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Prehistory and history
σ-modelNJLCon
lusions Pion 
ondensation in nu
lear matterMean-�eld treatmentPion 
ondensation

Pion condensation in nuclear matter actively studied since the 70’:
[Migdal 1971; Sawyer and Scallapino, 1973; Baym 1973; many authors
followed]Reviews: [A. B. Migdal, Rev. Mod. Phys. 50 (1978) 107; G. E. Brown,W. Weise, Phys. Rep. 27 (1976); G. Baym, D. K. Campbell, in Mesons inNu
lei, 1979℄
P -wave attraction sufficiently strong, ∆(1232) included, later: detailed
dynamics issues

[�re
ent work�: review by Kunihiro, Muto, Tamagaki, Tatsumi, Takatsuka,Prog.Theor.Phys.Suppl.112 (1993) 307; A. Akmal, V.R. Pandharipande, PRC56 (1997) 2261 - 
ondensation o

urs at densities ∼ 1.5− 2 nu
lear saturationdensity for symmetri
 and neutron matter, dependen
e on details℄WB Chiral waves



Prehistory and history
σ-modelNJLCon
lusions Pion 
ondensation in nu
lear matterMean-�eld treatmentSolution of Dautry and Nyman

The work of Dautry and Nyman [Nucl. Phys. A319 (1979) 323] - pion
condensation in nuclear matter in a relativistic mean-field approach

L = ψ̄
(

i/∂ −Meiγ5/fπτ ·φ
)

ψ + . . .where τ · φ = fπτ3qz and −Mei/fπτ ·φ = g(σ + iτ · π)
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A 
lassi
al 
hiral �eld ansatz for the neutralpion 
ondensation (self-
onsistent in the 
hirallimit)
σ = f cos(qz), π0 = f sin(qz), π± = 0The Dira
 spe
trum is analyti
:

ǫ±(k) =
√

M2 + k2 + q2/4±
√

M2q2 + q · k2(baryon density uniform)Also: [T. Tatsumi, Prog.Theor.Phys. 63(1980)1252, �Alternating Spin Layer� �known in 
ondensed matter from the 60'℄WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensation in nu
lear matterMean-�eld treatmentPion gradient and attra
tion

Understanding on general grounds:

Performing the chiral rotation ψ = e−iγ5/(2fπ)τ ·φq one gets the derivative
coupling

L = q̄

(

i/∂ −
1

2fπ
γ5γµ(∂

µφ) · τ −M

)

q + . . .

Attraction in some channels (with appropriately correlated spin and
flavor)

Σz = γ5γ
0γ3

• The e�e
t appears whenever the pion �eld is nonuniform
• Similar e�e
t: hedgehog solitons ( |0+〉 = 1/

√
2(|u ↓〉 − |d ↑〉))

• Pion 
ondensation is driven by the Fermi sea. Kineti
 (Dira
 sea) terms in theLagrangian suppress nonuniformity, hen
e it is a nontrivial dynami
al questionif the ground-state (mean-�eld) solution is nonuniform, but it has a 
han
e!WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sPion 
ondensate in quark matterM. Kuts
hera, A. Kotlorz, WB [PLB 237 (1990) 159, NPA 516 (1990) 566, A
taPhys. Polon. B22 (1991) 145℄

WB Chiral waves



Prehistory and history
σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
s1990 
hiral waves

• baryons → quarks – percolation arguments • nonrelativistic →
relativistic • analytic calculation for T = 0 • spin properties

then accepted view our 1990 “inhomogenious island”

nowadays quarkyonic, nonuniform . . .WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sExplanation of the e�e
t

M ց – Fermi energy ց
– meson field energy ր

q ր – Fermi energy ց
– meson kinetic energy ր
– (Dirac sea energy ր)

Dynamical balance possible

Mexican Hat

[another early work: Standing wave ground state in high density, zerotemperature QCD at large Nc. Deryagin, Grigoriev, Rubakov, Int.J.Mod.Phys.A7 (1992) 659℄ WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sResults for σ-model, T = 0, m = 0

Gell-Mann–Lévy σ-model, T = 0, strict chiral limit, M = 300 MeV ,
mσ = 1200 MeV :

