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A simple phase-space model of panicle production in nucleus-nucleus collisions near the absolute threshold is developed. The 
model parameters are determined by comparison with pion production experimental data, and then the model is used to estimate 
the kaon production cross section. 

It is well known that panicle production in nu- 
cleus-nucleus collisions is possible at initial energies 
per nucleon significantly smaller than the threshold 
energy for particle production in interactions be- 
tween two free nucleons. These are the so-called 
subthreshold processes, see e.g. ref. [ l ]. Recently, the 
development of the experimental technique has al- 
lowed studies of the production of pions in nuclear 
collisions at bombarding energies greater than the 
absolute threshold energy only by some tens of  MeV 
[2 ]. The work absolute means that the total kinetic 
energy of the colliding nuclei has to be convened (in 
the center-of-mass frame) into pion mass to satisfy 
the energy-momentum conservation. 

The experimental studies of  subthreshold kaon 
production have also started [ 3 ], and it is the aim of 
this note to give a crude estimation of the production 
cross section near the absolute threshold. I develop a 
very simple phase-space model, similar to that of  
Shyam and Knoll [4 ], which I apply to pion produc- 
tion to determine the model parameters. Then the 
model is used to discuss the kaon production pro- 
cesses. It occurs that in contrast to the pion case the 
kaon production cross section near the absolute 
threshold is most probably too small to be measura- 
ble. The kaon production proceeds at a higher mo- 
mentum transfer to a nucleus than that of the pion 
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production. Although both momentum transfers are 
of the same order the probability that a nucleus ab- 
sorbs the momentum needed to produce a kaon is 
smaller by many orders of magnitude than that of  the 
pion case. 

In further considerations I discuss the subthresh- 
old n + and K ÷ production in collisions of  two 12C 
nuclei. The pion production reactions of the lowest 
energy threshold read 

12C+ 12C-.24Na+/~+ , ( 1 ) 

12C-q-12C-@ 12C-~-12B-{-K+ . (2) 

It is expected that the initial energy dependence of 
the processes ( 1 ) and (2) near the threshold is gov- 
erned by the phase-space behaviour. Keeping in mind 
that all panicles involved in (1) and (2) are non- 
relativistic (near the threshold ), one easily calculates 
two- and three-particle phase-space volumes, which 
increase with initial energies as ( E - E o )  1/2 for the 
process (1) and as ( E - E o )  2 for (2). E denotes the 
total kinetic energy of colliding nuclei in the center- 
of-mass frame and Eo is the threshold energy. Assum- 
ing that the matrix element of the process ( 1 ) and 
(2) is constant as a function of the initial energy, one 
parametrizes the respective cross sections, for the 
energies greater than the threshold energy as 

a ~ c ( E )  = f l E - l / 2 ( E - m , t )  1/2 , (3) 

a~c (E) = O ~ c E - I / 2 ( E - -  m ~ )  z . (4) 

For simplicity I have assumed that the binding ener- 
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gies per nucleon of 12C, 12B and 24Na are equal to one 
another, and then the threshold energy equals the pion 
mass. The factor E-1/2 appeared because of the rel- 
ative velocity of colliding nuclei which is present in 
the cross section definition; fl and a~c are the initial- 
energy-independent parameters. 

Let me confront the formulas (3) and (4) with the 
experimental data [ 2 ]. Normalizing both parametri- 
zations at the same energy ( E =  360 MeV) one finds, 
see fig. 1, that the parametrization related to the 
pionic fusion reaction ( I ) is in disagreement with the 
data. One the other hand, eq. (4) with O~c ,.~ 1.2× 
10-2 mb GeV-3/2 can describe the data up to the en- 
ergy of about 0.4 GeV. Therefore I assume that the 
process (2) gives the dominant contribution to the 
pion production near the absolute threshold. The 
process ( I ) can contribute only at the lowest energies 
which are now experimentally unavailable. 
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Fig. 1. The inclusive cross section of  pion production in C-C col- 
lisions versus initial kinetic energy per nucleon in the lab frame. 
(In the non-relativistic region E~ab = -~E. ) The data are taken from 
ref. [ 2 ]. The points in parentheses correspond to cross sections 
measured in other than C-C combinations of target and projec- 
tile. These points have been rescaled according to the experimen- 
tally found cross section dependence (A 2/3A 2/3 ) on projectile and 
target mass numbers. The dashed line corresponds to eq. ( 3 ) and 
the solid line is the prediction ofeq.  (4). Both parametrizations 

1 are normalized at Etab = ~E= 60 MeV. 

