
When small becomes large - statistical physics of small
systems

Ludwik Turko

Institute of Theoretical Physics
University of Wroc law

X Workshop of the Polish Community for HIC
Kielce, December 13 - 15, 2013

Ludwik Turko (IFT) Polishhic2013 14.12.2013 1 / 15



The Unreasonable Effectiveness of Mathematics in the Natural
Sciences by Eugene Wigner
Communications in Pure and Applied Mathematics, vol. 13, No. I
(February 1960)

From the article

We are in a position similar to that of a man who was provided with a
bunch of keys and who, having to open several doors in succession,
always hit on the right key on the first or second trial. He became
skeptical concerning the uniqueness of the coordination between keys
and door

This uncanny usefulness of mathematical concepts that raises the
question of the uniqueness of our physical theories.

Einstein’s statement: the only physical theories which we are willing
to accept are the beautiful ones.

The concepts of mathematics, which invite the exercise of so much
wit, have the quality of beauty.
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Starting points

Application of statistical physics to
elementary particles is usually
referred to Enrico Fermi (1950)

although it was Heinz
Koppe(1948)who proposed this idea
to production processes
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Archive
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Limiting temperature

Rolf Hagedorn was the first who
systematically analyzed high
energy phenomena using all tools
of statistical physics. He
introduced the concept of the
limiting temperature ∼ 140MeV
based on the statistical bootstrap
model.

That was the origin of multiphase
structure of hadronic matter.
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Crucial question
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Theoretical description of particle production
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∫ n∏
f=1

d3pf
(2π)3

1

2Ef
|〈p′1, . . . p′n|S|i〉|2δ(Pi −

∑
f

pf )

The dynamical part
|〈p′1, . . . p′n|S|i〉|2

The kinematical part

δ(Pi −
∑
f

pf )

n∏
f=1

d3pf
(2π)3

1

2Ef

Ludwik Turko (IFT) Polishhic2013 14.12.2013 7 / 15



Place for statistical physics

More particles (degrees of freedom) in the process: kinematics tends to
dominate the behavior of the system

measurable quantities are much less detailed than 〈p′1, . . . p′n|S|i〉
with the integration over a large region of the phase space the
dynamical details are averaged and only a few parameters remains

restricted knowledge of 〈p′1, . . . p′n|S|i〉 is not needed

Pn = S̄nRn

Rn =

∫ n∏
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pf )

Arguments work if the thermodynamic equilibrium is reached
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It works
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It works

although still there are discussions is this ”the real“ temperature or ”a
fake“ temperature due to the phase space dominance effect.

Puzzle

Multiproduction at high energy e+e− and pp is still well described within
statistical model.

Ludwik Turko (IFT) Polishhic2013 14.12.2013 10 / 15



Statistics and equilibrium
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What temperature? Which temperature?

T. T. Chou, C. N. Yang and E. Yen, “Single Particle Momentum
Distribution at High-energies and Concept of Partition Temperature,”
Phys. Rev. Lett. 54, 510 (1985).

A concept of partition temperature Tp is introduced in high-energy
collisions. It is a natural mathematical consequence of the Darwin-Fowler
method, and neither requires nor implies thermal equilibrium.

exp (−E/Tp) will always be one of the factors of the single particle
distribution for the nonleading particles.

Z(β) =

∞∫
0

g(E)e−βEdE ; g(E) =
1

2πi

a+i∞∫
a−i∞

elogZ(β)+βEdE

g(E) ∼ 1√
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= −E
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What temperature? Which temperature?

J. Hormuzdiar, S. D. H. Hsu and G. Mahlon, “Particle multiplicities
and thermalization in high-energy collisions,” Int. J. Mod. Phys. E
12, 649 (2003)

Any mechanism for producing hadrons which evenly populates the
free particle phase space will mimic a microcanonical ensemble, and
therefore yield apparently thermal results.

This type of apparent thermalization will always yield Boltzmann
weights which are functions of the free particle energy, and hence de-
scribe a non-interacting ensemble.
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Temperatures always

In multiproduction processes one always deals with nontrivial (mixed
states) density matrix.

Without full microscopic description there is nonzero relevant entropy

S(E) = −Tr% ln % ;
1

T
=
∂S

∂E

with the entropy maximized with respect to relevant macrovariables.

The entropy is unique for the given set of relevant variables.

For different choice of relevant variables the temperature would be
different but still consistent with the scheme of statistical physics.
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Conclusions and remarks

Conclusions

A temperature is not a self consistent quantity.

Any question about temperature is a good question, any answer
about temperature is a wrong answer.

Remarks

There is a relaxation time for physical problems - about 10 - 15 years.
They are considered again and again, the same questions, the same
answers.
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