(plots vs baryon density)
Second-order phase transition occurs
at very low baryon densityWB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sResults for σ-model, 
ont.

quark mass M vs baryon density �
hiral restoration inhibited pressure vs baryon 
hemi
al potential
Q - our 
al
ulationWB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sMagnetizationFor the neutral pion 
ondensation the intera
tion term in the Dira
Hamiltonian 
an be written as

−1

2
~Σ · ~qτ3, Σi = γ5γ

0γii.e., attra
tion for |u ↓〉 and |d ↑〉, repulsion for |u ↑〉 and |d ↓〉.Magnetization is M = g(µusu + µdsd), where g = 2 and µu = −2µd,
M = 2

[

µu
1

2
(nu↑ − nu↓) + µd

1

2
(nd↑ − nd↓)

]In �avor-symmetri
 matter nu↑ = nd↓, nd↑ = nu↓. Then
M = 3µd(nd↑ − nd↓)Be
ause the E− bran
h is �lled more than the E+ bran
h, nd↑ > nd↓, andpermanent magnetization o

urs:

M 6= 0At the mean-�eld level su/d = ∓ 1

2
f2q (Baym-Flowers, 1974, 〈A3

z〉 = 0)WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sNeutron stars[M. Kuts
hera and A. Kotlorz, A
ta Phys. Polon. B25 (1994) 859℄

M - mass of the neutron star, Mq -star with a quark 
ore in thepion-
ondensed phase

magnetic field

(plots vs central baryon density)[Blas
hke, Klähn et al. 2007, see the talks by T. Klähn, A . Sedrakian℄WB Chiral waves
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σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sCharged pion 
ondensation

[Dautry and Nyman, 1979]

Ansatz for the charged pion condensation:

π1 = f cos(qz), π2 = f sin(qz), π3 = σ = 0.

Obtained with chiral rotation exp
(

iπ4 γ5τ1
)

from the previous case,
therefore the same spectrum, energy, thermodynamic features, but no
interesting magnetic properties.(
ombination of 
ondensates, disoriented 
hiral 
ondensates)WB Chiral waves



Prehistory and history
σ-modelNJLCon
lusions Pion 
ondensate in quark matterMagneti
 propertiesNeutron starsOne-loop physi
sOne-loop physi
s[ WB and M. Kuts
hera, PLB 234 (1990) 449; PRD 41 (1990) 3800℄

Fermion and meson one-loop corrections in the σ-model are analytic in
the “chiral wave” background. For instance,

Emeson loop =
λ4f4

16π2

∞
∑

n=0

Bn

B0 = . . . , B2 = . . .

B2j+2 =
[α(1 − Z)]2j

2j(2j + 1)(2j + 2)
2F1(2j, 1/2; j + 3/2;Z)

α =
f2

f2
π

, Z =
q2

q2 + λ2(2f2 − f2
π)

Tests of gradient expansions, convergence radii, etc.
→ expansion parameter is q

2M , should request q < 2M in the mean-field
treatment WB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitE�e
tive a
tion

Compared to the σ-model, in the NJL model the Mexican Hat is
modified. Moreover, the Dirac sea generates the kinetic terms for the
chiral meson fields, as well as higher terms in the gradient expansion. For
the “chiral wave” background it correspond to generating the energy
density 1

2q
2f2 +

∑∞
n=2 cnq

2n. Details matter.

NJL “softer” than the σ-model – easier
to form the nonuniform background[WB, M. Kuts
hera, PLB 242 (1990) 133℄WB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitNJL in the stri
t 
hiral limit[M. Sadzikowski and WB, PLB 488 (2000) 63℄

First-order phase transition to the pion-condensed phase (here mπ = 0)

(details of the diagram depend on
the model parameters)[S
hon, Thies, 2000; Nakano, Tatsumi,2005; Bringoltz 2007; Partyka,Sadzikowski, 2009; Ni
kel 2009;Carignano, Ni
kel, Buballa, 2010;Frolov, Zhukovsky, Klimenko, 2010;Ebert, Gubina, Klimenko, Kurbanov,Zhukovsky, 2011; ℄WB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitO� the 
hiral limit - uniform phase(�gure from O. S
avenius, A. Mo
sy, I.N. Mishustin, D.H. Ris
hke, PRC 64(2001) 045202)