It is easy to understand why the formula (4) fails 
at higher energies. When the initial energy increases 
from the pion production threshold, the allowed 
number of  particles (nucleons and nuclear frag- 
ments) in final states also increases. One can show, 
see e.g. ref. [4], that the phase-space volume of the 
process with N non-relativistic particles in the final 
state increases with initial energy as ( E - E o )  (N-~) /2  

Therefore the increase with initial energy is steeper 
when the number of particles is higher. To improve 
the model one has to include, as is done in ref. [4], 
the processes with the number of particles in the final 
state higher than three. The importance of these pro- 
cesses increases with intial energy. 

Let me parametrize the cross section of the process 

p + p - ~ p + n + n  + (5) 

as previously, i.e., as 

a~ ,p (E)  = a ~ , p E - ' / 2 ( E - m , ~ )  2 . (6) 

The comparison of eq. (6) with data, see fig. 2, pro- 
vides the value of ot~p ~ 240 mb GeV -3/2. In this way 
one finds that O~Sc/O~,p ~ 5 × 10 -5. This ratio shows 
that it is much less probable to produce a pion in nu- 
cleus-nucleus interactions than to produce it in nu- 
cleon-nucleon collisions having the same portion of  
available (kinetic) energy. As we will see later the 
value of aSc/a~p is so small due to the nuclear form- 
factor effect. 

Let me now consider the kaon production. The 
processes analogous to (2) and ( 5 ), respectively, read 

IzC+ '2C-o 12C+ I~B + K+ , (7a) 

~EC+ ~2C~ I~C+ ~2B + K+ (7b) 

and 

p + p - o p + A + K  + , (8) 

where ~ C  and ~]B are hypernuclei. 
I parametrize the cross section of the sum of pro- 

cesses (7) as 

a~c(E)=2Ot~cE- l /2[E-- (mA--mp)- -mK] 2 (9) 

and the process (8) in the same way, i.e, as 

a ~ p ( E ) = a ~ p E - ~ l E [ E - - ( m A - - m p ) - - m K ]  2 . (10) 

I have assumed that the binding energy of A in a car- 

338 



Volume 220, number 3 PHYSICS LETTERS B 6 April 1989 

i0. 

(rob)  / P P ~ P  n ~  + 

1 .  I , ' ' I I I I I l I 

0. .2 .4 .6 .8 E (GeV) 

Fig. 2. The cross section of the reaction pp--, pn n + versus initial 
kinetic energy in the CM frame. The data are taken from ref. [5 ]. 
The solid line is the prediction of eq. (6) normalized at E=0.3 
GeV. 

bon hypernucleus equals the b ind ing  energy of  a nu- 
cleon in a carbon nucleus. 

Compar ing  formula  (10)  with the exper imenta l  
data,  see fig. 3, I have found  that  a~p ~0.1  mb  
G e V -  3/2" 

How to de te rmine  the value o f  the pa ramete r  acc.K 9 
The simplest  assumpt ion,  which gives the very op- 

t imist ic  value of  oL~c = 5 × 10 -6 mb GeV -3/2, is 

~ - -  ~ - .  (11) 
OLpp OLpp 

This assumpt ion,  however,  is unreal is t ic  since the 
processes (7 )  proceeds at a m o m e n t u m  transfer  
which is significantly greater than that  of  the process 
(2) .  The m o m e n t u m  transfer  to a carbon nucleus in 
the center-of-mass frame at the threshold ini t ia l  en- 
ergy is q~= 1.25 GeV in the case o f  the pion produc-  
tion, and  it is qK=2.74 GeV for the kaon case. The 
quest ion arises in which way such large momen ta  can 
be absorbed  by a nucleus? 
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Fig. 3. The cross section of the reaction pp ~ pAK ÷ versus initial 
kinetic energy in the CM frame. The data are taken from ref. [ 5 ]. 
The solid line is the prediction ofeq. (10) normalized at E= 1.5 
GeV. 

I consider  two l imit ing cases. First ,  when the whole 
m o m e n t u m  transfer  is absorbed by a single nucleon. 
Then the probabi l i ty  that  a nucleus survives in a 
bound  state ( i t  is demanded  by e n e r g y - m o m e n t u m  
conservat ion)  receiving the m o m e n t u m  transfer  q is 
p ropor t iona l  to I F ( q )  12, where F(q) is the nuclear  
form factor. 

