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Motivation and outline

� Transverse latti
e results
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� Evaluation in two 
hiral quark models ! initial 
ondition at the quarkmodel s
ale, Q0 � 320 MeV

� LO DGLAP evolution from Q0 to Q ! good des
ription of the data
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De�nition of the impa
t-parameter-dependent GPD (bGPD)

The o�-forward (�? 6= 0) diagonal (� = 0) twist-2 GPD of the pion isde�ned as (for �+ H(x) � Hu(x) = H �d(1� x))

H(x; � = 0;��2?) = Z d2bZ dz�4� ei(xp+z�+�?�b)

� h�+(p0)j�q(0;�z�2 ;b)
+q(0; z�2 ;b)j�+(p)i;

In the impa
t-parameter representation ...Burkardt...

q(b; x) = Z d2�?(2�)2 e�ib��?H(x; 0;��2?)

= Z 1
0

�?d�?2� J0(b�?)H(x; 0;��2?):
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Evaluation in 
hiral quark models

In 
hiral quark models the evaluation of H at the leading-N
 (one-loop)level amounts to the 
al
ulation of the diagram

q

p p '

g +

g 5 g 5k

where the solid line denotes the quark of mass !. Covariant 
al
ulation.

H(x; 0;��2?;!) = iN
!2f2�
Z d4k(2�)4Tr
�
+ 1/k � /p0 � !
5 1/k � !
5 1/k � /p� !
�

� Æ �k+ � (1� x)m�� ;

with f� = 93 MeV. First R dk�, then m� ! 0.
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The light-
one 
oordinates are de�ned as

k+ = k0 + k3; k� = k0 � k3; ~k? = (k1; k2):

The 
al
ulation is done in the Breit frame, and with �+ = 0. The Cau
hytheorem is applied for the k� integration, yielding in the 
hiral limit

H(x; 0;��2?;!) = N
!2�f2�
Z d2K?(2�)2
h1 + K?��?(1�x)K2?+!2
i

(K? + (1� x)�?)2 + !2 ;

where K? = (1� x)p?� xk?. The integral is log-divergent and we needto spe
ify the regularization:

1. Spe
tral Quark Model [SQM℄ (E. Ruiz Arriola's talk). Su

essful indes
ribing both the low- and high-energy phenomenology of the pion(
omplies to the 
hiral symmetry, anomalies, pure twist expansion,quark propagator with no poles!).

2. Nambu{Jona-Lasinio [NJL℄ model with the Pauli-Villars regulator. Vento'stalk
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Spe
tral Quark Model

SQM amounts to supplying the quark loop with an integral over the quarkmass ! weighted by a quark spe
tral density �(!),

HSQM(x; 0;��2?) =
Z

C d! �V (!)H(x; 0;��2?;!);

where �V (!) = 12�i
3�2m3�f2�4N

1! 1(m2�=4� !2)5=2;

and C is given by w-Complex Plane 

-M / 2 M / 2 

x
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Then
HSQM(x; 0;��2?) = m2�(m2� � (1� x)2�2?)(m2� + (1� x)2�2?)2 for 0 < x < 1

We 
he
k that m2� = 24�2f2�N


F (t) = Z 1
0 dxHSQM(x; 0; t) = m2�=(m2� + t);

whi
h is the built-in ve
tor-meson dominan
e prin
iple. Clearly, F (0) = 1, 
orre
t norm& supportand HSQM(x; 0; 0) = �(x)�(1� x) [Davidson-Arriola, 1995℄. We pass tothe impa
t-parameter spa
e by the Fourier-Bessel transformation and get

qSQM(b; x) = m2�2�(1� x)2
�K0
� bm�1� x
�� bm�1� xK1
� bm�1� x
�� :
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Nambu{Jona-Lasinio Model

In the NJL model with the Pauli-Villars regularization we get

HNJL(x; 0;��2?) = 1 + N
M2(1� x)j�?j4�2f2�si
X

i 
i log
�si + (1� x)j�?jsi � (1� x)j�?j
� ;

si = q(1� x)2�2? + 4M2 + 4�2i ;

where M is the 
onstituent quark mass, �i are the PV regulators, and 
i 
orre
t norm& supportare suitable 
onstants. For the twi
e-subtra
ted 
ase, explored below, onehas, for any regulated fun
tion F , the operational de�nition

