
Gluonowy kondensat hA2i

Wojieh BroniowskiIFJ PANIF UJ, 30/11/04[Enrique Ruiz Arriola, Patrik Bowman, WB, \Landau-gauge ondensatesfrom the quark propagator on the lattie", PRD 70 (2004) 097505℄Outline:� ondensates and OPE � Narison-Zakharov and new leading powerorretions � Lavelle propagators � Landau-gauge ondensates from lattiemeasurements � interpretation and signi�ane of the results:gauge-independene, Gribov opies, topologial struture of the vauumand on�nement



Condensates in QCDA orrelator of two urrents,�AB(q) � i Z d4xeiq�xh0 j TfJA(x); JyB(0)g j 0ian be expanded at large Eulidean momenta with the help of the Wilsonexpansion. For vetor urrents, JV�A�;a = �q(1� 5)�a2 q, one gets expliitly�V�A��;ab = (q�q� � g��q2)Æab�V�A with

�V+A = � 14�2 �1 + �s� � log(Q2=�2) + 112h�S� (Ga��)2iQ4 + 64�81 �Sh�qqi2Q6 + : : :�V�A = 2mh�qqiQ4 � 32�9 �Sh�qqi2Q6 + : : :

(for other hannels similar expressions)Parameterization of non-perturbative physis in terms of ondensates:mh�qqi = �12m2�f2� = �0:8� 10�4GeV4, �S� hG2i = (0:31+0:05�0:10GeV)4, : : :hA2i ondensate 1



Vast appliations in hadroni physis: QCD sum rules, lattie, : : :Strutures seleted for ondensates were ditated by gauge-invariane.K. G. Chetyrkin, S. Narison, and V. I. Zakharov (1999) append thestandard OPE with the 1=Q2 power orretion, introduing agluon-mass-orretion term. Subsequently, Narison and Zakharov (2001)demonstrated, to a big surprise, that some lattie data are muh betterreprodued with this term. Expliitly,

�V+A = � 14�2 �1 + �s� � log(Q2=�2)� �S4�3 �2Q2 + 112h�S� G2iQ4 + : : :�V�A = 2mh�qqiQ4 � 32�9 �Sh�qqi2Q6 + : : :In oordinate spae this leads to quadrati terms�V+A�V+Apert ! 1��S4��2x2 � �248h�S� G2ix4 log(x2) + : : :

RP+S � 12 �P�Ppert + �S�Spert!! 1��S2��2x2 � �296h�S� G2ix4 + : : :
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SET 2

SVZ

[        ]

Narison and ZakharovPhys. Lett. B 522 (2001)266Fit: �S� �2 = �0:12GeV2

\Comparison of the lattie data with the OPE preditions for two Sets of QCDondensate values. The dot-dashed urve is the predition for SET 3 where theontribution of the x2-term has been added to SET 2. The bold dashed urve is SET 3 +a �tted value of the D = 8 ondensate ontributions. The diamond urve is thepredition from the instanton liquid model of Shuryak."hA2i ondensate 3



Far reahing onsequenes:� Standard OPE might be improved with the leading power orretions� Interpretation via gluon mass, or, equivalently, via the gluon ondensatehAa�A�ai (omes next)� This apparently gauge-dependent ondensate may be written in termsof a gauge-independent expression! (last part of the talk)
... now we go on the lattie!
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Quark propagator from the lattieS(p) = Z(p)/p�M(p), Landau gauge � �A = 0 Bowmanet al.(2002)M ! �4�2dMh�qqi�[log(Q2=�2QCD)℄dM�13Q2[log(�2=�2QCD)℄dM+m(�2)[log(�2=�2QCD)℄dM[log(Q2=�2QCD)℄dMdM = 12=(33� 2Nf)Nf = 0, � = 0Various sets of points orrespond tom = 29, 42, 54, 80, 105, 150, 225, and 295 MeV,indiated by horizontal lines in the top panelLattie: \Asqtad" improved staggered ation,gauge ensemble made of 100 quenhed, 163 � 32 lattieswith a nominal lattie spaing of a = 0:124 fmset from the stati quark potentialhA2i ondensate 5



