, the measure @ s,
as expected, an intensive quantity. One observes in
Egs. (8) that

(NZ) = (ND? < (ND

for fermions,

(NP = (ND? > (ND

for bosons, and

(N2) = (NY?=(N)

in the classical limit where A, * > 1. Therefore, one
finds from Egs. (2) and (3) that

(Z%)

<722 and ®<0
(N>
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when the particles a and b are fermions,
(z%)
(NY

when the particles a and b are bosons, and

(2% =72 and ®=0
(N) B

when the particles of both types can be treated as
classical. If the particles a and b are of different
statistics, the sign of @ is determined by the sign of
the expression

(ND?(ENZY = {NpY? = (N,))
+ (N ((NZY = (NY? = (N,

which is either positive or negative depending of the
particle masses, their chemical potentias, and the
numbers of the internal degrees of freedom.

If al particles are massless and their chemical
potentials vanish, the calculations can be performed
analytically. In this case Egs. (8) give

9:{(3) (3/4 _ (0.09
N> =—7 ( 1 )Wszgi(o.lz)wa'

>72 and ®>0

9
N =N = o[ M2 v =g S8 vre,

where ¢(x) is the Riemann zeta function (£(3) =
1.202); as previously the upper case is for fermions
and the lower one for bosons. If the particles a and
b are both fermions or both bosons, Egs. (2) and (3)
get the form

2_ 9a9
(9a+0,)°

(z%)  =? 9.9, (2/3

(NY ~6£(3) (ga+gb)2( 1 )

and consequently

—0.045) V929

0.170) g, + g, )

Let us now consider the fluctuations in the system
of pions and kaons. To be specific, the particles a
are identified with == while the particles b with

)

o

K* or K~. As we will see, the fluctuations in the
7~ K* system can be very different from those in
7K™ one The systems #*K* and #"K~, which
are not discussed here, are analogous to, respec-
tively, 7K~ and 7~ K™*. At first we treat the pions
and kaons as a mixture of the ideal gases of 7 and
K. Since the pions and kaons are of a given charge
(plus or minus) g_= g, = 1. The masses are taken,
respectively, 140 and 494 MeV. @ as a function of
temperature has been computed numerically from the
formulas (1), (2), (3) combined with (8). The results,
which are obviously the same for the 7K™ and
7~ K™ systems, are shown with the dashed lines in
Figs. 1-4. The calculations have been performed for
severa values of the chemical potentials of pions
and kaons. In the case of pions, w,=0 when the
system isin the chemical equilibrium. (We obviously
neglect here a tiny effect of the electric charge
conservation.) The finite value of w, appears even
in the equilibrium system of zero net strangeness due
to the simultaneous baryon and strangeness conser-

10

19 m K
10 —2-5 _ - ’,’/—,”,_ -
10 74

- = 100 MeV
10 ™3 fin = 0"

] e = — 100 MeV
10 ~°3
10 *+——7/—r—"r—"rr—r—r"r—"1"r—rr—rrrrr

50 100 150 200

T [MeV]

Fig. 1. ®-measure of the =~ K~ correlations as a function of
temperature for three values of the pion chemical potential. The
kaon chemical potential vanishes. The resonances are either ne-
glected (dashed lines) or taken into account (solid lines). The most
upper dashed line on the right hand side of the figure corresponds
to u,, =100 MeV, the central oneto w, = 0, and the lowest line
to w,=—100 MeV. At sufficiently small temperatures the re-
spective dashed and solid lines coincide.
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vation. For example, the estimated value of u, for
the strange (not antistrange) mesons is 38 MeV at
T=160 MeV for the equilibrium hadronic system
produced in heavy-ion collisions at CERN SPS [6].

In Figs. 1 and 2 we observe a dramatic increase of
@ with the temperature. ¢ also grows with u, (at
w1, = 0) while the dependence on w_ changes with
the temperature. Below T= 120 MeV @ is a de-
creasing function of w_ but above this temperature
@ grows with p_ (u, is fixed and equals zero).
Such a behaviour can be easily understood. @ can be
approximated as

(N2 = (N = (NG
N !

for {N_) > {N¢» which holds for sufficiently low
temperatures. (We also assume here that (NZ) —
(N¢)* is not larger than (N2) —(N,)*) The
growth of u, leads to the increase of the numerator
of the expression (10) while the growth of w_ en-
larges the denominator. At higher temperatures the

[N

(10)

10 ™

: 0 m K
1024 -
10'3'3
10 ™3

3 ux = 100 MeV

Mk = 0
10 -5—§ Mg = — 100 MeV
10 3
10 "
50 100 150 200
T [MeV]

Fig. 2. ®-measure of the =~ K~ correlations as a function of
temperature for three values of the kaon chemical potential. The
pion chemical potential vanishes. The resonances are either ne-
glected (dashed lines) or taken into account (solid lines). The most
upper dashed line corresponds to u =100 MeV, the central one
to ux =0, and the lowest line to uy = —100 MeV. At suffi-
ciently small temperatures the respective dashed and solid lines
coincide.

10

Ll

10 *

10 °®

Ll

10 ™

10 °

Lyl

10 °
5

T [MeV]

Fig. 3. The absolute value of ®-measure of the w~ K* correla
tions as a function of temperature for three values of the pion
chemical potential. The kaon chemical potential vanishes. The
resonances are either neglected (dashed lines) or taken into ac-
count (solid lines). The most upper dashed line on the right hand
side of the figure corresponds to w,, =100 MeV, the central one
to w, =0, and the lowest line to w, =—100 MeV. At suffi-
ciently small temperatures the respective dashed and solid lines
coincide.

numbers of pions and kaons are comparable to each
other and the pion dispersion {N2?) — (N_)* pro-
vides a significant contribution to @. Then, @ grows
with w,.