σ-model with the physi
alpion mass � the mπ e�e
t isimportantNumerous papers on appli
ation of 
hiral quark models to the phase diagram,Polyakov-NJL, see, e.g., the review by S
haefer, Pawlowski, and Wamba
h[PRD 76 (2007) 074023℄[talks by Fis
her, Kojo, Pawªowski, S
hramm, Friman, Glozman℄WB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitAnother nonuniform phase

• physical mπ, but πa = 0, σ modulated • lattice of domain-wall solitons(implanted from the Gross-Neveu model [S
hnetz, Thies, Urli
hs, 2005℄)[D. Ni
kel, PRD 80 (2009) 074025; DN and M. Buballa, PRD 79 (2009)054009; S. Carignano, DN, MB, PRD 82 (2010) 054009℄ (talk by M. Buballa)[�gure from D. Ni
kel, σ model, mσ = 600 MeV, domain-wall solitons℄
mπ = 0 → mπ = 139 MeV
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• CEP=Lifshitz P • self-consistency (!) • modulation of q†qWB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitSelf 
onsisten
y for 
hiral waves, stability

Self-consistency is highly nontrivial. For instance, with the chiral-wave
ansatz

〈ψ̄ψ〉 ∼ cos(qz), 〈ψ̄iγ5τ3ψ〉 ∼ sin(qz)

in the σ-model off the chiral limit U = V (σ2 + π2) + fπm
2
πσ. Then the

mean-field Euler-Lagrange equation is

�σ = g〈ψ̄ψ〉+ 2V ′σ + fπm
2
π

The last term breaks the ansatz, hence we do not have a self-consitent
mean-field solution

• Instability of one-dimensional structures for T > 0 wrt thermodynamic
fluctuations[G. Baym, B. Friman and G. Grinstein, Nu
l. Phys. B 210 (1982) 193℄WB Chiral waves
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σ-modelNJLCon
lusions E�e
tive a
tionPion 
ondensation in NJLO� the 
hiral limitChiral waves saving the quarkyoni
 phase

[K. Fukushima, Phase diagram of hot and dense QCD constrained by the

Statistical Model, PLB 695 (2011) 387]
→ the window for the quarkyonic phase is very narrow (or none)

allowing for the nonuniform phase
broadens the quarkyonic window[T. Partyka, M. Sadzikowski,arXiv:1011.0921℄

WB Chiral waves
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σ-modelNJLCon
lusionsCon
luding remarks1 A phase with the pion 
ondensation (alternating spin layer stru
ture,
hiral waves, 
hiral spirals, domain-wall soliton latti
e, nonuniform 
hiral�eld) may o

ur at high-density quark matter as a simple dynami
ale�e
t (P -wave pion attra
tion)2 Softening of the quark equation of state, net magnetization, neutron starswith magneti
 quark 
ore3 Chiral restoration o

urs at a mu
h higher density in the nonuniformphase 
ompared to the uniform phase4 Dependen
e of the phase diagram on the details of the model (σ-model,NJL, PNJL) and their parameters5 The wave ve
tor q (or q/(2M)) of the 
hiral wave should not be too largefor the mean-�eld treatment. Otherwise quantum 
orre
tions arene
essary.6 Instability of a one-dimensional stru
ture, transition to a yet lower state

→ nonuniformity in more than one spatial dimension (→ Skyrmion
rystal [Goldhaber, Manton, 1987℄)WB Chiral waves
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σ-modelNJLCon
lusionsCon
luding remarks 2

(from McLerran and Pisarski, 2007)

1 Our analysis holds for quark matter, sin
e quarks and not baryons are thedegrees of freedom. This is �ne at large baryon densities. We must sti
kto quarkyoni
 systems!2 Geometri
/per
olation arguments [Castorina, Gavai, Satz, 2010℄3 2SC, CFL, . . . also may develop nonuniform phases[talks by M. Buballa, S. Carignano, V. de la In
era℄WB Chiral waves
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