Lavelle propagatorLavelle and Shaden (1988) and Lavelle and Oleszzuk (1992) worked outthe quark propagator in presene of ondensates in the general ovariantgauge. In the Landau gauge � �Aa = 0 this propagator yieldsA(Q) � Z�1(Q) ! 1 + ��shA2iNQ2 � ��shG2i3NQ4 + 3��sh�qgs /Aqi4Q4 + : : := 1 + 2Q2 + 4Q4 + : : :
... now we have the lattie data to ompare to!
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Mathing to lattie[Ruiz Arriola, Bowman, WB, PRD 70 (2004) 097505℄

The optimum values for 2 and 4 yield�shA2i = (0:36� 0:04) GeV2 or g2shA2i = (2:1� 0:1 GeV)2and �sh�qgs /Aqi � 4�27h�s� G2i = (�0:11� 0:03) GeV4
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Sine h�s� G2i ' 0:01 GeV4 its ontribution is negligible ompared to themixed-ondensate term. Thus�sh�qgs /Aqi = (�0:11� 0:03) GeV4

(�rst estimate of this quantity).The errors are statistial. In addition, there are ertain systemati errorsoriginating from the hoie of the �tted funtion A(Q) and from thehoie of the \�duial" region in Q. Quantities quoted in physial unitsare also subjet to the unertainty in the sale that goes with quenhedlattie simulations.
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Running of hA2iOperators in QCD run with appropriate anomalous dimesions. Forinstane, the quark ondensate runs at LO as

h�qqi�1 = ��s(�21)�s(�22)��qq=�0 h�qqi�2; �qq = 4; �0 = (11� 23Nf)

The anomalous dimension for the A2 ondensate has been worked out byGraey and Bouaud et al. with the result�s(�2)hA2i� � �s(�2)1�A2=�0;where A2 = 35=4 and �0 = 11 for Nf = 0, hene 1� A2=�0 = 9=44 andthe evolution is very slow. For instane, the hange of �2 from 1 GeV2 upto 10 GeV2 results in a redution of �shA2i by 10% only (we use�s(�2) = 4�=(9 log[�2=�2℄), with � = 226 MeV for the LO evolution.)
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Gluon massMany estimates in the literature refer to the gluon mass (! Lavellepropagator for the gluon)
m2A = 332g2shA2i

Our estimate for hA2i, when evolved from 2 GeV2 (assumed lattie sale)to 10 GeV2 (physial sale), yieldsmA = (625� 33) MeV (at 10 GeV2)Evolution from 1 to 10 GeV2 gives mA = (611� 32) MeV, while evolutionfrom 4 to 10 GeV2 produes mA = (635� 34) MeV.
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Comparison to other approahes, ompilation of Field (2002) + mineAuthor Year Estimation Method Gluon MassParisi, Petronzio 1980 J= ! X 800 MeVCornwall 1982 Various 500 � 200 MeVDonnahie, Landsho� 1989 Pomeron parameters 687-985 MeVHanok, Ross 1993 Pomeron slope 800 MeVNikolaev et al. 1994 Pomeron parameters 750 MeVSpiridonov, Chetyrkin 1988 �em�� , hTrG2��i 750 MeVLavelle 1991 qq ! qq, hTrG2��i 640 MeV2=Q(MeV)Kogan, Kovner 1995 QCD vauum energy, hTrG2��i 1.46 GeVField 1994 pQCD at low sales (various) 1.5+1:2�0:6 GeVLiu, Wetzel 1996 �em�� , hTrG2��i 570 MeVGlue ball urrent, hTrG2��i 470 MeVYndur�ain 1995 QCD potential 10�10-20 MeVLeinweber et al. 1999 Lattie Gauge 1.02 � 0.10 GeVField 2002 J= ! X 0.721+0:016�0:068 GeV�! X 1.18+0:09�0:29 GeVCelenza, Shakin 1986 Ginzburg-Landau 649 MeVBouaud et al. 2000 gluon propagator, lattie 710 MeVBouaud et al. 2000 gluon vertex, lattie 1.33 GeVNarison, Zakharov 2001 S + P orrelator, lattie 0.7-1 GeV (�i ?)our value 2004 quark propagator, lattie 600-650 MeVhA2i ondensate 11