Let me recall that  the form factor is def ined as 

F(q) = f d3r e x p ( i q . r )  ~(r)O*(r), 
d 

where q -  [q[ and  ¢~(r) is the ground state wavefunc- 
t ion of  a nucleon in a nucleus. Since exp(iq.r)c~(r) is 
the wavefunct ion of  the nucleon to which the mo- 
men tum q has been instantaneously transferred,  the 
form factor is the project ion of  the kicked nucleon 
wavefunct ion on the ground state one, and  IF(q)[ 2 
gives the probabi l i ty  o f  survival  of  the kicked nucleon 
in the ground state. Let me notice that  the character-  
istic t ime o f  pion product ion  equals the inverse pion 
mass and is 1.4 fm/c. Since this t ime is substant ial ly 
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longer than the characteristic time of internal nu- 
cleus motion, it is reasonable to treat the momentum 
transfer to a nucleus as instantaneous. 

It should be also stressed that the numerical value 
of the form factor, where the conjugate wavefunction 
is the wavefunction of excited state instead of the 
ground state one, is not very different from the value 
of the form factor with the ground state function if 
the momentum transfer is much greater than the 
characteristic momentum of nucleon motion in a 
nucleus. 

Using the probabilistic interpretation of the form 
factor one finds that cross section of the process (2) 
near the threshold is proportional to [F(q~) I 4 (two 
nuclei in the final state). Taking the form factor [ 6 ] 

F(q)= [ 1 - 2 ( q a ) 2 ]  e x p [ - 3 ( q a ) 2 ]  (12) 

with a = 2.42 fm, which corresponds to the harmonic 
well density distribution, one finds that I F(q~)l 4 is 
of the order 10-43. The smallness of this coefficient 
is in obvious contradiction with the existing experi- 
mental data on pion production. On the other hand 
it is hard to imagine that in nucleus-nucleus colli- 
sions, most probably central ones, all momentum is 
transferred to a single nucleon. So, let me consider 
the second, more optimistic, limiting case that the 
momentum transfer is uniformly distributed among 
all nucleons of the carbon nucleus. Then, the proba- 
bility that the nucleus survives in the bound state re- 
ceiving the momentum transfer q is proportional to 
IF(~q) 124. The value of IF(~q~)148 with the form 
factor (12) is of the order of 10 -6. Let us observe 
that it is not very far, as expected, from the previ- 
ously determined value of a~c/a~,p. Therefore I pro- 
pose the following improvement of relation ( 11 ): 

IF(~2q~) [ -48 C~c = [F(~qK )1--48 ~Kc K (13) OLpp OLpp 

which gives the value of O<~c equal to 6×10  -3o 
mb GeV-3/2. The kaon production cross sections (9) 
with this value of a~c for the energy E =  1 GeV, which 
corresponds to laboratory energy per nucleon equal 
to 170 MeV ( 58 MeV over threshold), is of the order 
of 10 -3o mb. This value is far beyond experimental 
possibilities. 

Let me note here that the nuclear form factors are 
measured with high accuracy at the momentum 
transfers of order ~q)¢, and that the parametrization 
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(12) fits the data very well [ 6 ]. Therefore, in spite 
of a very high power of the form factor in eq. (13), 
the accuracy of the value of c~cKc found from (13) is 
sufficient for our purposes. Even if one takes the ra- 
tio of F(~q,~)/F(~qK) greater than that which fol- 
lows from eq. (12) by 20%, the estimated kaon pro- 
duction cross section at E =  1 GeV is of the order of 
10 -24 mb and my conclusion remains unaffected. 

It is expected that the kaon production cross sec- 
tion, as the pion cross section, strongly increases 
(probably exponentially) with intial energy. How- 
ever, the model discussed here cannot be extrapo- 
lated to energies E greater than about 1 GeV for the 
reasons quoted in the context of the pion production. 

I conclude as follows. In contrast to the pion case, 
the kaon production cross section near the absolute 
threshold (up to the laboratory energy per nucleon of 
some tens of MeVs above the threshold) is probably 
experimentally unavailable. It occurs because the 
kaon production process proceeds at a momentum 
transfer greater by a factor of 2.2 than that of the pion 
production process and therefore the nuclear form 
factor damps the cross section. It should be stressed 
that this conclusion is independent of the details of 
my phase-space model. Recent analysis [ 7 ] of the ex- 
isting subthreshold K -  production data suggests the 
lack of collective effects and consequently it supports 
my arguments. In spite of my pessimistic conclusion 
it would be very interesting to perform experimental 
studies to put at least an upper limit on the kaon pro- 
duction cross section near the absolute threshold. Our 
understanding of nucleus-nucleus collisions at high 
momentum transfers would demand serious revision 
if the measured cross section substantially exceeded 
the estimation found in this note. 

I thank Bo Jakobsson, who suggested this study, for 
comments and reading of the manuscript. Fruitful 
discussions with Stanistaw G{azek and the members 
of the CHIC Collaboration are also gratefully ac- 
knowledged. 
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