X
i 
iF (�2i ) = F (0)� F (�2) + �2dF (�2)=d�2:

In what follows we use M = 280 MeV and � = 871 MeV, whi
h yieldsf� = 93 MeV.
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S
aling in b=(1� x)

Generally, the 
hiral quark model (one-loop) results depend on �? and xonly through the 
ombination (1� x)2�2?. Consequently, in the b spa
ethey depend on the 
ombination b2=(1� x)2. Due to this property

R d2b b2nq(b; x)R d2b q(b; x) � hb2ni(x) = (1� x)2nhb2ni(0):

This means, that all the moments ex
ept for n = 0 vanish as x! 1, orq(b; x) be
omes a Æ(b) fun
tion in this limit. This behavior is seen in thetransverse latti
e data.

8



Smearing over b

[ 0 , 0 ] [ 1 , 0 ]

[ 0 , 1 ] [ 1 , 1 ]

b x

b y b 0 ~ 2 / 3  f m

V (x; [i; j℄) � Z (i+1=2)b0
(i�1=2)b0 dbx

Z (j+1=2)b0
(j�1=2)b0 dbyV (x;qb2x + b2y):

The degenera
y fa
tor for plaquettes equidistant from the origin isin
luded, i.e. the [1; 0℄, [1; 1℄, and [2; 0℄ plaquettes are multiplied by 4,[2; 1℄ by 8, et
.
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(a) SQM (solid) and NJL (dashed) at Q = Q0 = 313 MeV. (b) Transverse latti
e[Dalley 2003℄. The initial 
ondition of (a) needs to be evolved!
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QCD evolution and the quark-model s
ale, Q0

The models have produ
ed GPD 
orresponding to a low, a priori unknownquark model s
ale, Q0. A way to estimate it is to run the QCD evolutionstarting from various Q0's up to a s
ale Q where data 
an be used.Alternatively, one may use the known momentum fra
tion 
arried by thequarks at a s
ale Q and the downward evolution Arriola'stalkWe use the LO DGLAP evolution with �(Q) = �4��0
� 1log(Q2=�2QCD), where�0 = 11� 2NF=3, NF = 3, and �QCD = 226 MeV, whi
h gives

Q0 = 313+20�10 MeV:

Rather low! One 
an hope that the typi
al expansion parameter�(Q0)=(2�) � 0:34� 0:04 makes the perturbation theory meaningful.NLO supports this assumption [Davidson-Arriola, 2002℄. Similar estimatefor Q0 obtained form an analysis of pion DA [Arriola-WB,2002℄.
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QCD evolution of V (b; x)

We apply the LO DGLAP evolution with the kernel independent of �?, orb { works well for small �?, or large b. Then, in the index spa
e,

Vn(Q; b) �
Z 1

0 dxxnV (x;Q; b) = � �(Q)�(Q0)
�
NSn =(2�0) Vn(x;Q0; b);

where 
NSn = �8=3 h3 + 2(n+1)(n+2) � 4Pn+1k=1 1k
i. This equation 
an beinverted via the inverse Mellin transform numeri
sfast & stable

V (x;Q; b) = Z +i1
�i1

dn2�ix�n�1Vn(Q; b):

We apply the evolution to the smeared fun
tions,

V (x;Q; [i; j℄) = Z +i1
�i1

dn2�ix�n�1
� �(Q)�(Q0)
�
NSn =(2�0) Z 1

0 dx0 x0nV (x0; Q0; [i; j℄);
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Behavior at x! 1

A fun
tion that initially behaves as V (x;Q0; b)! C(b)(1� x)p evolvesinto
V (x;Q; b)! C(b)(1� x)p�4CF�0 log �(Q)�(Q0); x! 1:

(feature of DGLAP) Noend-pointproblem!
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� (1� x)1:1
qualitativeagreement

� (1� x)0:37
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Comparison of the forward distribution to SMRS'92
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Chiral quark models + DGLAP ! good des
ription of the SMRSparameterization of the data! Agreement with the Durham theory andexperiment !
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Con
lusion

Non-perturbative 
hiral quark models + LO DGLAP evolution ! quiteremarkable agreement of bGPD with the data from the transverse latti
es.The approa
h is in harmony with the 
hiral symmetry.
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