Gauge-independent meaning of gauge-dependentoperators

[Gubarev, Stodolsky, Zakharov, PRL 86 (2001) 2220℄Example from magnetostatis:\ ... sine there is a nonzero magneti �eld B = r�A, we know some nonzero A mustbe present; A annot be zero everywhere. Now onsider R A2d3x. It is a positivequantity and annot be zero. It must then have some minimum value. Therefore of allthe possible A on�gurations whih yield the given B the one (or the ones) with thesmallest integral of A2 has in a sense an invariant signi�ane (hA2mini). Suppose ... thatR A2d3x is at its minimum value; then under a gauge transformation it is stationary.Considering A! A+r� for in�nitesimal � we have R A � r� d3x = 0 andintegrating by parts Z �r � A d3x+ surfae terms = 0:

Sine � is arbitrary ... the \minimum A2" ondition is equivalent to the familiar gaugeondition r � A = 0 "hA2i ondensate 12



There is the vetor relation (from (k� A)2 = k2A2 � (k � A)2)Z A2(x)d3x = 14� Z d3xd3x0�[r�A(x)℄ � [r�A(x0)℄jx� x0j + [r � A(x)℄[r � A(x0)℄jx� x0j �

+ surfae termsHene A2min = 14�V Z d3xd3x0B(x) � B(x0)jx� x0j + surfae termsLoality traded for manifest gauge invariane!In 4 dimensions 12(�����k�A�)2 = k2A2 � (k � A)2, minimization equivalent to theLandau (i.e. Lorentz) onditionZ A2(x)d4x = 12�2 Z d4xd4x0[F��(x)℄[F ��(x0)℄(x� x0)2 + 12�2 Z d4xd4x0[��A�(x)℄[��A�(x0)℄(x� x0)2+ surfae terms\... The logial situation onerning A2min resembles somewhat that of the question ofthe energy of a partile in relativity. The energy of a partile is of ourse a framedependent quantity. However the minimum energy, whih is the energy in the rest frame,has an invariant meaning, namely the mass. In going to the rest frame of the partile wedo make a ertain hoie of frame, but nevertheless the mass is an undeniably meaningfulquantity... "hA2i ondensate 13



Non-abelian ase:
A2min = 1V Tming Z d4x�gA�gy � igsg��gy�2 :

Here g is the group element and gs denotes the oupling onstant. Theminimization gives the funtion gmin(x;A). We an always ompensatethe gauge transformation A� ! g0A�g0y + g0��g0y with gmin ! gming0�1,and A2min remains invariant.
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Gribov opies[Gribov (1978)℄Abelian theory - no problems, perturbation theory - no problems.Non-abelian and non-perturbative: no loal gauge �xing is free of Gribovopies, i.e. on�guration of �elds from the same gauge orbit entering thepath integration.spae of all A �elds

A 
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µ

A µ
g

g

gauge
=0

F[A]=0

F’[A]=0
Aµ

fromWilliams,2003F - omplete gauge �xingF 0 - inomplete gauge �xing, e.g. F 0(A(x)) = � �A(x)hA2i ondensate 15



Divide the gauge-�xed spae of A into regions ontaining n negative valuesof the Fadeev-Popov operator for the Landau gauge, ���(�� �+[A�; �℄)

spae of A : F 0(A) = 0
C 0

C 2

C 1

. . .

A = 0

Boundaries (where det of the FP operator vanishes) are alled the Gribov horizons.Gribov showed that neighboring regions Cn � Cn�1; : : : ; C2 � C1 ontain opies. Hesuspeted that C0 is free of opies. However, Zwanziger (1989) showed that thisonjeture is not true.� A = 0 belongs to C0� C0 is onvex� Every gauge orbit passes throught C0hA2i ondensate 16



� - spae of all A subjet to the gauge-�xing onstraint, 
 = C0 - �rstGribov region, Æ
 - �rst Gribov horizon, � - fundamental modular region(FMR), dashed lines - group orbits onneting Gribov opies
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Ω
δΩ

[from Stodolsky,van Baal,Zakharov (2002)℄FMR is free of Gribov opies! Furthermore, Zwanziger showed that the�rst Gribov region (
) orresponds to all mimima of A2 with respet to g(loal and absolute), while FMR (�) orresponds to the absolute minimaof A2! Further Gribov regions orrespond to extrema, with 1, 2, : : :negative eigenvalues.hA2i ondensate 17