It is afar going idealization to model a fireball at
freeze-out as an ideal gas of pions and kaons. A
substantial fraction of the final state particles come
from the hadron resonances. We take them into
account in the following way. Since the resonances
are relatively heavy, their phase-space density is
rather low. Consequently, the resonances can be
treated as classical particles with the poissonian mul-
tiplicity distribution [12]. Then, one easily shows that

(NY=(NY+ Y b(N), i=mK,
(N2 = (N =(N2) = (N + Y b(N),

(NZ N> = INZD CNe )
= (N;NO =N CND + b7 (N7, (1)
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Fig. 4. The absolute value of ®-measure of the 7~ K* correla
tions as a function of temperature for three values of the kaon
chemical potential. The pion chemical potential vanishes. The
resonances are either neglected (dashed lines) or taken into ac-
count (solid lines). The most upper dashed and solid lines corre-
spond to ux =100 MeV, the central ones to ux =0, and the
lowest lines to ux = —100 MeV. At sufficiently small tempera-
tures the respective dashed and solid lines coincide.

where N’ is the number of ‘direct’ pions or kaons
which are described by the formulas (8); the summa-
tion runs over the resonances which decay into pions
or kaons; N, is the number of resonances of type r
and b, is the branching ratio of the resonance decay
into the pion or kaon channel. The resonances are
assumed to decay into no more than one pion or one
kaon of interest. We denote with = the resonances,
such as K *, which decay into the pion-kaon pair
under study.

In the actual calculations we have taken into
account the lightest resonances: p(770), »(782) and
K *(892). Now, an important difference between the
correlations in the 7K~ and 7K' system ap-
pears. The decays of K *% into K™ 7~ produce the
correlation in the 7~ K* system. Analogous correla-
tionin the w~ K~ system is absent. ¢ as a function
of temperature has again been computed numerically
from the formulas (1), (2), (3) combined with Egs.
(8) which are now supplemented with Egs. (11). The
results are shown with the solid linesin Figs. 1 and 2
for the 7K~ system and in Figs. 3 and 4 for the

7~ K* one. The caculations have been again per-
formed for severa values of the chemical potentials
of pions and kaons. The chemical potentia of p and
w has been taken to be equal to w_ while that of K *
equals wy. One sees that in the case of 7 K~
correlations the presence of resonances does not
change the results qualitatively although the value of
@ is significantly reduced. The case of #~K* is
changed dramatically due to the resonances. The role
of the term corresponding to {N_ N> — {N_> {N¢»
appears to be so important that @ becomes negative
for sufficiently large temperatures. It is somewhat
surprising that @ from Fig. 4 changes its sign at the
temperature of about T = 110 MeV which is approx-
imately independent of u, . Such abehaviour can be
understood as follows. Since {N_) > (N ) in the
domain of the parameter values of interest, we ex-
pand the expressions (3) and (2) in powers of
{N¢?/<{N_). One observes that the first power terms
of (3) and (2) cancel out each other. Therefore,
@ = 0 when the second power terms of (3) and (2)
are equal to each other. Taking into account that the
kaons are approximately classical and consequently
& depends on w, roughly as ef#«, one indeed finds
that the position of @ = 0 is approximately indepen-
dent of .

At the end we take an effort to estimate @ from
the existing experimental data [25] which appear to
be rather scarce. Specifically, we consider the system
of K2 and negative hadrons produced in pp interac-
tions at the energy 205 GeV, which is close to the
currently available energies of heavy-ion collisions
at CERN SPS. This case is expected to be similar to
the 7~ K* system discussed above. One findsin [25]
that:

(N_)=2.84, (N2)—{(N_)=3.63

(N¢)=0.18, (N_N¢»—{N_){(N.)=0.078.

Unfortunately, there are no data on (N2) — (N, )
which gives a dominant contribution to &. If the
multiplicity distribution of kaons is poissonian i.e.
(NZY — (N Y =N, we get &= —0.004. The
dispersion of the negative hadron multiplicity distri-
bution is known to follow the so-called Wroblewski
formula [26]. Applying the formula to the kaons we
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have (NZ) — (N ) = (0.58( N, ) + 0.29) = 0.16.
In this case the kaon multiplicity appears to be even
narrower than the poissonian one and &= —0.02.
The estimate of @ = 0.007 given in [22] exceeds the
two our numbers because the kaon multiplicity dis-
tribution, which is used in [22], is (after averaging
over the negative hadron multiplicity) broader than
the poissonian one. We conclude that the existing
data give a rather poor information on @ in pp
collisions.

We summarize our study as follows. The ¢-mea-
sure seems to be a useful tool to study the chemical
fluctuations in heavy-ion collisions. If the particles
of different species are produced independently from
each other and the multiplicity distributions are pois-
sonian, @ is exactly zero. When the particles are
produced in such a way that there are no chemical
fluctuations (particle ratios are fixed), @ is negative
but larger than —1/2. If the nucleus-nucleus colli-
sion is a simple superposition of N—N interactions
the value @ is dtrictly independent of the collision
centrality. The same happens when the hadronic
system produced in the nucleus-nucleus collisions
achieves the equilibrium with the temperature and
chemical potentials being independent of the impact
parameter. The thermal model, which seems to be
successful in describing the average multiplicities of
different particle species, gives a definite prediction
of &, which is positive for bosons and negative for
fermions. The correlations in the system of pions and
kaons have been considered in detail. The estimate
of @ for the 7~K~ system is rather reliable while
the prediction concerning the 7~ K* correlations is
sensitive to the details of the model. Since the exper-
imental value of @ in pp interactions can be hardly
extracted from the existing data, the fluctuation mea
surements of nuclear collisions should start with the
nucleon-nucleon case.
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