Signi�ane for alulations of propagators on the lattieModi�ation of the IR behavior our when restritions to 
 or � regions are made.D��(p) = �Æ�� � p�p�p2 � Z(p2)p2 ; DG(p) = �G(p2)p2Dyson-Shwinger equations in the Landau gauge for the ghost and gluon dressingfuntions, G(p2) and Z(p2) yield simple power lawsZ(p2) � (p2)2�; G(p2) � (p2)��;
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Nf=0, Bowman et al.
Nf=2+1, Bowman et al.
DSE, Nf=0
DSE, Nf=3 (chiral)
DSE, Nf=2+1 (u/d,s)with � ' 0:6.Ghost IR enhaned, gluon IR vanishing!

Kugo-Ojima (1979) on�nement riterion (in Landau gauge):Ghost propagator more singular than the pole � on�nement. Seen on the lattie!Restrition to FMR is not trivial to aomplish. Silva and Oliveira (2004) showed that thedi�erene for the gluon propagator when restriting from 
 further to � is at the level ofa few perent at soft momenta.hA2i ondensate 18



Other reent developments� Bouaud et al. (2000), Gubarev et al. (2001) - topologial struture ofthe vauum, relevane for on�nement\The minimal value of the potential squared, hA2mini, enodes informationon the topologial defets in gauge theories"� Kondo (2001) - gauge-ovariant rede�nition of the gluon �eld anddisovery of a BRST invariant genaralization of the A2 ondensate:1V T hZ d4x�12A�(x)A�(x)� i�(x)�(x)�i(� - gauge-�xing parameter, , �- ghosts). In Landau gauge � = 0.� Slavnov (2004) - proof of gauge invariane of the expetation value ofA2 (uses non-ommutative geometry)\The gauge invariane of the ondensate follows from the hiddensymmetry of Yang-Mills theory, whih beomes expliit if one onsiders itas a limit of the nonommutative gauge model"
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Conlusion

� One an obtain Landau-gauge ondensates from the lattie propagators� Our value of hA2i ompatible with other estimates (lattie gluonpropagator, gluon mass). We �nd from the quark propagatormA = 600� 650 MeV� First estimate of the mixed ondensate h�q /Aqi� Saving the gauge invariane, or interpreting the apparentlygauge-variant quantity in a gauge-independent way: minimum over g,Kondo, Slavnov� Deeper meaning of the A2 ondensate: possible modi�ation of OPE,Gribov opies, topologial struture of the vauum and on�nement,lattie alulations, Dyson-Shwinger equations, : : :Interesting and hot topi!hA2i ondensate 20



Bakup slides
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LattieAsqtad ation - improved Kogut-Susskind ation, with errors of the orderO(a4; a2g2), with tadpoles summed upEnforing Landau gauge - minimizing R d4xTr[Ag�(x)Ag�(x)℄ over thegroup g is equivalent to maximizingXx;� Re �Tr[g(x)U�(x)gy(x+ ^�)℄� :

The algorithm may produe global as well as many loal minima. Thatway one may test the numerial signi�ane of restriting to FMR.Typially, it is a few perent e�et for the gluon propagator in the softregion [Silva and Oliveira, 2004℄.
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Fadeev-Popov quantization[from A. G. Williams, Prog. Theor. Phys. Supp. 151 (2003) 154℄Let us denote for eah gauge orbit the gauge transformation, ~g � ~g[A0℄, as thetransformation whih takes us from the origin of that orbit, A0�, to the orrespondingon�guration on the FMR. ThenZ DA = Z DA0 Z Dg = Z DAFMR Z D(g � ~g):The inverse Faddeev-Popov determinant is��1F [AFMR℄ � Z Dg Æ[F [A℄℄ = Z Dg Æ(g � ~g) ���det�MF([A℄;x; y)ab�����1with MF([A℄;x; y)ab � ÆF a([A℄;x)=Ægb(y). We have1 = R Dg �F [A℄ Æ[F [A℄℄ = R D(g � ~g) �F [A℄ Æ[F [A℄℄ by de�nition and heneZ DAFMR�Z DAFMRZ D(g � ~g) �F [A℄Æ[F [A℄℄=Z DA �F [A℄Æ[F [A℄℄Sine for an ideal gauge-�xing there is one and only one ~g per gauge orbit, suh thatF ([A℄;x)j~g = 0, then jdetMF [A℄j is non-zero on the FMR. It follows that sine thereis at least one smooth path between any two on�gurations in the FMR and sine thehA2i ondensate 23



determinant annot be zero on the FMR, then it annot hange sign on the FMR. The�rst Gribov horizon is de�ned to be those on�gurations with detMF [A℄ = 0 whih lielosest to the FMR. By de�nition the determinant an hange sign on or outside thishorizon.Assume that we have a family of ideal gauge �xings F ([A℄;x) = f([A℄;x)� (x) forany Lorentz salar (x) and for f([A℄;x) being some Lorentz salar funtion, (e.g.,��A�(x) or n�A�(x)). Therefore, using the fat that we remain in the FMR and androp the modulus on the determinant, we haveR DAFMR = R DA detMF [A℄ Æ[f [A℄� ℄ : Sine (x) is an arbitrary funtion, wean de�ne a new \gauge" as the Gaussian weighted average over (x), i.e.,Z DAFMR / Z D exp�� i2� Z d4x(x)2�Z DA detMF [A℄ Æ[f [A℄� ℄/ Z DA detMF [A℄exp�� i2� Z d4xf([A℄;x)2�/ Z DAD�D�� exp��i Z d4xd4y ��(x)MF([A℄;x; y)�(y)��exp�� i2� Z d4xf([A℄;x)2� ;where we have introdued the anti-ommuting ghost �elds � and ��. Note that this kindof ideal gauge �xing does not hoose just one gauge on�guration on the gauge orbit, buthA2i ondensate 24



rather is some Gaussian weighted average over gauge �elds on the gauge orbit. We thenobtain h
j T ( ^O[:::℄) j
i = R DqD�qDAD�D�� O[:::℄ eiS�[:::℄R DqD�qDAD�D�� eiS�[:::℄ ;whereS�[q; �q; A; �; ��℄ = Z d4x24�14F a��F a�� � 12� (f([A℄;x))2+Xf �qf(iD=�mf)qf35+ Z d4xd4y ��(x)MF([A℄;x; y)�(y) :

We an now reover standard gauge �xing shemes as speial ases of this generalizedform. First onsider standard ovariant gauge, whih we obtain by takingf([A℄;x) = ��A�(x) and by negleting the fat that this leads to Gribov opies. Weneed to evaluate MF [A℄ in the viinity of the gauge-�xing surfae (spei�ed by ~g):MF([A℄;x; y)ab = ÆF a([A℄;x)Ægb(y) = Æ[��Aa�(x)� (x)℄Ægb(y) = �x�ÆAa�(x)Ægb(y)℄ :Under an in�nitesimal gauge transformation about the FMR, Æg � g � ~g, we havehA2i ondensate 25



(A~g)� ! (A~g+Æg)�, where(A~g+Æg)a�(x) = (A~g)a�(x) + gsfab!b(x)A�(x)� ��!a(x) +O(!2)and hene near the gauge �xing surfae (i.e., for small utations along the orbit aroundAFMR� ) using MF([A℄;x; y)ab � �x�[ÆAa�(x)=Æ(Æ!b(y)℄)j!=0 we �ndMF([A℄;x; y)ab = �x�� [��x�Æab + gsfabA�(x)℄Æ(4)(x� y)� :We then reover the standard ovariant gauge-�xed form of the QCD ationS�[q; �q; A; �; ��℄ = Z d4x24�14F a��F a�� � 12� (��A�)2 +Xf �qf(iD=�mf)qf35+(����a)(��Æab � gfabA� )�b:However, this gauge �xing has not removed the Gribov opies and so the formalmanipulations whih lead to this ation are not valid. This Lorentz ovariant set of naivegauges orresponds to a Gaussian weighted average over generalized Lorentz gauges,where the gauge parameter � is the width of the Gaussian distribution over theon�gurations on the gauge orbit. Setting � = 0 we see that the width vanishes and weobtain Landau gauge (equivalent to Lorentz gauge, ��A�(x) = 0). Choosing � = 1 isreferred to as \Feynman gauge" and so on. We an similarly derive the QCD ation foraxial gauge.hA2i ondensate 26


